
0 =
∞

K
k=1

kz

−a+ k − z
− a− z for a ∈ Z ∧ z ∈ C ∧ a ≥ 0

1 = −
∞

K
k=1

−1

2

1 = −
∞

K
k=1

−2k(−1 + 2k)

1 + 4k

1 =
1

K
∞

k=1

−2k(1+2k)
3+4k + 3

1 =
1

K
∞

k=1

− 1+2k
−1+2k
4k

−1+2k

+ 2

1 =
∞

K
k=1

k + z

−1 + k + z
for z ∈ C

1 =
a+ z

K
∞

k=1

−a2+(ak+z)2

a + a
for (a, z) ∈ C2 ∧ −π

2
< arg(a) ≤ π

2

2 = −
∞

K
k=1

−k(1 + k)2(2 + k)

2 (2 + 3k + k2)

2 =
∞

K
k=1

6

1

Ai(z) =
1

32/3Γ
(

2
3

)(
K
∞

k=1

− z3

3k(−1+3k)

1+ z3

3k(−1+3k)

+ 1

)− z

3
√

3Γ
(

1
3

)(
K
∞

k=1

− z3

3k(1+3k)

1+ z3

3k(1+3k)

+ 1

) for z ∈ C

Ai′(z) =
z2

2 32/3Γ
(

2
3

)(
K
∞

k=1

− z3

3k(2+3k)

1+ z3

3k(2+3k)

+ 1

)− 1

3
√

3Γ
(

1
3

)(
K
∞

k=1

− z3

3k(−2+3k)

1+ z3

3k(−2+3k)

+ 1

) for z ∈ C

Bi(z) =
6
√

3z

Γ
(

1
3

)(
K
∞

k=1

− z3

3k(1+3k)

1+ z3

3k(1+3k)

+ 1

)+
1

6
√

3Γ
(

2
3

)(
K
∞

k=1

− z3

3k(−1+3k)

1+ z3

3k(−1+3k)

+ 1

) for z ∈ C

Bi′(z) =
6
√

3

Γ
(

1
3

)(
K
∞

k=1

− z3

3k(−2+3k)

1+ z3

3k(−2+3k)

+ 1

)+
z2

2 6
√

3Γ
(

2
3

)(
K
∞

k=1

− z3

3k(2+3k)

1+ z3

3k(2+3k)

+ 1

) for z ∈ C

1



(b+ β)(d+ e− ε)
2dU

(
d(d+2e)b2+2d(d+2e)βb+d2β2+2deβ2+

√
d2(b+β)4(d−2ε)2

4d2(b+β)2
,
2b2d2+2β2d2+4bβd2+

√
d2(b+β)4(d−2ε)2

2d2(b+β)2
, b

2−β2

2d

)
U

(
d(5d+2e)b2+2d(5d+2e)βb+5d2β2+2deβ2+

√
d2(b+β)4(d−2ε)2

4d2(b+β)2
,
2b2d2+2β2d2+4bβd2+

√
d2(b+β)4(d−2ε)2

2d2(b+β)2
, b

2−β2

2d

) − d− e+ ε

=
∞

K
k=1

e+ dk + (−1)kε

b+ (−1)kβ
for (b, β, d, e, ε) ∈ C5

β(d+ e− ε)
2dU

(
d2β2+2deβ2+

√
d2β4(d−2ε)2

4d2β2 ,
2d2β2+

√
d2β4(d−2ε)2

2d2β2 ,− β2

2d

)
U

(
5d2β2+2deβ2+

√
d2β4(d−2ε)2

4d2β2 ,
2d2β2+

√
d2β4(d−2ε)2

2d2β2 ,− β2

2d

) − d− e+ ε

=
∞

K
k=1

e+ dk + (−1)kε

(−1)kβ
for (β, d, e, ε) ∈ C4

(b+ β)(d− ε)U
(

5b2d2+5β2d2+10bβd2+
√
d2(b+β)4(d−2ε)2

4d2(b+β)2 ,
2b2d2+2β2d2+4bβd2+

√
d2(b+β)4(d−2ε)2

2d2(b+β)2 , b
2−β2

2d

)
2dU

(
b2d2+β2d2+2bβd2+

√
d2(b+β)4(d−2ε)2

4d2(b+β)2 ,
2b2d2+2β2d2+4bβd2+

√
d2(b+β)4(d−2ε)2

2d2(b+β)2 , b
2−β2

2d

)
+ (ε− d)U

(
5b2d2+5β2d2+10bβd2+

√
d2(b+β)4(d−2ε)2

4d2(b+β)2 ,
2b2d2+2β2d2+4bβd2+

√
d2(b+β)4(d−2ε)2

2d2(b+β)2 , b
2−β2

2d

) =
∞

K
k=1

dk + (−1)kε

b+ (−1)kβ
for (b, β, d, ε) ∈ C4

β(d− ε)U
(

5d2β2+
√
d2β4(d−2ε)2

4d2β2 ,
2d2β2+

√
d2β4(d−2ε)2

2d2β2 ,−β
2

2d

)
2dU

(
d2β2+

√
d2β4(d−2ε)2

4d2β2 ,
2d2β2+

√
d2β4(d−2ε)2

2d2β2 ,−β2

2d

)
+ (ε− d)U

(
5d2β2+

√
d2β4(d−2ε)2

4d2β2 ,
2d2β2+

√
d2β4(d−2ε)2

2d2β2 ,−β2

2d

) =
∞

K
k=1

dk + (−1)kε

(−1)kβ
for (β, d, ε) ∈ C3

(b+ β)(e− ε)
b2 − β2 + 2ε2−2e2

(b2−β2+2e)

(√
b4+β4+b2(4e−2β2)−4β2e+4ε2

(b2−β2+2e)2 +1

) + e+ ε
=
∞

K
k=1

e+ (−1)kε

b+ (−1)kβ
for (b, β, e, ε) ∈ C4

β(e− ε)
−β2 + 2(e2−ε2)

(β2−2e)

(√
β4−4β2e+4ε2

(β2−2e)2 +1

) + e+ ε
=
∞

K
k=1

e+ (−1)kε

(−1)kβ
for (β, e, ε) ∈ C3

− ε(b+ β)2

(b+ β) (b2 − β2 + ε) + 2ε2

(b−β)

(√
b4+β4−2β2b2+4ε2

(b2−β2)2 +1

) =
∞

K
k=1

(−1)kε

b+ (−1)kβ
for (b, β, ε) ∈ C3

− β2ε

− 2ε2

β
(√

4ε2

β4 +1+1
) − β3 + βε

=
∞

K
k=1

(−1)kε

(−1)kβ
for (β, ε) ∈ C2

b(d+ e− ε)
2dU

(
d(d+2e)b2+

√
b4d2(d−2ε)2

4b2d2 ,
2b2d2+

√
b4d2(d−2ε)2

2b2d2 , b
2

2d

)
U

(
d(5d+2e)b2+

√
b4d2(d−2ε)2

4b2d2 ,
2b2d2+

√
b4d2(d−2ε)2

2b2d2 , b
2

2d

) − d− e+ ε

=
∞

K
k=1

e+ dk + (−1)kε

b
for (b, d, e, ε) ∈ C4

2



b(d− ε)U
(

5b2d2+
√
b4d2(d−2ε)2

4b2d2 ,
2b2d2+

√
b4d2(d−2ε)2

2b2d2 , b
2

2d

)
2dU

(
b2d2+

√
b4d2(d−2ε)2

4b2d2 ,
2b2d2+

√
b4d2(d−2ε)2

2b2d2 , b
2

2d

)
+ (ε− d)U

(
5b2d2+

√
b4d2(d−2ε)2

4b2d2 ,
2b2d2+

√
b4d2(d−2ε)2

2b2d2 , b
2

2d

) =
∞

K
k=1

dk + (−1)kε

b
for (b, d, ε) ∈ C3

b(e− ε)
b2 − 2(e2−ε2)

(b2+2e)

(√
b4+4b2e+4ε2

(b2+2e)2 +1

) + e+ ε
=
∞

K
k=1

e+ (−1)kε

b
for (b, e, ε) ∈ C3

− b2ε
2ε2

b

(√
4ε2

b4
+1+1

) + b3 + bε
=
∞

K
k=1

(−1)kε

b
for (b, ε) ∈ C2

− 2(b+ β)2(d+ e− ε)

2b3 + 4ab2 + 2βb2 − 2β2b+ 6db+ 4eb+ 8aβb− 2β3 + 4aβ2 + 6dβ + 4eβ − 2(b+ β) (b2 − β2 + 2d+ e+ 2a(b+ β) + ε)−

2(b+β)2

(
(b+β)

(
2e

(√
(d+a(b+β))2

a(b+β)(2d+a(b+β))
−1

)
+d

(
3

√
(d+a(b+β))2

a(b+β)(2d+a(b+β))
−1

))
a2+d

(
b2−β2−d−2e+6d

√
(d+a(b+β))2

a(b+β)(2d+a(b+β))
+4e

√
(d+a(b+β))2

a(b+β)(2d+a(b+β))

)
a+d2(b−β)

)
2F1

 d(d+2e)b2+2d(d+2e)βb+d2β2+2deβ2−
√
d2(b+β)4(d−2ε)2

4d2(b+β)2
,
d(d+2e)b2+2d(d+2e)βb+d2β2+2deβ2+

√
d2(b+β)4(d−2ε)2

4d2(b+β)2
;

d

3d+2e+(b2−β2)

√
(d+a(b+β))2

a(b+β)(2d+a(b+β))

−a(b+β)

d
√ (d+a(b+β))2

a(b+β)(2d+a(b+β))
−3

+2e

√ (d+a(b+β))2

a(b+β)(2d+a(b+β))
−1


4d(d+a(b+β))

; 1
2

(
1−
√

(d+a(b+β))2

a(b+β)(2d+a(b+β))

)

d(d+a(b+β)) 2F1

 d(5d+2e)b2+2d(5d+2e)βb+5d2β2+2deβ2−
√
d2(b+β)4(d−2ε)2

4d2(b+β)2
,
d(5d+2e)b2+2d(5d+2e)βb+5d2β2+2deβ2+

√
d2(b+β)4(d−2ε)2

4d2(b+β)2
;

d

7d+2e+(b2−β2)

√
(d+a(b+β))2

a(b+β)(2d+a(b+β))

−a(b+β)

d
√ (d+a(b+β))2

a(b+β)(2d+a(b+β))
−7

+2e

√ (d+a(b+β))2

a(b+β)(2d+a(b+β))
−1


4d(d+a(b+β))

; 1
2

(
1−
√

(d+a(b+β))2

a(b+β)(2d+a(b+β))

)

=
∞

K
k=1

e+ dk + (−1)kε

b+ ak + (−1)k(−ak + β)
for (a, b, β, d, e, ε) ∈ C6

−b3 + βb2 + β2b− db− 2eb− β3 + dβ + 2eβ + (b− β)(d+ e− ε) +

(b−β)2

(
(d+2e)(b−β)

(√
(ab+d−aβ)2

a(b−β)(ab+2d−aβ)
−1

)
a2+d

(
b2−β2−2e+d

(
2

√
(ab+d−aβ)2

a(b−β)(ab+2d−aβ)
−1

)
+4e

√
(ab+d−aβ)2

a(b−β)(ab+2d−aβ)

)
a+d2(b+β)

)
2F1

− d(d−2e)b2−2d(d−2e)βb+d2β2−2deβ2+
√
d2(b−β)4(d+2ε)2

4d2(b−β)2
,
−d(d−2e)b2+2d(d−2e)βb−d2β2+2deβ2+

√
d2(b−β)4(d+2ε)2

4d2(b−β)2
;

d

d+2e+

√
(d+a(b−β))2

a(2d+a(b−β))(b−β) (b2−β2)
−a(d+2e)(b−β)

√ (ab+d−aβ)2

a(b−β)(ab+2d−aβ)
−1


4d(d+a(b−β))

; 1
2−

1
2

√
(ab+d−aβ)2

a(b−β)(ab+2d−aβ)



d(d+a(b−β)) 2F1

 d(3d+2e)b2−2d(3d+2e)βb+3d2β2+2deβ2−
√
d2(b−β)4(d+2ε)2

4d2(b−β)2
,
d(3d+2e)b2−2d(3d+2e)βb+3d2β2+2deβ2+

√
d2(b−β)4(d+2ε)2

4d2(b−β)2
;

d

5d+2e+

√
(d+a(b−β))2

a(2d+a(b−β))(b−β) (b2−β2)

−a(b−β)

d
√ (ab+d−aβ)2

a(b−β)(ab+2d−aβ)
−5

+2e

√ (ab+d−aβ)2

a(b−β)(ab+2d−aβ)
−1


4d(d+a(b−β))

; 1
2−

1
2

√
(ab+d−aβ)2

a(b−β)(ab+2d−aβ)


(b− β)2

=
∞

K
k=1

e+ dk + (−1)kε

b+ ak + (−1)k(ak + β)
for (a, b, β, d, e, ε) ∈ C6

− β(d+ e− ε)

β

(
a2(−β)

(
d

(
3

√
(aβ+d)2

aβ(aβ+2d)
−1

)
+2e

(√
(aβ+d)2

aβ(aβ+2d)
−1

))
−ad

(
d

(
6

√
(aβ+d)2

aβ(aβ+2d)
−1

)
+4e

√
(aβ+d)2

aβ(aβ+2d)
−β2−2e

)
+βd2

)
2F1

 d2β2+2deβ2−
√
d2β4(d−2ε)2

4d2β2 ,
d2β2+2deβ2+

√
d2β4(d−2ε)2

4d2β2 ;

3d2+

2e−β

√ (d+aβ)2

aβ(2d+aβ)
β+a

√ (d+aβ)2

aβ(2d+aβ)
−3

d−2aeβ

√ (d+aβ)2

aβ(2d+aβ)
−1


4d(d+aβ)

; 1
2−

1
2

√
(d+aβ)2

aβ(2d+aβ)



d(aβ+d) 2F1

 5d2β2+2deβ2−
√
d2β4(d−2ε)2

4d2β2 ,
5d2β2+2deβ2+

√
d2β4(d−2ε)2

4d2β2 ;

7d2+

2e−β

√ (d+aβ)2

aβ(2d+aβ)
β+a

√ (d+aβ)2

aβ(2d+aβ)
−7

d−2aeβ

√ (d+aβ)2

aβ(2d+aβ)
−1


4d(d+aβ)

; 1
2−

1
2

√
(d+aβ)2

aβ(2d+aβ)


+ d+ e− ε

=
∞

K
k=1

e+ dk + (−1)kε

ak + (−1)k(−ak + β)
for (a, β, d, e, ε) ∈ C5

3



−

β

(
a2β(d+2e)

(√
(d−aβ)2

aβ(aβ−2d)
−1

)
+ad

(
−2d

√
(d−aβ)2

aβ(aβ−2d)
−4e

√
(d−aβ)2

aβ(aβ−2d)
+β2+d+2e

)
−βd2

)
2F1

− d2β2−2deβ2+
√
d2β4(d+2ε)2

4d2β2 ,
−d2β2+2deβ2+

√
d2β4(d+2ε)2

4d2β2 ;

d2+

2e−β

−√ (d−aβ)2

aβ(aβ−2d)
a+a+β

√
(d−aβ)2

aβ(aβ−2d)

d+2aeβ

√ (d−aβ)2

aβ(aβ−2d)
−1


4d(d−aβ)

; 1
2

(
1−
√

(d−aβ)2

aβ(aβ−2d)

)

d(d−aβ) 2F1

 3d2β2+2deβ2−
√
d2β4(d+2ε)2

4d2β2 ,
3d2β2+2deβ2+

√
d2β4(d+2ε)2

4d2β2 ;

5d2+

2e+β

a
√ (d−aβ)2

aβ(aβ−2d)
−5

−β√ (d−aβ)2

aβ(aβ−2d)

d+2aeβ

√ (d−aβ)2

aβ(aβ−2d)
−1


4d(d−aβ)

; 1
2

(
1−
√

(d−aβ)2

aβ(aβ−2d)

)
− β2 + e+ ε

β
=
∞

K
k=1

e+ dk + (−1)kε

ak + (−1)k(ak + β)
for (a, β, d, e, ε) ∈ C5

b(d+ e− ε)

b

(
a2b

(
2e

(√
(ab+d)2

ab(ab+2d)
−1

)
+d

(
3

√
(ab+d)2

ab(ab+2d)
−1

))
+ad

(
4e

√
(ab+d)2

ab(ab+2d)
+6d

√
(ab+d)2

ab(ab+2d)
+b2−d−2e

)
+bd2

)
2F1

 b2d(d+2e)−
√
b4d2(d−2ε)2

4b2d2 ,
d(d+2e)b2+

√
b4d2(d−2ε)2

4b2d2 ;

d

√ (ab+d)2

ab(ab+2d)
b2+3d+2e

−ab
d
√ (ab+d)2

ab(ab+2d)
−3

+2

√ (ab+d)2

ab(ab+2d)
−1

e


4d(ab+d)
; 1
2−

1
2

√
(ab+d)2

ab(ab+2d)



d(ab+d) 2F1

 b2d(5d+2e)−
√
b4d2(d−2ε)2

4b2d2 ,
d(5d+2e)b2+

√
b4d2(d−2ε)2

4b2d2 ;

d

√ (ab+d)2

ab(ab+2d)
b2+7d+2e

−ab
d
√ (ab+d)2

ab(ab+2d)
−7

+2

√ (ab+d)2

ab(ab+2d)
−1

e


4d(ab+d)
; 1
2−

1
2

√
(ab+d)2

ab(ab+2d)


− d− e+ ε

=
∞

K
k=1

e+ dk + (−1)kε

b− (−1 + (−1)k) ak
for (a, b, d, e, ε) ∈ C5

−

−

b

(
a2b(d+2e)

(√
(ab+d)2

ab(ab+2d)
−1

)
+ad

(
(d+2e)

(
2

√
(ab+d)2

ab(ab+2d)
−1

)
+b2

)
+bd2

)
2F1

√b4d2(d+2ε)2−b2d(d−2e)

4b2d2 ,− d(d−2e)b2+
√
b4d2(d+2ε)2

4b2d2 ;

d

√ (ab+d)2

ab(ab+2d)
b2+d+2e

−ab
√ (ab+d)2

ab(ab+2d)
−1

(d+2e)

4d(ab+d)
; 1
2−

1
2

√
(ab+d)2

ab(ab+2d)



d(ab+d) 2F1

 b2d(3d+2e)−
√
b4d2(d+2ε)2

4b2d2 ,
d(3d+2e)b2+

√
b4d2(d+2ε)2

4b2d2 ;

d

√ (ab+d)2

ab(ab+2d)
b2+5d+2e

−ab
d
√ (ab+d)2

ab(ab+2d)
−5

+2

√ (ab+d)2

ab(ab+2d)
−1

e


4d(ab+d)
; 1
2−

1
2

√
(ab+d)2

ab(ab+2d)


+ b2 + e+ ε

b
=
∞

K
k=1

e+ dk + (−1)kε

b+ (1 + (−1)k) ak
for (a, b, d, e, ε) ∈ C5

− 2(b+ β)2(d− ε)

−

2(b+β)2

(
a2(b+β)

(
3

√
(a(b+β)+d)2

a(b+β)(a(b+β)+2d)
−1

)
+a

(
6d

√
(a(b+β)+d)2

a(b+β)(a(b+β)+2d)
+b2−β2−d

)
+d(b−β)

)
2F1

 b2d2+β2d2+2bβd2−
√
d2(b+β)4(d−2ε)2

4d2(b+β)2
,
b2d2+β2d2+2bβd2+

√
d2(b+β)4(d−2ε)2

4d2(b+β)2
;

3d−a(b+β)

√ (d+a(b+β))2

a(b+β)(2d+a(b+β))
−3

+(b2−β2)

√
(d+a(b+β))2

a(b+β)(2d+a(b+β))

4(d+a(b+β))
; 1
2

(
1−
√

(d+a(b+β))2

a(b+β)(2d+a(b+β))

)

(a(b+β)+d) 2F1

 5b2d2+5β2d2+10bβd2−
√
d2(b+β)4(d−2ε)2

4d2(b+β)2
,
5b2d2+5β2d2+10bβd2+

√
d2(b+β)4(d−2ε)2

4d2(b+β)2
;

7d−a(b+β)

√ (d+a(b+β))2

a(b+β)(2d+a(b+β))
−7

+(b2−β2)

√
(d+a(b+β))2

a(b+β)(2d+a(b+β))

4(d+a(b+β))
; 1
2

(
1−
√

(d+a(b+β))2

a(b+β)(2d+a(b+β))

)
− 2(b+ β) (2a(b+ β) + b2 − β2 + 2d+ ε) + 4ab2 + 4aβ2 + 8aβb+ 2b3 − 2β3 + 2βb2 − 2β2b+ 6bd+ 6βd

=
∞

K
k=1

dk + (−1)kε

b+ ak + (−1)k(−ak + β)
for (a, b, β, d, ε) ∈ C5

(b−β)2

(
a2(b−β)

(√
(ab−aβ+d)2

a(b−β)(ab−aβ+2d)
−1

)
+a

(
d

(
2

√
(ab−aβ+d)2

a(b−β)(ab−aβ+2d)
−1

)
+b2−β2

)
+d(b+β)

)
2F1

−b2d2−β2d2+2bβd2+
√
d2(b−β)4(d+2ε)2

4d2(b−β)2
,− b

2d2+β2d2−2bβd2+
√
d2(b−β)4(d+2ε)2

4d2(b−β)2
;

d+

√
(d+a(b−β))2

a(2d+a(b−β))(b−β) (b2−β2)−a(b−β)

√ (ab+d−aβ)2

a(b−β)(ab+2d−aβ)
−1


4(d+a(b−β))

; 1
2−

1
2

√
(ab+d−aβ)2

a(b−β)(ab+2d−aβ)



(a(b−β)+d) 2F1

−−3b2d2−3β2d2+6bβd2+
√
d2(b−β)4(d+2ε)2

4d2(b−β)2
,
3b2d2+3β2d2−6bβd2+

√
d2(b−β)4(d+2ε)2

4d2(b−β)2
;

5d+

√
(d+a(b−β))2

a(2d+a(b−β))(b−β) (b2−β2)−a(b−β)

√ (ab+d−aβ)2

a(b−β)(ab+2d−aβ)
−5


4(d+a(b−β))

; 1
2−

1
2

√
(ab+d−aβ)2

a(b−β)(ab+2d−aβ)


− b3 − β3 + βb2 + β2b+ (b− β)(d− ε)− bd+ βd

(b− β)2
=
∞

K
k=1

dk + (−1)kε

b+ ak + (−1)k(ak + β)
for (a, b, β, d, ε) ∈ C5
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β(d− e)

−

β

(
a2(−β)

(
3

√
(aβ+d)2

aβ(aβ+2d)
−1

)
+a

(
−6d

√
(aβ+d)2

aβ(aβ+2d)
+β2+d

)
+βd

)
2F1

 d2β2−
√
d2(d−2e)2β4

4d2β2 ,
d2β2+

√
d2(d−2e)2β4

4d2β2 ;

3d−β

√ (d+aβ)2

aβ(2d+aβ)
β+a

√ (d+aβ)2

aβ(2d+aβ)
−3


4(d+aβ)

; 1
2−

1
2

√
(d+aβ)2

aβ(2d+aβ)



(aβ+d) 2F1

−√d2(d−2e)2β4−5d2β2

4d2β2 ,
5d2β2+

√
d2(d−2e)2β4

4d2β2 ;

7d−β

√ (d+aβ)2

aβ(2d+aβ)
β+a

√ (d+aβ)2

aβ(2d+aβ)
−7


4(d+aβ)

; 1
2−

1
2

√
(d+aβ)2

aβ(2d+aβ)


− d+ e

=
∞

K
k=1

(−1)ke+ dk

ak + (−1)k(−ak + β)
for (a, β, d, e) ∈ C4

−

β

(
a2β

(√
(d−aβ)2

aβ(aβ−2d)
−1

)
+a

(
−2d

√
(d−aβ)2

aβ(aβ−2d)
+β2+d

)
−βd

)
2F1

√d2(d+2e)2β4−d2β2

4d2β2 ,− d
2β2+

√
d2(d+2e)2β4

4d2β2 ;

d−β

−√ (d−aβ)2

aβ(aβ−2d)
a+a+β

√
(d−aβ)2

aβ(aβ−2d)


4(d−aβ)

; 1
2

(
1−
√

(d−aβ)2

aβ(aβ−2d)

)

(d−aβ) 2F1

−√d2(d+2e)2β4−3d2β2

4d2β2 ,
3d2β2+

√
d2(d+2e)2β4

4d2β2 ;

5d+β

a
√ (d−aβ)2

aβ(aβ−2d)
−5

−β√ (d−aβ)2

aβ(aβ−2d)


4(d−aβ)

; 1
2

(
1−
√

(d−aβ)2

aβ(aβ−2d)

)
− β2 + e

β
=
∞

K
k=1

(−1)ke+ dk

ak + (−1)k(ak + β)
for (a, β, d, e) ∈ C4

b(d− ε)

b

(
a2b

(
3

√
(ab+d)2

ab(ab+2d)
−1

)
+a

(
d

(
6

√
(ab+d)2

ab(ab+2d)
−1

)
+b2

)
+bd

)
2F1

 b2d2−
√
b4d2(d−2ε)2

4b2d2 ,
b2d2+

√
b4d2(d−2ε)2

4b2d2 ;

√
(ab+d)2

ab(ab+2d)
b2−a

√ (ab+d)2

ab(ab+2d)
−3

b+3d

4(ab+d)
; 1
2−

1
2

√
(ab+d)2

ab(ab+2d)



(ab+d) 2F1

−√b4d2(d−2ε)2−5b2d2

4b2d2 ,
5b2d2+

√
b4d2(d−2ε)2

4b2d2 ;

√
(ab+d)2

ab(ab+2d)
b2−a

√ (ab+d)2

ab(ab+2d)
−7

b+7d

4(ab+d)
; 1
2−

1
2

√
(ab+d)2

ab(ab+2d)


− d+ ε

=
∞

K
k=1

dk + (−1)kε

b− (−1 + (−1)k) ak
for (a, b, d, ε) ∈ C4

−

−
b

(
a2b

(√
(ab+d)2

ab(ab+2d)
−1

)
+a

(
d

(
2

√
(ab+d)2

ab(ab+2d)
−1

)
+b2

)
+bd

)
2F1

√b4d2(d+2ε)2−b2d2

4b2d2 ,− b
2d2+

√
b4d2(d+2ε)2

4b2d2 ;

√
(ab+d)2

ab(ab+2d)
b2+ab−a

√
(ab+d)2

ab(ab+2d)
b+d

4ab+4d ; 1
2−

1
2

√
(ab+d)2

ab(ab+2d)



(ab+d) 2F1

−√b4d2(d+2ε)2−3b2d2

4b2d2 ,
3b2d2+

√
b4d2(d+2ε)2

4b2d2 ;

√
(ab+d)2

ab(ab+2d)
b2−a

√ (ab+d)2

ab(ab+2d)
−5

b+5d

4(ab+d)
; 1
2−

1
2

√
(ab+d)2

ab(ab+2d)


+ b2 + ε

b
=
∞

K
k=1

dk + (−1)kε

b+ (1 + (−1)k) ak
for (a, b, d, ε) ∈ C4

(b+ β)2(e− ε)
√
−(b+β)2(e2−ε2)I b2−β2+2e−2a(b+β)

4a(b+β)

(√
−(b+β)2(e2−ε2)

2a(b+β)2

)

I b2−β2+2e+2a(b+β)
4a(b+β)

(√
−(b+β)2(e2−ε2)

2a(b+β)2

) + (−b− β)(e− ε)

=
∞

K
k=1

e+ (−1)kε

b+ ak + (−1)k(−ak + β)
for (a, b, β, e, ε) ∈ C5

√
−(b−β)2(e2−ε2)I

−−b
2+4ab+β2−2e−4aβ

4ab−4aβ

(√
−(b−β)2(e2−ε2)

2a(b−β)2

)

I b2−β2+2e
4ab−4aβ

(√
−(b−β)2(e2−ε2)

2a(b−β)2

) + (β − b)
(
b2 − β2 + e+ ε

)
(b− β)2

=
∞

K
k=1

e+ (−1)kε

b+ ak + (−1)k(ak + β)
for (a, b, β, e, ε) ∈ C5
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β2(e− ε)
√
−β2(e2−ε2)I 2e−β(2a+β)

4aβ

(√
−β2(e2−ε2)

2aβ2

)

I−β2+2aβ+2e
4aβ

(√
−β2(e2−ε2)

2aβ2

) + β(ε− e)

=
∞

K
k=1

e+ (−1)kε

ak + (−1)k(−ak + β)
for (a, β, e, ε) ∈ C4

√
−β2(e2−ε2)I β2−2e

4aβ
−1

(√
−β2(e2−ε2)

2aβ2

)

I β2−2e
4aβ

(√
−β2(e2−ε2)

2aβ2

) + β
(
−β2 + e+ ε

)
β2

=
∞

K
k=1

e+ (−1)kε

ak + (−1)k(ak + β)
for (a, β, e, ε) ∈ C4

b2(e− ε)
√
−b2(e2−ε2)I b2−2ab+2e

4ab

(√
−b2(e2−ε2)

2ab2

)

I b2+2ab+2e
4ab

(√
−b2(e2−ε2)

2ab2

) + b(ε− e)

=
∞

K
k=1

e+ (−1)kε

b− (−1 + (−1)k) ak
for (a, b, e, ε) ∈ C4

√
−b2(e2−ε2)I b2+2e

4ab
−1

(√
−b2(e2−ε2)

2ab2

)

I b2+2e
4ab

(√
−b2(e2−ε2)

2ab2

) − b
(
b2 + e+ ε

)
b2

=
∞

K
k=1

e+ (−1)kε

b+ (1 + (−1)k) ak
for (a, b, e, ε) ∈ C4

−
ε(b+ β)2I 2a+b−β

4a

(
ε2

2a
√

(b+β)2ε2

)
ε(b+ β)I 2a+b−β

4a

(
ε2

2a
√

(b+β)2ε2

)
+
√
ε2(b+ β)2I− 2a−b+β

4a

(
ε2

2a
√

(b+β)2ε2

) =
∞

K
k=1

(−1)kε

b+ ak + (−1)k(−ak + β)
for (a, b, β, ε) ∈ C4

√
ε2(b−β)2I−4a+b+β

4a

(
ε2

2a
√

(b−β)2ε2

)
I b+β

4a

(
ε2

2a
√

(b−β)2ε2

) + (β − b)
(
b2 − β2 + ε

)
(b− β)2

=
∞

K
k=1

(−1)kε

b+ ak + (−1)k(ak + β)
for (a, b, β, ε) ∈ C4

−
β2εI 1

2−
β
4a

(√
β2ε2

2aβ2

)
√
β2ε2I− 2a+β

4a

(√
β2ε2

2aβ2

)
+ βεI 1

2−
β
4a

(√
β2ε2

2aβ2

) =
∞

K
k=1

(−1)kε

ak + (−1)k(−ak + β)
for (a, β, ε) ∈ C3
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√
β2ε2I β

4a
−1

(√
β2ε2

2aβ2

)
I β

4a

(√
β2ε2

2aβ2

) − β3 + βε

β2
=
∞

K
k=1

(−1)kε

ak + (−1)k(ak + β)
for (a, β, ε) ∈ C3

−
b2εI 2a+b

4a

(√
b2ε2

2ab2

)
√
b2ε2I b−2a

4a

(√
b2ε2

2ab2

)
+ bεI 2a+b

4a

(√
b2ε2

2ab2

) =
∞

K
k=1

(−1)kε

b− (−1 + (−1)k) ak
for (a, b, ε) ∈ C3

√
b2ε2I b

4a
−1

(√
b2ε2

2ab2

)
I b

4a

(√
b2ε2

2ab2

) − b
(
b2 + ε

)
b2

=
∞

K
k=1

(−1)kε

b+ (1 + (−1)k) ak
for (a, b, ε) ∈ C3

cos−1(z) =
π

2
− z

√
1− z2

K
∞

k=1

−2z2b 1+k
2 c(−1+2b 1+k

2 c)
1+2k + 1

for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

cos−1(z) =

√
1− z2

z

(
K
∞

k=1

k2(−1+ 1
z2

)
1+2k + 1

) for z ∈ C∧¬(z ∈ R∧1 ≤ z <∞)∧<(z) > 0

cos−1(z) =
z
√

1− z2

K
∞

k=1

((−1)k−k)k(1−z2)
−1+4k2

1 + 1

for z ∈ C∧¬(z ∈ R∧1 ≤ z <∞)∧<(z) > 0∧
∣∣∣∣arg

(
1

z2

)∣∣∣∣ < π

cos−1(z) =

√
1− z2

K
∞

k=1

k2(1−z2)
(1+2k)z + z

for z ∈ C∧¬(z ∈ R∧1 ≤ z <∞)∧<(z) > 0∧
∣∣arg

(
1− z2

)∣∣ < π

cos−1(z) =
π

2
− z
√

1− z2

(
K
∞

k=1

k2z2

1−z2

1+2k + 1

) for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

cos−1(z) =
π

2
− z

√
1− z2

K
∞

k=1

− k(−(−1)k+k)z2

−1+4k2

1 + 1

for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))
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cos−1(z) =
π

2
− z

√
1− z2

K
∞

k=1

k2z2

(1+2k)(1−z2)
1
2 (1+(−1)k)

− z2 + 1
for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

cos−1(z) =
z
√

1− z2

K
∞

k=1

−k(−(−1)k+k)(1−z2)
1+2k + 1

for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

cos−1(z) =
π

2
− z

K
∞

k=1

− (1−2k)2z2

2k(1+2k)

1+
(1−2k)2z2

2k(1+2k)

+ 1

for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))∧|z| < 1

cos−1(1−z) =

√
2
√
z

K
∞

k=1

− (1−2k)2z
4k(1+2k)

1+
(1−2k)2z
4k(1+2k)

+ 1

for z ∈ C∧¬(z ∈ R∧(−∞ < 1−z ≤ −1∨1 ≤ z <∞))∧|z| < 1

cos−1(z−1) = π−
√

2
√
z

K
∞

k=1

− (1−2k)2z
4k(1+2k)

1+
(1−2k)2z
4k(1+2k)

+ 1

for z ∈ C∧¬(z ∈ R∧(−∞ < z−1 ≤ −1∨1 ≤ z <∞))∧|z| < 1

cos−1(z) =
π

2
−

z

log
(
−4z2

)
− 1

2z2

K∞

k=1

− k(1+2k)

2(1+k)2z2

1+
k(1+2k)

2(1+k)2z2

+1




2
√
−z2

for z ∈ C∧¬
(
z ∈ R ∧

(
−∞ <

1

z
≤ −1 ∨ 1 ≤ z <∞

))
∧|z| > 1

cos−1(z)2 =
π2

4
− πz

K
∞

k=1

2zΓ( 1+k
2 )

2

(1+k)Γ( k2 )
2

1−
2zΓ( 1+k

2 )
2

(1+k)Γ( k2 )
2

+ 1

for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))∧|z| < 1

cosh−1(z) =

√
z − 1

π
2 −

z
√

1−z2

K
∞

k=1

−2z2b 1+k
2 c(−1+2b 1+k

2 c)
1+2k +1


√

1− z
for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

cosh−1(z) =
z
√
z2 − 1

K
∞

k=1

k(−(−1)k+k)(−1+z2)
3+4(−1+k)(1+k)

1 + 1

for z ∈ C∧¬(z ∈ R∧1 ≤ z <∞)∧<(z) > 0

8



cosh−1(z) =

√
z2 − 1

z

(
K
∞

k=1

− k2(−1+z2)
(−1+4k2)z2

1 + 1

) for z ∈ C∧¬(z ∈ R∧1 ≤ z <∞)∧<(z) > 0∧
∣∣∣∣arg

(
1

z2

)∣∣∣∣ < π

cosh−1(z) =

√
z − 1

√
z + 1

K
∞

k=1

k2(1−z2)
(1+2k)z + z

for z ∈ C∧¬(z ∈ R∧1 ≤ z <∞)∧<(z) > 0∧
∣∣arg

(
1− z2

)∣∣ < π

cosh−1(z) =

√
z−1
z+1z

(z − 1)

(
K
∞

k=1

k2z2

1−z2

1+2k + 1

)+
π
√
z − 1

2
√

1− z
for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

cosh−1(z) =
π
√
z − 1

2
√

1− z
−

√
z − 1z

√
z + 1

K
∞

k=1

− k(−(−1)k+k)z2

−1+4k2

1 + 1

for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

cosh−1(z) =
π
√
z − 1

2
√

1− z
−

√
z − 1z

√
z + 1

K
∞

k=1

k2z2

(1+2k)(1−z2)
1
2 (1+(−1)k)

− z2 + 1
for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

cosh−1(z) =

√
z − 1

π
2 −

z

K
∞

k=1

− (1−2k)2z2

2k(1+2k)

1+
(1−2k)2z2

2k(1+2k)

+1


√

1− z
for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))∧|z| < 1

cosh−1(1−z) =

√
2
√
−z

K
∞

k=1

− (1−2k)2z
4k(1+2k)

1+
(1−2k)2z
4k(1+2k)

+ 1

for z ∈ C∧¬(z ∈ R∧(−∞ < 1−z ≤ −1∨1 ≤ z <∞))∧|z| < 1

cosh−1(z−1) = i(2θ(=(z))−1)

π −
√

2
√
z

K
∞

k=1

− (1−2k)2z
4k(1+2k)

1+
(1−2k)2z
4k(1+2k)

+ 1

 for z ∈ C∧¬(z ∈ R∧(−∞ < z−1 ≤ −1∨1 ≤ z <∞))∧|z| < 1

cosh−1(z) = log(2z)− 1

4z2

(
K
∞

k=1

− k(1+2k)

2(1+k)2z2

1+
k(1+2k)

2(1+k)2z2

+ 1

) for z ∈ C∧¬
(
z ∈ R ∧

(
−∞ <

1

z
≤ −1 ∨ 1 ≤ z <∞

))
∧|z| > 1
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cosh−1(z)2 =
πz

K
∞

k=1

2zΓ( 1+k
2 )

2

(1+k)Γ( k2 )
2

1−
2zΓ( 1+k

2 )
2

(1+k)Γ( k2 )
2

+ 1

−π
2

4
for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))∧|z| < 1

cot−1(z) =
1

z

(
K
∞

k=1

k2

z2

1+2k + 1

) for z ∈ C ∧ ¬(iz ∈ R ∧ −1 ≤ iz ≤ 1)

cot−1(z) =
1

z
− 1

z3

(
K
∞

k=1

(1−(−1)k+k)2

z2

3+2k + 3

) for z ∈ C∧¬(iz ∈ R∧−1 ≤ iz ≤ 1)

cot−1(z) =
1

z

(
K
∞

k=1

k2

(−1+4k2)z2

1 + 1

) for z ∈ C ∧ ¬(z ∈ R ∧ −1 ≤ iz ≤ 1)

cot−1(z) =
z

(z2 + 1)

(
K
∞

k=1

− k(−(−1)k+k)
(−1+4k2)(1+z2)

1 + 1

) for z ∈ C∧¬(z ∈ R∧−1 ≤ iz ≤ 1)

cot−1(z) =
1

z

(
K
∞

k=1

(−1+2k)2

z2

1+2k−−1+2k

z2

+ 1

) for z ∈ C ∧ |z| > 1

cot−1(z) =
1

z

(
K
∞

k=1

2(1−2b 1+k
2 c)b 1+k

2 c
z2

(1+2k)
(

1+
1+(−1)k

2z2

) + 1
z2 + 1

) for z ∈ C∧¬(z ∈ R∧−1 ≤ iz ≤ 1)

cot−1(z) =
1

2z

(
K
∞

k=1

(−1+2k)2

4z2

1
2 (1+2k)−−1+2k

2z2

+ 1
2

) for z ∈ C ∧ |z| > 1

cot−1(z) =
1

2z

(
K
∞

k=1

( 1
2
−k)k(1+z2)

z4

1
2 +k+ 1+4k

2z2

+ z2+1
2z2

) for z ∈ C ∧ |=(z)| >
√

2
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cot−1(z) =
1

2
π

√
1

z2
z − z

K
∞

k=1

(−1+2k)z2

1+2k

1+ z2−2kz2

1+2k

+ 1

for z ∈ C ∧ |z| < 1

−i coth−1(1−iz) =
1

2
i

 iz

2

(
1 +K

∞

k=1

− ikz
2(1+k)

1+ ikz
2(1+k)

) + log(−iz)− log(2)

 for z ∈ C∧|z| < 1

i coth−1(1+iz) =
1

2
i

 iz

2

(
1 +K

∞

k=1

ikz
2(1+k)

1− ikz
2(1+k)

) − log(iz) + log(2)

 for z ∈ C∧|z| < 1

cot−1(z) =
1

z

(
K
∞

k=1

−1+2k

(1+2k)z2

1− −1+2k

(1+2k)z2

+ 1

) for z ∈ C ∧ |z| > 1

coth−1(z) =
1

z

(
K
∞

k=1

− k2

z2

1+2k + 1

) for z ∈ C ∧ ¬(z ∈ R ∧ −1 ≤ z ≤ 1)

coth−1(z) =
1

z3

(
K
∞

k=1

− (1−(−1)k+k)2

z2

3+2k + 3

)+
1

z
for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)

coth−1(z) =
1

z

(
K
∞

k=1

− k2

(−1+4k2)z2

1 + 1

) for z ∈ C ∧ ¬(z ∈ R ∧ −1 ≤ z ≤ 1)

coth−1(z) =
z

(z2 − 1)

(
K
∞

k=1

k(−(−1)k+k)
(−1+4k2)(−1+z2)

1 + 1

) for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)

coth−1(z) =
1

z

(
K
∞

k=1

− (−1+2k)2

z2

1+2k+−1+2k

z2

+ 1

) for z ∈ C ∧ |z| > 1
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coth−1(z) =
1

z

(
K
∞

k=1

2b 1+k
2 c(−1+2b 1+k

2 c)
z2

(1+2k)
(

1− 1+(−1)k

2z2

) − 1
z2 + 1

) for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)

coth−1(z) =
1

2z

(
K
∞

k=1

− (−1+2k)2

4z2

1
2 (1+2k)+−1+2k

2z2

+ 1
2

) for z ∈ C ∧ |z| > 1

coth−1(z) =
1

2z

(
K
∞

k=1

(− 1
2

+k)k(−1+z2)

z4

1
2 +k− 1+4k

2z2

+ z2−1
2z2

) for z ∈ C ∧ |<(z)| >
√

2

coth−1(z) =
z

K
∞

k=1

− (−1+2k)z2

1+2k

1+
(−1+2k)z2

1+2k

+ 1

− 1

2
π

√
− 1

z2
z for z ∈ C ∧ |z| < 1

coth−1(z+1) =
1

2

 z

2

(
K
∞

k=1

kz
2(1+k)

1− kz
2(1+k)

+ 1

) − log(z) + log(2)

 for z ∈ C∧|z| < 1

− coth−1(1−z) =
1

2

 z

2

(
K
∞

k=1

− kz
2(1+k)

1+ kz
2(1+k)

+ 1

) + log(−z)− log(2)

 for z ∈ C∧|z| < 1

coth−1(z) =
1

z

(
K
∞

k=1

− −1+2k

(1+2k)z2

1+ −1+2k

(1+2k)z2

+ 1

) for z ∈ C ∧ |z| > 1

csc−1(z) =

√
1− 1

z2

z

(
K
∞

k=1

−
2b 1+k

2 c(−1+2b 1+k
2 c)

z2

1+2k + 1

) for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)

csc−1(z) =
1√

1− 1
z2 z

(
K
∞

k=1

k2

−1+z2

1+2k + 1

) for z ∈ C ∧ ¬(z ∈ R ∧ −1 ≤ z ≤ 1)
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csc−1(z) =

√
1− 1

z2

z

(
K
∞

k=1

− k(−(−1)k+k)
(−1+4k2)z2

1 + 1

) for z ∈ C ∧ ¬(z ∈ R ∧ −1 ≤ z ≤ 1)

csc−1(z) =

√
1− 1

z2

z

(
K
∞

k=1

k2

z2

(1+2k)(1− 1
z2

)
1
2 (1+(−1)k)

− 1
z2 + 1

) for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)

csc−1(z) =
π
√
z2

2z
−

√
1− 1

z2 z

K
∞

k=1

k2(−1+z2)
1+2k + 1

for z ∈ C ∧ <(z) 6= 0

csc−1(z) =
π

2
−

√
1− 1

z2

K
∞

k=1

k2(1− 1
z2

)
1+2k
z

+ 1
z

for z ∈ C ∧ <(z) > 0

csc−1(z) =
1

2
π

√
1

z2
z−

√
1− 1

z2

z

K∞

k=1

((−1)k−k)k(1− 1
z2

)
−1+4k2

1 + 1

 for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)

csc−1(z) =
1

2

√
− 1

z2
z

 z2

2

(
K
∞

k=1

− k(1+2k)z2

2(1+k)2

1+
k(1+2k)z2

2(1+k)2

+ 1

) − log

(
− 4

z2

) for z ∈ C∧|z| < 1

csc−1(z + 1) =
π

2
−

√
2
√
z

K
∞

k=1

(−1+2k)z 2F1( 1
2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

1−
(−1+2k)z 2F1( 1

2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

+ 1

for z ∈ C ∧ |z| < 1

− csc−1(1− z) =

√
2
√
−z

K
∞

k=1

(1−2k)z 2F1( 1
2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

1−
(1−2k)z 2F1( 1

2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

+ 1

− π

2
for z ∈ C ∧ |z| < 1
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csc−1(z) =
1

z

(
K
∞

k=1

− (1−2k)2

2k(1+2k)z2

1+
(1−2k)2

2k(1+2k)z2

+ 1

) for z ∈ C ∧ |z| > 1

csc−1(z)2 =
z2

2

(
K
∞

k=1

− k
2(1+2k)z2

2(1+k)3

1+
k2(1+2k)z2

2(1+k)3

+ 1

)+
z2 log

(
− 1
z2

)
4

(
K
∞

k=1

− k(1+2k)z2

2(1+k)2

1+
k(1+2k)z2

2(1+k)2

+ 1

)− z2
(
γ + ψ(0)

(
− 1

2

))
4

K∞

k=1

−
k(1+2k)z2(ψ(0)(− 1

2
−k)−ψ(0)(1+k))

2(1+k)2(ψ(0)( 1
2
−k)−ψ(0)(k))

1+
k(1+2k)z2(ψ(0)(− 1

2
−k)−ψ(0)(1+k))

2(1+k)2(ψ(0)( 1
2
−k)−ψ(0)(k))

+ 1


−1

4
log2

(
− 4

z2

)
for z ∈ C∧|z| < 1

csch−1(z) =

√
1
z2 + 1

z

(
K
∞

k=1

2b 1+k
2 c(−1+2b 1+k

2 c)
z2

1+2k + 1

) for z ∈ C∧¬(iz ∈ R∧−1 ≤ iz ≤ 1)

csch−1(z) =
1√

1
z2 + 1z

(
K
∞

k=1

− k2

1+z2

1+2k + 1

) for z ∈ C∧¬(iz ∈ R∧−1 ≤ iz ≤ 1)

csch−1(z) =
1√

1
z2 + 1z

(
K
∞

k=1

− k2

1+z2

1+2k + 1

) for z ∈ C∧¬(iz ∈ R∧−1 ≤ iz ≤ 1)

csch−1(z) =

√
1
z2 + 1

z

(
K
∞

k=1

− k2

z2

(1+2k)(1+ 1
z2

)
1
2 (1+(−1)k)

+ 1
z2 + 1

) for z ∈ C∧¬(iz ∈ R∧−1 ≤ iz ≤ 1)

csch−1(z) =

√
1
z2 + 1z

K
∞

k=1

−k2(1+z2)
1+2k + 1

+
π
√
−z2

2z
for z ∈ C ∧ =(z) 6= 0

csch−1(z) = −1

2
π

√
− 1

z2
z−

i
√

1
z2 + 1

K
∞

k=1

k2(1+ 1
z2

)
− i(1+2k)

z

− i
z

for z ∈ C∧¬(iz ∈ R∧−1 ≤ iz ≤ 1)

csch−1(z) = −

√
1
z2 + 1

z

K∞

k=1

((−1)k−k)k(1+ 1
z2

)
−1+4k2

1 + 1

−
1

2
π

√
− 1

z2
z for z ∈ C∧¬(iz ∈ R∧−1 ≤ iz ≤ 1)
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csch−1(z) =
1

2

√
1

z2
z

 z2

2

(
K
∞

k=1

k(1+2k)z2

2(1+k)2

1− k(1+2k)z2

2(1+k)2

+ 1

) + log

(
4

z2

) for z ∈ C∧|z| < 1

−i csc−1(1− iz) =
i
√

2
√
−iz

1 +K
∞

k=1

i(1−2k)z 2F1( 1
2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

1−
i(1−2k)z 2F1( 1

2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

− iπ

2
for z ∈ C∧ |z| < 1

i csc−1(1 + iz) =
iπ

2
− i

√
2
√
iz

1 +K
∞

k=1

i(−1+2k)z 2F1( 1
2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

1−
i(−1+2k)z 2F1( 1

2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

for z ∈ C ∧ |z| < 1

csch−1(z) =
1

z

(
K
∞

k=1

(1−2k)2

2k(1+2k)z2

1− (1−2k)2

2k(1+2k)z2

+ 1

) for z ∈ C ∧ |z| > 1

csch−1(z)2 =
z2

2

(
K
∞

k=1

k2(1+2k)z2

2(1+k)3

1− k
2(1+2k)z2

2(1+k)3

+ 1

)+
z2 log

(
1
z2

)
4

(
K
∞

k=1

k(1+2k)z2

2(1+k)2

1− k(1+2k)z2

2(1+k)2

+ 1

)− z2
(
γ + ψ(0)

(
− 1

2

))
4

K∞

k=1

k(1+2k)z2(ψ(0)(− 1
2
−k)−ψ(0)(1+k))

2(1+k)2(ψ(0)( 1
2
−k)−ψ(0)(k))

1−
k(1+2k)z2(ψ(0)(− 1

2
−k)−ψ(0)(1+k))

2(1+k)2(ψ(0)( 1
2
−k)−ψ(0)(k))

+ 1


+

1

4
log2

(
4

z2

)
for z ∈ C∧|z| < 1

sec−1(z) =
π

2
−

√
1− 1

z2

z

(
K
∞

k=1

−
2b 1+k

2 c(−1+2b 1+k
2 c)

z2

1+2k + 1

) for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)

sec−1(z) =

√
1− 1

z2 z

K
∞

k=1

k2(−1+z2)
1+2k + 1

for z ∈ C ∧ ¬(z ∈ R ∧ 0 < z < 1) ∧ <(z) > 0

sec−1(z) =

√
1− 1

z2

z

K∞

k=1

((−1)k−k)k(1− 1
z2

)
−1+4k2

1 + 1

 for z ∈ C∧¬(z ∈ R∧0 < z < 1)∧<(z) > 0∧
∣∣arg

(
z2
)∣∣ < π

15



sec−1(z) =

√
1− 1

z2

K
∞

k=1

k2(1− 1
z2

)
1+2k
z

+ 1
z

for z ∈ C∧¬(z ∈ R∧0 < z < 1)∧<(z) > 0∧
∣∣∣∣arg

(
1− 1

z2

)∣∣∣∣ < π

sec−1(z) =
π

2
− 1√

1− 1
z2 z

(
K
∞

k=1

k2

−1+z2

1+2k + 1

) for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)

sec−1(z) =
π

2
−

√
1− 1

z2

z

(
K
∞

k=1

− k(−(−1)k+k)
(−1+4k2)z2

1 + 1

) for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)

sec−1(z) =
π

2
−

√
1− 1

z2

z

(
K
∞

k=1

k2

z2

(1+2k)(1− 1
z2

)
1
2 (1+(−1)k)

− 1
z2 + 1

) for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)

sec−1(z) =
1

2

√
− 1

z2
z

log

(
− 4

z2

)
− z2

2

(
K
∞

k=1

− k(1+2k)z2

2(1+k)2

1+
k(1+2k)z2

2(1+k)2

+ 1

)
+

π

2
for z ∈ C∧|z| < 1

sec−1(z + 1) =

√
2
√
z

K
∞

k=1

(−1+2k)z 2F1( 1
2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

1−
(−1+2k)z 2F1( 1

2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

+ 1

for z ∈ C ∧ |z| < 1

sec−1(z − 1) = π −
√

2
√
−z

K
∞

k=1

(1−2k)z 2F1( 1
2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

1−
(1−2k)z 2F1( 1

2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

+ 1

for z ∈ C ∧ |z| < 1

sec−1(z) =
π

2
− 1

z

(
K
∞

k=1

− (1−2k)2

2k(1+2k)z2

1+
(1−2k)2

2k(1+2k)z2

+ 1

) for z ∈ C ∧ |z| > 1
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sec−1(z)2 =
z2

2

(
K
∞

k=1

− k
2(1+2k)z2

2(1+k)3

1+
k2(1+2k)z2

2(1+k)3

+ 1

)+
z2
(

log
(
− 1
z2

)
− π

√
− 1
z2 z
)

4

(
K
∞

k=1

− k(1+2k)z2

2(1+k)2

1+
k(1+2k)z2

2(1+k)2

+ 1

)− z2
(
γ + ψ(0)

(
− 1

2

))
4

K∞

k=1

−
k(1+2k)z2(ψ(0)(− 1

2
−k)−ψ(0)(1+k))

2(1+k)2(ψ(0)( 1
2
−k)−ψ(0)(k))

1+
k(1+2k)z2(ψ(0)(− 1

2
−k)−ψ(0)(1+k))

2(1+k)2(ψ(0)( 1
2
−k)−ψ(0)(k))

+ 1


−1

4
log2

(
− 4

z2

)
+

1

2
π

√
− 1

z2
z log

(
− 4

z2

)
+
π2

4
for z ∈ C∧|z| < 1

sech−1(z) =

√
1
z − 1

π
2 −

√
1− 1

z2

z

K∞

k=1

−
2b 1+k

2 c(−1+2b 1+k
2 c)

z2
1+2k +1




√

1− 1
z

for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)

sech−1(z) =

√
1
z2 − 1

z

K∞

k=1

k(−(−1)k+k)(−1+ 1
z2

)
3+4(−1+k)(1+k)

1 + 1

 for z ∈ C∧¬(z ∈ R∧1 ≤ z <∞)∧<(z) > 0

sech−1(z) =

√
1
z2 − 1z

K
∞

k=1

− k
2(1−z2)
−1+4k2

1 + 1

for z ∈ C∧¬(z ∈ R∧0 < z < 1)∧<(z) > 0∧
∣∣arg

(
z2
)∣∣ < π

sech−1(z) =

√
1
z − 1

√
1
z + 1

K
∞

k=1

k2(1− 1
z2

)
1+2k
z

+ 1
z

for z ∈ C∧¬(z ∈ R∧0 < z < 1)∧<(z) > 0∧
∣∣∣∣arg

(
1− 1

z2

)∣∣∣∣ < π

sech−1(z) =
π
√

1
z − 1

2
√

1− 1
z

−

√
1−z
z+1

(z − 1)

(
K
∞

k=1

k2

−1+z2

1+2k + 1

) for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)

sech−1(z) =
π
√

1
z − 1

2
√

1− 1
z

−

√
1
z − 1

√
1
z + 1

z

(
K
∞

k=1

− k(−(−1)k+k)
(−1+4k2)z2

1 + 1

) for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)
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sech−1(z) =
π
√

1
z − 1

2
√

1− 1
z

−

√
1
z − 1

√
1
z + 1

z

(
K
∞

k=1

k2

z2

(1+2k)(1− 1
z2

)
1
2 (1+(−1)k)

− 1
z2 + 1

) for z ∈ C∧¬(z ∈ R∧−1 ≤ z ≤ 1)

sech−1(z) = log

(
2

z

)
− z2

4

(
K
∞

k=1

− k(1+2k)z2

2(1+k)2

1+
k(1+2k)z2

2(1+k)2

+ 1

) for z ∈ C ∧ |z| < 1

sech−1(z + 1) =

√
2
√
−z

K
∞

k=1

(−1+2k)z 2F1( 1
2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

1−
(−1+2k)z 2F1( 1

2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

+ 1

for z ∈ C ∧ |z| < 1

sech−1(z−1) = i

(
2θ

(
=
(

1

z − 1

))
− 1

)

π −

√
2
√
−z

K
∞

k=1

(1−2k)z 2F1( 1
2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

1−
(1−2k)z 2F1( 1

2
, 3
2

+k; 3
2

;−1)
2k 2F1( 1

2
, 1
2

+k; 3
2

;−1)

+ 1


for z ∈ C∧|z| < 1

sech−1(z) = i

(
2θ

(
=
(

1

z

))
− 1

)π2 − 1

z

(
K
∞

k=1

− (1−2k)2

2k(1+2k)z2

1+
(1−2k)2

2k(1+2k)z2

+ 1

)
 for z ∈ C∧|z| > 1

sech−1(z)2 = − z2

2

(
K
∞

k=1

− k
2(1+2k)z2

2(1+k)3

1+
k2(1+2k)z2

2(1+k)3

+ 1

)− z2 log
(

1
z

)
2

(
K
∞

k=1

− k(1+2k)z2

2(1+k)2

1+
k(1+2k)z2

2(1+k)2

+ 1

)+
z2
(
γ + ψ(0)

(
− 1

2

))
4

K∞

k=1

−
k(1+2k)z2(ψ(0)(− 1

2
−k)−ψ(0)(1+k))

2(1+k)2(ψ(0)( 1
2
−k)−ψ(0)(k))

1+
k(1+2k)z2(ψ(0)(− 1

2
−k)−ψ(0)(1+k))

2(1+k)2(ψ(0)( 1
2
−k)−ψ(0)(k))

+ 1


+log2

(
2

z

)
for z ∈ C∧|z| < 1

sin−1(z) =
z

√
1− z2

(
K
∞

k=1

k2z2

1−z2

1+2k + 1

) for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))
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sin−1(z) =
z
√

1− z2

K
∞

k=1

− k(−(−1)k+k)z2

−1+4k2

1 + 1

for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

sin−1(z) =
z
√

1− z2

K
∞

k=1

−2z2b 1+k
2 c(−1+2b 1+k

2 c)
1+2k + 1

for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

sin−1(z) =
z
√

1− z2

K
∞

k=1

k2z2

(1+2k)(1−z2)
1
2 (1+(−1)k)

− z2 + 1
for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

sin−1(z) =
1

2
π

√
1

z2
z −

√
1− z2

z

(
K
∞

k=1

k2(−1+ 1
z2

)
1+2k + 1

) for z ∈ C ∧ <(z) 6= 0

sin−1(z) =
π

2
−

√
1− z2

K
∞

k=1

k2(1−z2)
(1+2k)z + z

for z ∈ C ∧ <(z) > 0

sin−1(z) =
π
√
z2

2z
− z

√
1− z2

K
∞

k=1

((−1)k−k)k(1−z2)
−1+4k2

1 + 1

for z ∈ C ∧ <(z) 6= 0

sin−1(z) =
z

K
∞

k=1

− (1−2k)2z2

2k(1+2k)

1+
(1−2k)2z2

2k(1+2k)

+ 1

for z ∈ C ∧ <(z) 6= 0 ∧ |z| < 1

sin−1(1− z) =
π

2
−

√
2
√
z

K
∞

k=1

− (1−2k)2z
4k(1+2k)

1+
(1−2k)2z
4k(1+2k)

+ 1

for z ∈ C ∧ <(z) 6= 0 ∧ |z| < 1

− sin−1(1− z) =

√
2
√
z

K
∞

k=1

− (1−2k)2z
4k(1+2k)

1+
(1−2k)2z
4k(1+2k)

+ 1

− π

2
for z ∈ C ∧ <(z) 6= 0 ∧ |z| < 1

sin−1(z) =

z

log
(
−4z2

)
− 1

2z2

K∞

k=1

− k(1+2k)

2(1+k)2z2

1+
k(1+2k)

2(1+k)2z2

+1




2
√
−z2

for z ∈ C∧<(z) 6= 0∧|z| > 1
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sin−1(z)2 =
z2

K
∞

k=1

− 2k2z2

(1+k)(1+2k)

1+ 2k2z2

(1+k)(1+2k)

+ 1

for z ∈ C ∧ <(z) 6= 0 ∧ |z| < 1

sinh−1(z) =
z

√
z2 + 1

(
K
∞

k=1

− k2z2

1+z2

1+2k + 1

) for z ∈ C∧¬(iz ∈ R∧(−∞ < iz ≤ −1∨1 ≤ iz <∞))

sinh−1(z) =
z
√
z2 + 1

K
∞

k=1

k(−(−1)k+k)z2

−1+4k2

1 + 1

for z ∈ C∧¬(iz ∈ R∧(−∞ < iz ≤ −1∨1 ≤ iz <∞))

sinh−1(z) =
z
√
z2 + 1

K
∞

k=1

2z2b 1+k
2 c(−1+2b 1+k

2 c)
1+2k + 1

for z ∈ C∧¬(iz ∈ R∧(−∞ < iz ≤ −1∨1 ≤ iz <∞))

sinh−1(z) =
z
√
z2 + 1

K
∞

k=1

−k2z2

(1+2k)(1+z2)
1
2 (1+(−1)k)

+ z2 + 1
for z ∈ C∧¬(iz ∈ R∧(−∞ < iz ≤ −1∨1 ≤ iz <∞))

sinh−1(z) =

√
z2 + 1

z

(
K
∞

k=1

−k2(1+ 1
z2

)
1+2k + 1

) +
1

2
π

√
− 1

z2
z for z ∈ C ∧ =(z) 6= 0

sinh−1(z) =
iπ

2
− i

√
z2 + 1

K
∞

k=1

k2(1+z2)
−i(1+2k)z − iz

for z ∈ C ∧ =(z) > 0

sinh−1(z) = −
√
z2 + 1z

K
∞

k=1

((−1)k−k)k(1+z2)
−1+4k2

1 + 1

− π
√
−z2

2z
for z ∈ C ∧ =(z) 6= 0

sinh−1(z) =
z
√
z2 + 1

K
∞

k=1

1
2 (1−(−1)k)(1+k)z2+ 1

2 (1+(−1)k)k(1+z2)

1 + 1
for z ∈ C∧=(z) 6= 0

sinh−1(z) =
z

K
∞

k=1

(1−2k)2z2

2k(1+2k)

1− (1−2k)2z2

2k(1+2k)

+ 1

for z ∈ C ∧ =(z) 6= 0 ∧ |z| < 1
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i sin−1(1− iz) =
iπ

2
− i

√
2
√
iz

1 +K
∞

k=1

− i(1−2k)2z
4k(1+2k)

1+
i(1−2k)2z
4k(1+2k)

for z ∈ C ∧ =(z) 6= 0 ∧ |z| < 1

−i sin−1(1 + iz) =
i
√

2
√
−iz

1 +K
∞

k=1

i(1−2k)2z
4k(1+2k)

1− i(1−2k)2z
4k(1+2k)

− iπ

2
for z ∈ C ∧ =(z) 6= 0 ∧ |z| < 1

sinh−1(z) =

z

 1

2z2

K∞

k=1

k(1+2k)

2(1+k)2z2

1− k(1+2k)

2(1+k)2z2

+1

 + log
(
4z2
)

2
√
z2

for z ∈ C∧=(z) 6= 0∧|z| > 1

sinh−1(z)2 =
z2

K
∞

k=1

2k2z2

(1+k)(1+2k)

1− 2k2z2

(1+k)(1+2k)

+ 1

for z ∈ C ∧ =(z) 6= 0 ∧ |z| < 1

tan−1(z) =
z

K
∞

k=1

k2z2

1+2k + 1
for z ∈ C∧¬(z ∈ R∧(−∞ < iz ≤ −1∨1 ≤ iz <∞))

tan−1(z) = z− z3

K
∞

k=1

(1−(−1)k+k)2z2

3+2k + 3
for z ∈ C∧¬(z ∈ R∧(−∞ < iz ≤ −1∨1 ≤ iz <∞))

tan−1(z) =
z

K
∞

k=1

k2z2

−1+4k2

1 + 1

for z ∈ C∧¬(z ∈ R∧(−∞ < iz ≤ −1∨1 ≤ iz <∞))

tan−1(z) =
z

(z2 + 1)

(
K
∞

k=1

− k(−(−1)k+k)z2

(−1+4k2)(1+z2)
1 + 1

) for z ∈ C∧¬(z ∈ R∧(−∞ < iz ≤ −1∨1 ≤ iz <∞))

tan−1(z) =
z

K
∞

k=1

(−1+2k)2z2

1+2k−(−1+2k)z2 + 1
for z ∈ C ∧ |z| < 1

tan−1(z) =
z

K
∞

k=1

2z2(1−2b 1+k
2 c)b 1+k

2 c
(1+2k)(1+ 1

2 (1+(−1)k)z2)
+ z2 + 1

for z ∈ C∧¬(z ∈ R∧(−∞ < iz ≤ −1∨1 ≤ iz <∞))
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tan−1(z) =
z

2
(
K
∞

k=1

1
4 (−1+2k)2z2

1
2 (1+2k)− 1

2 (−1+2k)z2 + 1
2

) for z ∈ C ∧ |z| < 1

tan−1(z) =
z

2

(
K
∞

k=1

( 1
2−k)kz2(1+z2)

1
2 +k+ 1

2 (1+4k)z2 + 1
2 (z2 + 1)

) for z ∈ C ∧ |=(z)| < 1√
2

tan−1(z) =
z

K
∞

k=1

1
2 (1−(−1)k)kz2+ 1

2 (1+(−1)k)k(1+z2)

1 + 1
for z ∈ C∧|=(z)| < 1√

2

tan−1(z) =
z

K
∞

k=0

( 1
2 +k)

2
z2

2+2k+
√

1+z2
+ 1

2

(√
z2 + 1 + 1

) for z ∈ C ∧ |=(z)| < 1√
2

tan−1

(
x

y

)
=

x

K
∞

k=1

k2x2

(1+2k)y + y
for (x, y) ∈ C2 ∧

∣∣∣∣=(xy
)∣∣∣∣ < 1√

2

tan−1

(
x

y

)
=

xy

K
∞

k=1

(−1+2k)2x2y2

−(−1+2k)x2+(1+2k)y2 + y2
for (x, y) ∈ C2∧

∣∣∣∣=(xy
)∣∣∣∣ < 1√

2

tan−1(z) =
z

K
∞

k=1

(−1+2k)z2

1+2k

1− (−1+2k)z2

1+2k

+ 1

for z ∈ C ∧ |z| < 1

i tanh−1(1−iz) =
1

2
i

− iz

2

(
1 +K

∞

k=1

− ikz
2(1+k)

1+ ikz
2(1+k)

) − log(iz) + log(2)

 for z ∈ C∧|z| < 1

−i tanh−1(1+iz) =
1

2
i

− iz

2

(
1 +K

∞

k=1

ikz
2(1+k)

1− ikz
2(1+k)

) + log(−iz)− log(2)

 for z ∈ C∧|z| < 1

tan−1(z) =
πz

2
√
z2
− 1

z

(
K
∞

k=1

−1+2k

(1+2k)z2

1− −1+2k

(1+2k)z2

+ 1

) for z ∈ C ∧ |z| > 1
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tanh−1(z) =
z

K
∞

k=1

−k2z2

1+2k + 1
for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

tanh−1(z) =
z3

K
∞

k=1

−(1−(−1)k+k)2z2

3+2k + 3
+z for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

tanh−1(z) =
z

K
∞

k=1

− k2z2

−1+4k2

1 + 1

for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

tanh−1(z) =
z

(1− z2)

(
K
∞

k=1

k(−(−1)k+k)z2

(−1+4k2)(1−z2)
1 + 1

) for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

tanh−1(z) =
z

K
∞

k=1

−(−1+2k)2z2

1+2k+(−1+2k)z2 + 1
for z ∈ C ∧ |z| < 1

tanh−1(z) =
z

K
∞

k=1

2z2b 1+k
2 c(−1+2b 1+k

2 c)
(1+2k)(1− 1

2 (1+(−1)k)z2)
− z2 + 1

for z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

tanh−1(z) =
z

2
(
K
∞

k=1

− 1
4 (−1+2k)2z2

1
2 (1+2k)+ 1

2 (−1+2k)z2 + 1
2

) for z ∈ C ∧ |z| < 1

tanh−1(z) =
z

2

(
K
∞

k=1

(− 1
2 +k)kz2(1−z2)

1
2 +k− 1

2 (1+4k)z2 + 1
2 (1− z2)

) for z ∈ C∧ |<(z)| < 1√
2

tanh−1(z) =
z

K
∞

k=1

− 1
2 (1−(−1)k)kz2+ 1

2 (1+(−1)k)k(1−z2)

1 + 1
for z ∈ C∧|<(z)| < 1√

2

tanh−1(z) =
z

K
∞

k=0

−( 1
2 +k)

2
z2

2+2k+
√

1−z2
+ 1

2

(√
1− z2 + 1

) for z ∈ C ∧ |<(z)| < 1√
2

tanh−1

(
x

y

)
=

x

K
∞

k=1

−k2x2

(1+2k)y + y
for (x, y) ∈ C2 ∧

∣∣∣∣<(xy
)∣∣∣∣ < 1√

2
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tanh−1

(
x

y

)
=

xy

K
∞

k=1

−(−1+2k)2x2y2

(−1+2k)x2+(1+2k)y2 + y2
for (x, y) ∈ C2∧

∣∣∣∣<(xy
)∣∣∣∣ < 1√

2

tanh−1(z) =
z

K
∞

k=1

− (−1+2k)z2

1+2k

1+
(−1+2k)z2

1+2k

+ 1

for z ∈ C ∧ |z| < 1

tanh−1(z+1) =
1

2

 z

2

(
K
∞

k=1

kz
2(1+k)

1− kz
2(1+k)

+ 1

) − log(−z) + log(2)

 for z ∈ C∧|z| < 1

− tanh−1(1−z) =
1

2

 z

2

(
K
∞

k=1

− kz
2(1+k)

1+ kz
2(1+k)

+ 1

) + log(z)− log(2)

 for z ∈ C∧|z| < 1

tanh−1(z) =
1

z

(
K
∞

k=1

− −1+2k

(1+2k)z2

1+ −1+2k

(1+2k)z2

+ 1

) +
πz

2
√
−z2

for z ∈ C ∧ |z| > 1

Iν(z) =
2−νzν

Γ(ν + 1)

(
K
∞

k=1

− z2

4k(k+ν)

1+ z2

4k(k+ν)

+ 1

) for (ν, z) ∈ C2 ∧ ¬(ν ∈ Z ∧ ν ≤ 0)

I−m(z) =
2−mzm

m!

(
K
∞

k=1

− z2

4k(k+m)

1+ z2

4k(k+m)

+ 1

) for m ∈ Z ∧ z ∈ C ∧m > 0

I1(2)

I0(2)
=
∞

K
k=1

1

k

Iν(z)

Iν−1(z)
=

z

K
∞

k=1

z2

2(k+ν) + 2ν
for (ν, z) ∈ C2 ∧ ¬(ν ∈ Z ∧ ν ≤ 0)

Iν+1(z)

Iν(z)
=

z

(2ν + 2)

(
K
∞

k=1

z2

4(k+ν)(1+k+ν)

1 + 1

) for (ν, z) ∈ C2∧¬(ν ∈ Z∧ν ≤ 0)
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Iν+1(z)

Iν(z)
=

z

K
∞

k=1

z(−1−2k−2ν)
2+k+2z+2ν + 2ν + z + 2

for (ν, z) ∈ C2 ∧ ¬(ν ∈ Z ∧ ν ≤ 0)

Iν+1(z)

Iν(z)
= i

∞

K
k=1

−1

− 2i(k+ν)
z

for (ν, z) ∈ C2 ∧ ¬(ν ∈ Z ∧ ν ≤ 0)

Iν (2
√
z)

Iν+1 (2
√
z)

= K
∞

k=1

z
1+k+ν + ν + 1
√
z

for (ν, z) ∈ C2 ∧ ¬(ν ∈ Z ∧ ν ≤ 0)

∂Iν(z)
∂z

Iν(z)
=

z

K
∞

k=1

z(−1−2k−2ν)
2+k+2z+2ν + 2ν + z + 2

+
ν

z
for (ν, z) ∈ C2∧¬(ν ∈ Z∧ν ≤ 0)

∂Iν(z)
∂z

Iν(z)
=

z

(2ν + 2)

(
K
∞

k=1

z2

4(k+ν)(1+k+ν)

1 + 1

)+
ν

z
for (ν, z) ∈ C2∧¬(ν ∈ Z∧ν ≤ 0)

Jν(z) =
2−νzν

Γ(ν + 1)

(
K
∞

k=1

z2

4k(k+ν)

1− z2

4k(k+ν)

+ 1

) for (ν, z) ∈ C2 ∧ ¬(ν ∈ Z ∧ ν ≤ 0)

J−m(z) =
2−m(−z)m

m!

(
K
∞

k=1

z2

4k(k+m)

1− z2

4k(k+m)

+ 1

) for m ∈ Z ∧ z ∈ C ∧m > 0

Jν(z)

Jν−1(z)
=

z

K
∞

k=1

−z2

2(k+ν) + 2ν
for (ν, z) ∈ C2 ∧ ¬(ν ∈ Z ∧ ν ≤ 0)

Jν+1(z)

Jν(z)
=

z

(2ν + 2)

(
K
∞

k=1

− z2

4(k+ν)(1+k+ν)

1 + 1

) for (ν, z) ∈ C2∧¬(ν ∈ Z∧ν ≤ 0)

Jν+1(z)

Jν(z)
=

z

K
∞

k=1

iz(1+2k+2ν)
2+k−2iz+2ν + 2ν − iz + 2

for (ν, z) ∈ C2 ∧ ¬(ν ∈ Z ∧ ν ≤ 0)

Jν+1(z)

Jν(z)
= −

∞

K
k=1

−1
2(k+ν)
z

for (ν, z) ∈ C2 ∧ ¬(ν ∈ Z ∧ ν ≤ 0)
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Jν (2i
√
z)

Jν−1 (2i
√
z)

=
i
√
z

K
∞

k=1

z
k+ν + ν

for (ν, z) ∈ C2 ∧ ¬(ν ∈ Z ∧ ν ≤ 0)

∂Jν(z)
∂z

Jν(z)
=
ν

z
− z

K
∞

k=1

iz(1+2k+2ν)
2+k−2iz+2ν + 2ν − iz + 2

for (ν, z) ∈ C2∧¬(ν ∈ Z∧ν ≤ 0)

∂Jν(z)
∂z

Jν(z)
=
ν

z
− z

(2ν + 2)

(
K
∞

k=1

− z2

4(k+ν)(1+k+ν)

1 + 1

) for (ν, z) ∈ C2∧¬(ν ∈ Z∧ν ≤ 0)

Kν(z) =
1

2
π csc(πν)

 2νz−ν

Γ(1− ν)

(
K
∞

k=1

− z2

4k(k−ν)

1+ z2

4k(k−ν)

+ 1

) − 2−νzν

Γ(ν + 1)

(
K
∞

k=1

− z2

4k(k+ν)

1+ z2

4k(k+ν)

+ 1

)
 for (ν, z) ∈ C2∧ν /∈ Z

K0(z) = −
log
(
z
2

)
K
∞

k=1

− z2

4k2

1+ z2

4k2

+ 1

− γ

K
∞

k=1

− z
2ψ(0)(1+k)

4k2ψ(0)(k)

1+
z2ψ(0)(1+k)

4k2ψ(0)(k)

+ 1

for z ∈ C

Km(z) =
2m−1(m− 1)!z−m

K
−1+m

k=1

− z2

4k(k−m)

1+ z2

4k(k−m)

+ 1

+
(−1)m−12−mzm log

(
z
2

)
m!

(
K
∞

k=1

− z2

4k(k+m)

1+ z2

4k(k+m)

+ 1

)+
(−1)m2−m−1zm(ψ(0)(m+ 1)− γ)

m!

(
K
∞

k=1

− z2(ψ(0)(1+k)+ψ(0)(1+k+m))

4k(k+m)(ψ(0)(k)+ψ(0)(k+m))

1+
z2(ψ(0)(1+k)+ψ(0)(1+k+m))

4k(k+m)(ψ(0)(k)+ψ(0)(k+m))

+ 1

) for m ∈ Z∧z ∈ C∧m ≥ 1

Kν+1(z)

Kν(z)
=

1

1− 2ν+1

2z

K∞

k=1

1
4 (1+(−1)k)(−1+k−2ν)+ 1

2 (1−(−1)k)(1+ k
2

+ν)
2z
1 +1


for (ν, z) ∈ C2

Kν+1(z)

Kν(z)
= K

∞

k=1

− 1
4 (−1+2k)2+ν2

2(k+z)

z
+

2ν + 1

2z
+ 1 for (ν, z) ∈ C2

∂Kν(z)
∂z

Kν(z)
=
ν

z
− 1

1− 2ν+1

2z

K∞

k=1

1
4 (1+(−1)k)(−1+k−2ν)+ 1

2 (1−(−1)k)(1+ k
2

+ν)
2z
1 +1


for (ν, z) ∈ C2
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∂Kν(z)
∂z

Kν(z)
= −K

∞

k=1

− 1
4 (−1+2k)2+ν2

2(k+z)

z
− 1

2z
− 1 for (ν, z) ∈ C2

Yν(z) = csc(πν)

 2−ν cos(πν)zν

Γ(ν + 1)

(
K
∞

k=1

z2

4k(k+ν)

1− z2

4k(k+ν)

+ 1

) − 2νz−ν

Γ(1− ν)

(
K
∞

k=1

z2

4k(k−ν)

1− z2

4k(k−ν)

+ 1

)
 for (ν, z) ∈ C2∧ν /∈ Z

Y0(z) =
2 log

(
z
2

)
π

(
K
∞

k=1

z2

4k2

1− z2

4k2

+ 1

) +
2γ

π

(
K
∞

k=1

z2ψ(0)(1+k)

4k2ψ(0)(k)

1− z
2ψ(0)(1+k)

4k2ψ(0)(k)

+ 1

) for z ∈ C

Ym(z) = − 2m(m− 1)!z−m

π

(
K
−1+m

k=1

− z
2(−1+k)!(−1−k+m)!

4k!(−k+m)!

1+
z2(−1+k)!(−1−k+m)!

4k!(−k+m)!

+ 1

)+
21−mzm log

(
z
2

)
πm!

(
K
∞

k=1

z2

4k(k+m)

1− z2

4k(k+m)

+ 1

)− 2−mzm(ψ(0)(m+ 1)− γ)

πm!

(
K
∞

k=1

z2(ψ(0)(1+k)+ψ(0)(1+k+m))

4k(k+m)(ψ(0)(k)+ψ(0)(k+m))

1− z2(ψ(0)(1+k)+ψ(0)(1+k+m))

4k(k+m)(ψ(0)(k)+ψ(0)(k+m))

+ 1

) for m ∈ Z∧z ∈ C∧m ≥ 1

Bz(a, b) =
za(1− z)b

a

(
K
∞

k=1

−
(1−(−1)k)(a+ 1

2
(−1+k))(a+b+ 1

2
(−1+k))z

2(−1+a+k)(a+k)
+

(1+(−1)k)(2b−k)kz

8(−1+a+k)(a+k)

1 + 1

) for (z, a, b) ∈ C3∧|arg(1− z)| < π

Bz(a, b) =
za(1− z)b

K
∞

k=1

(b−k)kz
a+k−(−1+a+b−k)z + z(−a− b+ 1) + a

for (z, a, b) ∈ C3∧|arg(1− z)| < π∧<(z) < 1

Bz(a, b) =
za(1− z)b

K
∞

k=1

k(−1+a+b+k)(1−z)z
a+k−(a+b+2k)z − z(a+ b) + a

for (z, a, b) ∈ C3∧|arg(1− z)| < π

Bz(a, b) =
za(1− z)b

K
∞

k=1

(b−k)k(−1+a+k)(−1+a+b+k)z2

(−1+a+2k)2

a+2k+( (b−k)k
−1+a+2k−

(a+k)(a+b+k)
1+a+2k )z

− az(a+b)
a+1 + a

for (z, a, b) ∈ C3∧|arg(1− z)| < π

Bz(a, b) =
za

a

(
K
∞

k=1

(b−k)(−1+a+k)z
k(a+k)

1− (b−k)(−1+a+k)z
k(a+k)

+ 1

) for (z, a, b) ∈ C3 ∧ |z| < 1
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B1−z(a, b) = B(a, b)− (1− z)azb

b

(
K
∞

k=1

− (−1+a+b+k)z
b+k

1+
(−1+a+b+k)z

b+k

+ 1

) for (z, a, b) ∈ C3∧¬(b ∈ Z∧−b ≥ 0)∧|z| < 1

B1−z(a, 0) =
(1− z)a(−ψ(0)(a)− γ)

K
∞

k=1

(−1+a+k)z(−ψ(0)(1+k)+ψ(0)(a+k))

k(ψ(0)(k)−ψ(0)(−1+a+k))

1− (−1+a+k)z(−ψ(0)(1+k)+ψ(0)(a+k))

k(ψ(0)(k)−ψ(0)(−1+a+k))

+ 1

−log(z) for (z, a) ∈ C2∧|z| < 1

B1−z(a,−m) =
(1− z)a(−ψ(0)(a)− γ)(1− a)m

m!

(
K
∞

k=1

(−1+a+k)z(−ψ(0)(1+k)+ψ(0)(a+k))

k(ψ(0)(k)−ψ(0)(−1+a+k))

1− (−1+a+k)z(−ψ(0)(1+k)+ψ(0)(a+k))

k(ψ(0)(k)−ψ(0)(−1+a+k))

+ 1

)+
(−1)m−1Γ(a) log(z)

m!Γ(a−m)
+

(1− z)az−m

m

(
K
−1+m

k=1

− (−1+a+k−m)z
k−m

1+
(−1+a+k−m)z

k−m
+ 1

) for m ∈ Z∧(z, a) ∈ C2∧m > 0∧|z| < 1

Bz(a, b) =
za(−z)b−1

(a+ b− 1)

(
K
∞

k=1

(b−k)(a+b−k)
(−1+a+b−k)kz

1− (b−k)(a+b−k)
(−1+a+b−k)kz

+ 1

)+
za(−z)−aΓ(a)Γ(−a− b+ 1)

Γ(1− b)
for (z, a, b) ∈ C3∧¬(a+b ∈ Z∧a+b > 0)∧|z| > 1

Bz(a, 1−a) = (−z)−aza(−ψ(0)(a)+log(−z)−γ)− a(−z)−aza−1

K
∞

k=1

− k(a+k)

(1+k)2z

1+
k(a+k)

(1+k)2z

+ 1

for (z, a) ∈ C2∧|z| > 1

Bz(a,−a+m+1) =
(−z)−aza−1(−a)m+1

(m+ 1)!

(
K
∞

k=1

− k(a+k)
(1+k)(1+k+m)z

1+
k(a+k)

(1+k)(1+k+m)z

+ 1

)+
(−z)−aza(1− a)m(−ψ(0)(a) + ψ(0)(m+ 1) + log(−z))

m!
+

za(−z)m−a

m

(
K
−1+m

k=1

(−1+a+k−m)(1−k+m)
k(k−m)z

1− (−1+a+k−m)(1−k+m)
k(k−m)z

+ 1

) for m ∈ Z∧(z, a) ∈ C2∧m > 0∧|z| > 1

Iz(a, b) =
za(1− z)b

aB(a, b)

(
K
∞

k=1

−
(1−(−1)k)(a+ 1

2
(−1+k))(a+b+ 1

2
(−1+k))z

2(−1+a+k)(a+k)
+

(1+(−1)k)(2b−k)kz

8(−1+a+k)(a+k)

1 + 1

) for (z, a, b) ∈ C3∧|arg(1− z)| < π

Iz(a, b) =
za(1− z)b

B(a, b)
(
K
∞

k=1

(b−k)kz
a+k−(−1+a+b−k)z + z(−a− b+ 1) + a

) for (z, a, b) ∈ C3∧|arg(1− z)| < π

Iz(a, b) =
za(1− z)b

B(a, b)
(
K
∞

k=1

k(−1+a+b+k)(1−z)z
a+k−(a+b+2k)z − z(a+ b) + a

) for (z, a, b) ∈ C3∧|arg(1− z)| < π
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Iz(a, b) =
za(1− z)b

B(a, b)

(
K
∞

k=1

(b−k)k(−1+a+k)(−1+a+b+k)z2

(−1+a+2k)2

a+2k+( (b−k)k
−1+a+2k−

(a+k)(a+b+k)
1+a+2k )z

− az(a+b)
a+1 + a

) for (z, a, b) ∈ C3∧|arg(1− z)| < π

Iz(a, b) =
za

aB(a, b)

(
K
∞

k=1

(b−k)(−1+a+k)z
k(a+k)

1− (b−k)(−1+a+k)z
k(a+k)

+ 1

) for (z, a, b) ∈ C3 ∧ |z| < 1

I1−z(a, b) = 1− (1− z)azb

bB(a, b)

(
K
∞

k=1

− (−1+a+b+k)z
b+k

1+
(−1+a+b+k)z

b+k

+ 1

) for (z, a, b) ∈ C3∧¬(b ∈ Z∧−b ≥ 0)∧|z| < 1

Iz(a, b) =
za(−z)b−1

(a+ b− 1)B(a, b)

(
K
∞

k=1

(b−k)(a+b−k)
(−1+a+b−k)kz

1− (b−k)(a+b−k)
(−1+a+b−k)kz

+ 1

)+za(−z)−a sin(πb) csc(π(a+b)) for (z, a, b) ∈ C3∧¬(a+b ∈ Z∧a+b > 0)∧|z| > 1

Iz(a, 1−a) =
(−z)−aza sin(πa)(−ψ(0)(a) + log(−z)− γ)

π
− a(−z)−aza−1 sin(πa)

π

(
K
∞

k=1

− k(a+k)

(1+k)2z

1+
k(a+k)

(1+k)2z

+ 1

) for (z, a) ∈ C2∧|z| > 1

Iz(a,−a+m+1) = − a(−z)−aza−1 sin(πa)

π(m+ 1)

(
K
∞

k=1

− k(a+k)
(1+k)(1+k+m)z

1+
k(a+k)

(1+k)(1+k+m)z

+ 1

)+
za(−z)m−a

mB(a,−a+m+ 1)

(
K
−1+m

k=1

(−1+a+k−m)(1−k+m)
k(k−m)z

1− (−1+a+k−m)(1−k+m)
k(k−m)z

+ 1

)+
(−z)−aza sin(πa)(−ψ(0)(a) + ψ(0)(m+ 1) + log(−z))

π
for m ∈ Z∧(z, a) ∈ C2∧m > 0∧|z| > 1

Iz(a+ 1, b)

Iz(a, b)
=

z(a+ b)

K
∞

k=1

− 1
2 (1+(−1)k)(a+ k

2 )(a+b+ k
2 )z+ 1

4 (1−(−1)k)(−1−k)(−b+ 1+k
2 )z

1+a+k + a+ 1
for (z, a, b) ∈ C3∧|arg(1− z)| < π

Iz(a+ 1, b)

Iz(a, b)
=

z(a+ b)

K
∞

k=1

(−a−k)(a+b+k)z
1+a+k+(a+b+k)z + z(a+ b) + a+ 1

for (z, a, b) ∈ C3∧|z| < 1

C = 1− 1

2

(
K
∞

k=1

4b 1+k
2 c2

2+(−1)k
+ 3

)
C =

1

2K
∞

k=1

1
16 ((−1+(−1)k)2(1+k)2+2(1+(−1)k)k(2+k))

1
2

+ 1
+

1

2
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C =
13

2
(
K
∞

k=1

16(1−2k)4k4(29−48k+20k2)(13+32k+20k2)
7+16k−156k2−384k3+2064k4+5632k5+3520k6 + 7

)
C =

1

K
∞

k=1

(1−2k)2

(1+2k)2

8k
(1+2k)2

+ 1

Tν(z) = cos
(πν

2

)


νz sin
(
πν
2

)
K
∞

k=1

−
4−2+kzν2Γ(− 1

2
+ k

2
− ν

2 )Γ( 1
2

+ k
2
− ν

2 )Γ(− 1
2

+ k
2

+ ν
2 )Γ( 1

2
+ k

2
+ ν

2 ) sin2(πν)

π2Γ(k)Γ(2+k)

−
(−1)k2−2+kνΓ( k2− ν2 )Γ( k2 + ν

2 ) sin(πν)

πΓ(1+k)
+

(−1)k2−1+kzνΓ( 1
2

+ k
2
− ν

2 )Γ( 1
2

+ k
2

+ ν
2 ) sin(πν)

πΓ(2+k)

+ cos
(
πν
2

) + 1

 for (ν, z) ∈ C2∧|z| < 1

Tν(1− 2z) =
1

K
∞

k=1

− 2z(−1+k−ν)(−1+k+ν)
k(−1+2k)

1+
2z(−1+k−ν)(−1+k+ν)

k(−1+2k)

+ 1

for (ν, z) ∈ C2 ∧ |z| < 1

Tν(2z−1) =
2ν
√
z sin(πν)

K
∞

k=1

z(−1−4(−1+k)k+4ν2)
2k(1+2k)

1− z(−1−4(−1+k)k+4ν2)
2k(1+2k)

+ 1

+
cos(πν)

K
∞

k=1

− 2z(−1+k−ν)(−1+k+ν)
k(−1+2k)

1+
2z(−1+k−ν)(−1+k+ν)

k(−1+2k)

+ 1

for (ν, z) ∈ C2∧|z| < 1

Tν(z) =
2−ν−1z−ν

K
∞

k=1

− (−2+2k+ν)(−1+2k+ν)

4kz2(k+ν)

1+
(−2+2k+ν)(−1+2k+ν)

4kz2(k+ν)

+ 1

+
2ν−1zν

K
∞

k=1

− (−2+2k−ν)(−1+2k−ν)

4kz2(k−ν)

1+
(−2+2k−ν)(−1+2k−ν)

4kz2(k−ν)

+ 1

for (ν, z) ∈ C2∧|z| > 1

Tν(z) =
2ν−1zν

K
b ν2 c
k=1

− (−2+2k−ν)(−1+2k−ν)

4kz2(k−ν)

1+
(−2+2k−ν)(−1+2k−ν)

4kz2(k−ν)

+ 1

for ν ∈ Z ∧ ν > 0

Uν(z) = cos
(πν

2

)


(ν + 1)z sin
(
πν
2

)
K
∞

k=1

−
4−1+kzΓ(− 1

2
+ k

2
− ν

2 )Γ( 1
2

+ k
2
− ν

2 )Γ( 1
2

+ k
2

+ ν
2 )Γ( 3

2
+ k

2
+ ν

2 ) sin2(πν)

π2Γ(k)Γ(2+k)

−
(−1)k2−1+kΓ( k2− ν2 )Γ(1+ k

2
+ ν

2 ) sin(πν)

πΓ(1+k)
+

(−2)kzΓ( 1
2

+ k
2
− ν

2 )Γ( 3
2

+ k
2

+ ν
2 ) sin(πν)

πΓ(2+k)

+ cos
(
πν
2

) + 1

 for (ν, z) ∈ C2∧|z| < 1

Uν(1− 2z) =
ν + 1

K
∞

k=1

− 2z(−1+k−ν)(1+k+ν)
k(1+2k)

1+
2z(−1+k−ν)(1+k+ν)

k(1+2k)

+ 1

for (ν, z) ∈ C2 ∧ |z| < 1
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Uν(2z−1) =
(ν + 1) cos(πν)

K
∞

k=1

− 2z(−1+k−ν)(1+k+ν)
k(1+2k)

1+
2z(−1+k−ν)(1+k+ν)

k(1+2k)

+ 1

− sin(πν)

2
√
z

(
K
∞

k=1

z(3−4(−1+k)k+4ν(2+ν))
2k(−1+2k)

1− z(3−4(−1+k)k+4ν(2+ν))
2k(−1+2k)

+ 1

) for (ν, z) ∈ C2∧|z| < 1

Uν(z) =
2νzν

K
∞

k=1

− (−2+2k−ν)(−1+2k−ν)

4kz2(−1+k−ν)

1+
(−2+2k−ν)(−1+2k−ν)

4kz2(−1+k−ν)

+ 1

− 2−ν−2z−ν−2

K
∞

k=1

− (2k+ν)(1+2k+ν)

4kz2(1+k+ν)

1+
(2k+ν)(1+2k+ν)

4kz2(1+k+ν)

+ 1

for (ν, z) ∈ C2∧|z| > 1

Uν(z) =
2νzν

K
b ν2 c
k=1

− (−2+2k−ν)(−1+2k−ν)

4kz2(−1+k−ν)

1+
(−2+2k−ν)(−1+2k−ν)

4kz2(−1+k−ν)

+ 1

for ν ∈ Z ∧ ν > 0

e(b+ β)

− 2e2

(b2−β2+2e)

(√
(b2−β2)(b2−β2+4e)

(b2−β2+2e)2 +1

) + b2 − β2 + e
=
∞

K
k=1

e

b+ (−1)kβ
for (b, β, e) ∈ C3

β2e

−β3 + 2βe2

(β2−2e)

(√
β2(β2−4e)

(β2−2e)2 +1

) + βe
=
∞

K
k=1

e

(−1)kβ
for (β, e) ∈ C2

√
eπ

2
erfc

(
1√
2

)
=

1

K
∞

k=1

k
1 + 1

log(2) =
1

K
∞

k=1

k2

1 + 1

log(2) =
2

K
∞

k=1

b 1+k
2 c

1
2 (3+(−1)k)+(1+(−1)k)k

+ 2

log(2) =
2

K
∞

k=1

−k2

3(1+2k) + 3

3
√

2 =
1

K
∞

k=1

(−1)k+3b 1+k
2 c

1
2 (5+(−1)k+3(1+(−1)k)k)

+ 3
+ 1

3
√

2 =
2

K
∞

k=1

1−9k2

9(1+2k) + 8
+ 1

ψ(2)(2) = − 2

K
∞

k=1

−k6

(1+2k)(5+k+k2) + 5
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√
2 =

∞

K
k=1

1

2
+ 1

√
5 = 2

∞

K
k=1

1

1
+ 1

tan(1) =
∞

K
k=1

1
1
2 (1 + (−1)k) + 1

2 (1− (−1)k) k
+ 1

tanh(1) =
∞

K
k=1

1

−1 + 2k

π2

6
=

1

K
∞

k=1

1
8 (1−(−1)k+4k+2k2)

1 + 1
+ 1

π2

6
=

2

K
∞

k=1

k4

1+2k + 1

ζ(3) =
6

K
∞

k=1

−k6

5+27k+51k2+34k3 + 5

ζ(3) =
1

K
∞

k=1

−k6

(1+2k)(5+k+k2) + 5
+ 1

ζ(3) =
1

K
∞

k=1

b 1+k
2 c3

1
2 (1−(−1)k)+2(1+(−1)k)(1+k)

+ 4

+ 1

2e

b
(√

4e
b2 + 1 + 1

) =
∞

K
k=1

e

b
for (b, e) ∈ C2

√
eI b

a−1

(
2
√
e

a

)
I b
a

(
2
√
e

a

) − b =
∞

K
k=1

e

b+ ak
for (a, b, e) ∈ C3

√
eI1

(
2
√
e

a

)
I0

(
2
√
e

a

) =
∞

K
k=1

e

ak
for (a, e) ∈ C2

√
−e2(b−β)2I

−−b
2+4ab+β2−2e−4aβ

4ab−4aβ

(
− e2

2a
√
−e2(b−β)2
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√
−e2(b−β)2
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=
∞
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k=1

e
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for (a, b, β, e) ∈ C4
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−
e(b+ β)2I b2−β2+2e+2a(b+β)

4a(b+β)

(
− e2

2a
√
−e2(b+β)2

)
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(
− e2

2a
√
−e2(b+β)2

)
−
√
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(
− e2

2a
√
−e2(b+β)2

) =
∞

K
k=1

e

b+ ak + (−1)k(−ak + β)
for (a, b, β, e) ∈ C4

β2e
√
β2(−e2)I 2e−β(2a+β)

4aβ

(√
−e2β2

2aβ2

)
I−β2+2aβ+2e

4aβ

(√
−e2β2

2aβ2
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=
∞

K
k=1

e

ak + (−1)k(−ak + β)
for (a, β, e) ∈ C3

√
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4aβ
−1

(√
−e2β2

2aβ2

)
I β2−2e

4aβ

(√
−e2β2
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) − β3 + βe
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=
∞

K
k=1

e
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for (a, β, e) ∈ C3

b2e
√
−b2e2I b2−2ab+2e

4ab

(√
−b2e2
2ab2

)
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4ab

(√
−b2e2
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=
∞

K
k=1

e

b+ ak − (−1)kak
for (a, b, e) ∈ C3

√
−b2e2I b2+2e

4ab
−1

(√
−b2e2
2ab2

)
I b2+2e

4ab

(√
−b2e2
2ab2

) − b
(
b2 + e

)
b2

=
∞

K
k=1

e

b+ ak + (−1)kak
for (a, b, e) ∈ C3

(
a+ 2e√

b2+4e+b
+ b
)

QHypergeometricPFQ

(
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{
− a(

√
b2+4e+b)

b
√
b2+4e+b2+2e

}
, q, 2eq

b
√
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QHypergeometricPFQ
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{
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√
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b
√
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, q, 2eq

b
√
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∞

K
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e
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eQHypergeometricPFQ
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e
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)
aqQHypergeometricPFQ

(
{}, {0}, 1
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e
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∞

K
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e

aqk
for (a, e, q) ∈ C3∧0 < |q| < 1

a
(
q4; q10

)
∞
(
q6; q10

)
∞√
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√
q
−a =

∞

K
k=1
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√
q
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q + aqk
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cos(z) = 1− z2

2

(
K
∞

k=1

z2

2(1+k)(1+2k)

1− z2

2(1+k)(1+2k)

+ 1

) for z ∈ C

cos(z) =
1

K
∞

k=1

z2

2k(−1+2k)

1− z2

2k(−1+2k)

+ 1

for z ∈ C

cos
(πz

2

)
=

z

K
∞

k=1

− 1
2 (1+(−1)k)(−1+2b 1+k

2 c)(−1−z+2b 1+k
2 c)+ 1

2 (1−(−1)k)(1−2b 1+k
2 c)(−1+z+2b 1+k

2 c)
1
2 (1+(−1)k)k+z

+ 1
+1 for z ∈ C

cos
(πz

2

)
= 1− z2

K
∞

k=1

−(−1+2k)2((−1+2k)2−z2)
2+8k2−z2 + 1

for z ∈ C

cos
(πz

2

)
= 1− z2

K
∞
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2(1−2k)k(4k2−z2)
4k2+(1+2k)(2+2k)−z2 + 2

for z ∈ C

cosm(z) = 1−2−mz2

b 1
2 (−1+m)c∑
i=0

(−2i+m)2
(
m
i

)

1 +K
∞

k=1

z2
∑b 1

2
(−1+m)c

i=0
(−2i+m)2+2k(mi )

2(1+k)(1+2k)
∑b 1

2
(−1+m)c

i=0
(−2i+m)2k(mi )

1−
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∑b 1

2
(−1+m)c

i=0
(−2i+m)2+2k(mi )
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∑b 1

2
(−1+m)c

i=0
(−2i+m)2k(mi )

for m ∈ Z∧z ∈ C∧m > 0

cosh(z) =
z2

2

(
K
∞

k=1

− z2

2(1+k)(1+2k)

1+ z2

2(1+k)(1+2k)

+ 1

) + 1 for z ∈ C

cosh(z) =
1

K
∞

k=1

− z2

2k(−1+2k)

1+ z2

2k(−1+2k)

+ 1

for z ∈ C

cosh
(πz

2

)
= 1+

iz

1 +K
∞

k=1

− 1
2 (1+(−1)k)(−1+2b 1+k

2 c)(−1−iz+2b 1+k
2 c)+ 1

2 (1−(−1)k)(1−2b 1+k
2 c)(−1+iz+2b 1+k

2 c)
1
2 (1+(−1)k)k+iz

for z ∈ C

cosh
(πz

2

)
=

z2

K
∞

k=1

−(−1+2k)2((−1+2k)2+z2)
2+8k2+z2 + 1

+ 1 for z ∈ C

cosh
(πz

2

)
=
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K
∞

k=1

2(1−2k)k(4k2+z2)
4k2+(1+2k)(2+2k)+z2 + 2
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coshm(z) = 2−mz2



b 1
2 (−1+m)c∑
i=0

(−2i+m)2
(
m
i

)

1 +K
∞

k=1

−
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∑b 1

2
(−1+m)c
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2
(−1+m)c

i=0
(−2i+m)2k(mi )


+1 for m ∈ Z∧z ∈ C∧m > 0
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4

(
K
∞
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∞
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∞
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z
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∞
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∞
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∞
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∞
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 +
1

z
for z ∈ C ∧ z

π
/∈ Z

csch(z) =
1

z
− z

6

(
K
∞

k=1

− z2

2(1+k)(3+2k)

1+ z2

2(1+k)(3+2k)

+ z2

6 + 1

) for z ∈ C ∧ iz
π
/∈ Z

csch(z) =
1

z
+

i

π

(
K
∞

k=1

1−(−1)k+k
2+k +

i(−1+3(−1)k+2(−1)kk)z
(1+k)(2+k)π

1+(−1)k

2+k +
i(1−3(−1)k−2(−1)kk)z

(1+k)(2+k)π

− iz
π + 1

) for z ∈ C∧ iz
π
/∈ Z

csch(z) =
1

z
+

i

π

(
K
∞

k=1

1
8 (1+2k+2k2−(−1)k(1+2k))+

i(−1+(−1)k+2(−1)kk)z
4π

1
2

(
1+(−1)k− 2i(−1)kz

π

) − iz
π + 1

) for z ∈ C∧ iz
π
/∈ Z

37



csch(z) =

ez

(
K
∞

k=1

(−1−(−1)k+2(−1)k(1+k))z
2k(1+k)

1 + 1

)
z

for z ∈ C ∧ iz
π
/∈ Z

csch(z) =
1

z
− z

6

(
K
∞

k=1

(−1+21+2k)z2ζ(2(1+k))

2(−2+4k)π2ζ(2k)

1− (−2+41+k)z2ζ(2(1+k))

4(−2+4k)π2ζ(2k)

+ 1

) for z ∈ C ∧ iz
π
/∈ Z

F (z) =
z

K
∞

k=1

− 2(−1)kkz2

−1+4k2

1 + 1

for z ∈ C

F (z) =
z

K
∞

k=1

− 4kz2

−1+4k2

1+ 2z2

1+2k

+ 2z2 + 1

for z ∈ C

F (z) =
z

K
∞

k=1

2z2

1+2k

1− 2z2

1+2k

+ 1

for z ∈ C

e =
∞

K
k=1

1
1

250 (23 + 36k)(k mod 5) + 3
125 (3 + 16k)((1 + k) mod 5) + 1

125 (49 + 108k)((2 + k) mod 5)− 6
125 (11 + 12k)((3 + k) mod 5)− 6

125 (−9 + 2k)((4 + k) mod 5)
+1

e =
∞

K
k=1

1

{
2(1+k)

3 (k mod 3) = 2
1 (otherwise)

+ 2

e =
1

K
∞

k=1

(−1)1+k

1+(−1)1+k− 1
2 (−1+(−1)1+k)(1+k)

+ 1

e =
∞

K
k=1

(−1)−1+k

1 + (−1)k + 1
2 (1− (−1)k) k

+ 1

e =
2

K
∞

k=1

1
2(1+2k) + 1

+ 1

e =
1

1− 2

K
∞

k=1

1
2+4k+3

e =
1

K
∞

k=1

1
2 (1−(−1)k)+ 1

4 (1+(−1)k)(2+k)

1 + 1
+ 2
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e =
2

1

6

(
K

∞

k=1

1
4(1+2k)(3+2k)

1 +1

) + 1
+ 1

e =
1

K
∞

k=1

−1+(−1)k(1+2k)
4k(1+k)

1 + 1

+ 1

e =
1

K
∞

k=1

k
k

+ 1

e =
∞

K
k=1

1 + k

1 + k
+ 2

e =
1

K
∞

k=1

k
1+k + 1

+ 2

e =
1

K
∞

k=1

−k
2+k + 1

+ 1

e =
1

1− 1

K
∞

k=1

−k
2+k+2

e =
1

K
∞

k=1

−1−k
3+k + 2

+ 2

e =
1

K
∞

k=1

1
4

1+2k + 1
2

+ 1

e =
2

K
∞

k=1

1
−1+4k2

2 + 1
+ 1

e =
1

K
∞

k=1

− 1
k

1+ 1
k

+ 1

e =
1

K
∞

k=1

− 1
1+k

1+ 1
1+k

+ 1
+ 1

1

e− 2
=
∞

K
k=1

k

1 + k
+ 1

e

e− 2
= 2

∞

K
k=1

k

1 + k
+ 3
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1

e− 1
=
∞

K
k=1

k

k

1− 1

e
=

1

K
∞

k=1

k
k + 1

e

e− 1
= 2− 1

K
∞

k=1

−1−k
3+k + 3

e

e− 1
=

1

K
∞

k=1

1
2 (1+(−1)k)+ 1

4 (1−(−1)k)(1+k)

1 + 1
+ 1

1 + e

e− 1
=
∞

K
k=1

1

2(1 + 2k)
+ 2

e2 =
∞

K
k=1

1

1
5

 {
30 + 12k (k mod 5) = 0
7 + 3k (k mod 5) = 1
3 + 3k (k mod 5) = 4

5 (otherwise)


+ 7

e2 =
2

K
∞

k=1

1
5+2k + 5

+ 7

e2 − 1

1 + e2
=

1

K
∞

k=1

1
1+2k + 1

1 + e2

e2 − 1
=
∞

K
k=1

1

1 + 2k
+ 1

√
e =

1

K
∞

k=1

1

1+

 { 4k
3 (k mod 3) = 0
0 (otherwise)

 + 1
+ 1

1√
e− 1

=
∞

K
k=1

1
1
27 ((9− 8k)(k mod 3) + (9 + 4k)((1 + k) mod 3) + (9 + 16k)((2 + k) mod 3))

+1

3
√
e =

∞

K
k=1

1
1
9 (2(1 + k)(k mod 3) + (−1 + 8k)((1 + k) mod 3) + (5− 4k)((2 + k) mod 3))

+1

E(z) =
π

2

(
K
∞

k=1

(−3−4(−2+k)k)z

4k2

1+
(3+4(−2+k)k)z

4k2

+ 1

) for z ∈ C ∧ |z| < 1
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E(1−z) = − z log(z)

4

(
K
∞

k=1

− (−1+4k2)z
4k(1+k)

1+
(−1+4k2)z

4k(1+k)

+ 1

)− z
(
1 + 2γ + 2ψ(0)

(
1
2

))
4

K∞

k=1

(1−2k)2z(−1−2(1+k)(1+2k)ψ(0)( 1
2

+k)+2(1+k)(1+2k)ψ(0)(1+k))
4(1+k)2(1+2k(−1+2k)(ψ(0)(− 1

2
+k)−ψ(0)(k)))

1−
(1−2k)2z(−1−2(1+k)(1+2k)ψ(0)( 1

2
+k)+2(1+k)(1+2k)ψ(0)(1+k))

4(1+k)2(1+2k(−1+2k)(ψ(0)(− 1
2

+k)−ψ(0)(k)))

+ 1


+1 for z ∈ C∧|z| < 1

E(z) =
log(−z)

4
√
−z
(
K
∞

k=1

− (1−2k)2

4k(1+k)z

1+
(1−2k)2

4k(1+k)z

+ 1

)+
1 + 4 log(2)

4
√
−z

K∞

k=1

−
(1−2k)2(−1+2(1+k)ψ(0)( 1

2
+k)−2(1+k)ψ(0)(1+k))

4(1+k)2z(−1+2kψ(0)(− 1
2

+k)−2kψ(0)(k))

1+
(1−2k)2(−1+2(1+k)ψ(0)( 1

2
+k)−2(1+k)ψ(0)(1+k))

4(1+k)2z(−1+2kψ(0)(− 1
2

+k)−2kψ(0)(k))

+ 1


+
√
−z for z ∈ C∧|z| > 1

K(z) =
π

2

(
K
∞

k=1

− (1−2k)2z

4k2

1+
(1−2k)2z

4k2

+ 1

) for z ∈ C ∧ |z| < 1

K(1−z) =
2 log(2)

K
∞

k=1

(1−2k)2z(−ψ(0)( 1
2

+k)+ψ(0)(1+k))
4k2(ψ(0)(− 1

2
+k)−ψ(0)(k))

1−
(1−2k)2z(−ψ(0)( 1

2
+k)+ψ(0)(1+k))

4k2(ψ(0)(− 1
2

+k)−ψ(0)(k))

+ 1

− log(z)

2

(
K
∞

k=1

− (1−2k)2z

4k2

1+
(1−2k)2z

4k2

+ 1

) for z ∈ C∧|z| < 1

K(z) =
log(−z)

2
√
−z
(
K
∞

k=1

− (1−2k)2

4k2z

1+
(1−2k)2

4k2z

+ 1

)+
2 log(2)

√
−z

K∞

k=1

−
(1−2k)2(ψ(0)( 1

2
+k)−ψ(0)(1+k))

4k2z(ψ(0)(− 1
2

+k)−ψ(0)(k))

1+
(1−2k)2(ψ(0)( 1

2
+k)−ψ(0)(1+k))

4k2z(ψ(0)(− 1
2

+k)−ψ(0)(k))

+ 1


for z ∈ C∧|z| > 1

ϑ2

(
0,
√
z
)

=
2 8
√
z

K
∞

k=1

− 1
2 (1−(−1)k)zk− 1

2 (1+(−1)k)(−zk/2+zk)
1 + 1

for z ∈ C∧ |z| < 1

ϑ2

(
0,
√
z
)

= 2 8
√
z

(
∞

K
k=1

1
2

(
1 + (−1)k

)
z + 1

2

(
1− (−1)k

)
z

1+k
2

1
2 (1− (−1)k) (1− z) + 1

2 (1 + (−1)k)
(
1 + zk/2

) + 1

)
for z ∈ C∧|z| < 1

ϑ2

(
0,
√
z
)

=
2 8
√
z

K
∞

k=1

− 1
2 (1−(−1)k)z− 1

2 (1+(−1)k)z
2+k

2

1
2 (1−(−1)k)(1+z)+ 1

2 (1+(−1)k)(1+zk/2)
+ 1

for z ∈ C ∧ |z| < 1

ϑ2

(
0,
√
z
)

=
2 8
√
z(z + 1)

K
∞

k=1

−z2+k

1+zk
+ 1

for z ∈ C ∧ |z| < 1
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erf(z) = 1− e−z
2

√
π
(
K
∞

k=1

k
2

z + z
) for z ∈ C ∧ −π

2
< arg(z) ≤ π

2

erf(z) = 1− 2e−z
2

√
π
(
K
∞

k=1

2k
2z + 2z

) for z ∈ C ∧ −π
2
< arg(z) ≤ π

2

erf(z) = 1−

√
2
π e
−z2

K
∞

k=1

k√
2z

+
√

2z
for z ∈ C ∧ −π

2
< arg(z) ≤ π

2

erf(z) = 1− 2e−z
2

√
π
(
K
∞

k=1

k
1
2 (3+(−1)k)z

+ 2z
) for z ∈ C ∧ −π

2
< arg(z) ≤ π

2

erf(z) = 1− e−z
2

z
√
π
(
K
∞

k=1

k
2

z1+(−1)k
+ z2

) for z ∈ C ∧ −π
2
< arg(z) ≤ π

2

erf(z) = 1− 2e−z
2

z
√
π
(
K
∞

k=1

k
1
2 (1−(−1)k)+(1+(−1)k)z2 + 2z2

) for z ∈ C∧−π
2
< arg(z) ≤ π

2

erf(z) =
2e−z

2

z

√
π

(
K
∞

k=1

2(−1)kkz2

−1+4k2

1 + 1

) for z ∈ C ∧ −π
2
< arg(z) ≤ π

2

erf(z) =
2e−z

2

z
√
π
(
K
∞

k=1

2(−1)kkz2

1+2k + 1
) for z ∈ C ∧ −π

2
< arg(z) ≤ π

2

erf(z) =
2e−z

2

z
√
π
(
K
∞

k=1

4kz2

1+2k−2z2 − 2z2 + 1
) for z ∈ C ∧ −π

2
< arg(z) ≤ π

2

erf(z) =
2e−z

2

z

√
π

(
K
∞

k=1

4kz2

−1+4k2

1− 2z2

1+2k

− 2z2 + 1

) for z ∈ C ∧ −π
2
< arg(z) ≤ π

2
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erf(z) = 1− 2e−z
2

z
√
π
(
K
∞

k=1

−2k(−1+2k)
1+4k+2z2 + 2z2 + 1

) for z ∈ C ∧ −π
2
< arg(z) ≤ π

2

erf(z) =
e−z

2

z
√
π
(
K
∞

k=1

kz2

1
2 +k−z2 − z2 + 1

2

) for z ∈ C ∧ −π
2
< arg(z) ≤ π

2

erf(z) =
2z

√
π

(
K
∞

k=1

(−1+2k)z2

k(1+2k)

1− (−1+2k)z2

k(1+2k)

+ 1

) for z ∈ C ∧ −π
2
< arg(z) ≤ π

2

erfc(z) =
e−z

2

√
π
(
K
∞

k=1

k
2

z + z
) for z ∈ C ∧ −π

2
< arg(z) ≤ π

2

erfc(z) =
2e−z

2

√
π
(
K
∞

k=1

2k
2z + 2z

) for z ∈ C ∧ −π
2
< arg(z) ≤ π

2

erfc(z) =

√
2
π e
−z2

K
∞

k=1

k√
2z

+
√

2z
for z ∈ C ∧ −π

2
< arg(z) ≤ π

2

erfc(z) =
2e−z

2

√
π
(
K
∞

k=1

k
1
2 (3+(−1)k)z

+ 2z
) for z ∈ C ∧ −π

2
< arg(z) ≤ π

2

erfc(z) =
e−z

2

z
√
π
(
K
∞

k=1

k
2

z1+(−1)k
+ z2

) for z ∈ C ∧ −π
2
< arg(z) ≤ π

2

erfc(z) =
2e−z

2

z
√
π
(
K
∞

k=1

k
1
2 (1−(−1)k)+(1+(−1)k)z2 + 2z2

) for z ∈ C∧−π
2
< arg(z) ≤ π

2

erfc(z) = 1− 2e−z
2

z

√
π

(
K
∞

k=1

2(−1)kkz2

−1+4k2

1 + 1

) for z ∈ C ∧ −π
2
< arg(z) ≤ π

2

erfc(z) = 1− 2e−z
2

z
√
π
(
K
∞

k=1

2(−1)kkz2

1+2k + 1
) for z ∈ C ∧ −π

2
< arg(z) ≤ π

2
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erfc(z) = 1− 2e−z
2

z
√
π
(
K
∞

k=1

4kz2

1+2k−2z2 − 2z2 + 1
) for z ∈ C ∧ −π

2
< arg(z) ≤ π

2

erfc(z) = 1− 2e−z
2

z

√
π

(
K
∞

k=1

4kz2

−1+4k2

1− 2z2

1+2k

− 2z2 + 1

) for z ∈ C ∧ −π
2
< arg(z) ≤ π

2

erfc(z) =
2e−z

2

z
√
π
(
K
∞

k=1

−2k(−1+2k)
1+4k+2z2 + 2z2 + 1

)− z√
z2

+1 for z ∈ C∧−π
2
< arg(z) ≤ π

2

erfc(z) = 1− e−z
2

z
√
π
(
K
∞

k=1

kz2

1
2 +k−z2 − z2 + 1

2

) for z ∈ C ∧ −π
2
< arg(z) ≤ π

2

erfc(z) = 1− 2z

√
π

(
K
∞

k=1

(−1+2k)z2

k(1+2k)

1− (−1+2k)z2

k(1+2k)

+ 1

) for z ∈ C ∧ −π
2
< arg(z) ≤ π

2

erfi(z) =
iez

2

√
π
(
K
∞

k=1

k
2

iz + iz
) + i for z ∈ C ∧ 0 < arg(z) ≤ π

erfi(z) =
2iez

2

√
π
(
K
∞

k=1

2k
2iz + 2iz

) − i for z ∈ C ∧ −π < arg(z) ≤ 0

erfi(z) =
i
√

2
π e

z2

K
∞

k=1

k
i
√

2z
+ i
√

2z
+ i for z ∈ C ∧ 0 < arg(z) ≤ π

erfi(z) =
2iez

2

√
π
(
K
∞

k=1

k
1
2 i(3+(−1)k)z

+ 2iz
) + i for z ∈ C ∧ 0 < arg(z) ≤ π

erfi(z) = i− ez
2

z
√
π
(
−z2 +K

∞

k=1

k
2

(iz)1+(−1)k

) for z ∈ C ∧ 0 < arg(z) ≤ π
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erfi(z) = − 2ez
2

z
√
π
(
K
∞

k=1

k
1
2 (1−(−1)k)+(−1−(−1)k)z2 − 2z2

)+i for z ∈ C∧0 < arg(z) ≤ π

erfi(z) =
2ez

2

z

√
π

(
K
∞

k=1

− 2(−1)kkz2

−1+4k2

1 + 1

) for z ∈ C ∧ 0 < arg(z) ≤ π

erfi(z) =
2ez

2

z
√
π
(
K
∞

k=1

2(−1)−1+kkz2

1+2k + 1
) for z ∈ C ∧ 0 < arg(z) ≤ π

erfi(z) =
2ez

2

z
√
π
(
K
∞

k=1

−4kz2

1+2k+2z2 + 2z2 + 1
) for z ∈ C ∧ 0 < arg(z) ≤ π

erfi(z) = − 2ez
2

z
√
π
(
K
∞

k=1

−2k(−1+2k)
1+4k−2z2 − 2z2 + 1

)−√−z√
z

for z ∈ C∧0 < arg(z) ≤ π

erfi(z) = − 2ez
2

z
√
π
(
K
∞

k=1

−2k(−1+2k)
1+4k−2z2 − 2z2 + 1

) + i for z ∈ C ∧ 0 < arg(z) ≤ π

erfi(z) =
2ez

2

z

√
π

(
K
∞

k=1

− 4kz2

−1+4k2

1+ 2z2

1+2k

+ 2z2 + 1

) for z ∈ C ∧ 0 < arg(z) ≤ π

erfi(z) =
ez

2

z
√
π
(
K
∞

k=1

−kz2

1
2 +k+z2 + z2 + 1

2

) for z ∈ C ∧ 0 < arg(z) ≤ π

erfi(z) =
2z

√
π

(
K
∞

k=1

− (−1+2k)z2

k(1+2k)

1+
(−1+2k)z2

k(1+2k)

+ 1

) for z ∈ C ∧ 0 < arg(z) ≤ π

γ =
π2

12

(
K
∞

k=1

(1+k)ζ(2+k)
(2+k)ζ(1+k)

1− (1+k)ζ(2+k)
(2+k)ζ(1+k)

+ 1

)
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γ =
1

2

(
K
∞

k=1

(1+k) log(2+k)
(2+k) log(1+k)

1− (1+k) log(2+k)
(2+k) log(1+k)

+ 1

) +
log(2)

2

γ = log(2)− ζ(3)

12

(
K
∞

k=1

− (1+2k)ζ(3+2k)
4(3+2k)ζ(1+2k)

1+
(1+2k)ζ(3+2k)
4(3+2k)ζ(1+2k)

+ 1

)
ez =

1

K
∞

k=1

(−1)kz

1+(−1)k+ 1
2 (1−(−1)k)k

+ 1
for z ∈ C

ez =
1

1− z

K
∞

k=1

(−1)−1+kzb 1+k
2 c

1+k +1

for z ∈ C

ez =
∞

K
k=1

(−1)−1+kz

1 + (−1)k + 1
2 (1− (−1)k) k

+ 1 for z ∈ C

ez =
2z

K
∞

k=1

z2

2(1+2k) − z + 2
+ 1 for z ∈ C

ez =
2z

z2

6

(
K

∞

k=1

z2

4(1+2k)(3+2k)
1 +1

) − z + 2
+ 1 for z ∈ C

ez =
z

K
∞

k=1

(−1+(−1)k(1+2k))z
4k(1+k)

1 + 1

+ 1 for z ∈ C

ez =
z

K
∞

k=1

kz
1+k−z − z + 1

+ 1 for z ∈ C

ez =
1

K
∞

k=1

− zk
1+ z

k
+ 1

for z ∈ C

ez =
1

1− z

K
∞

k=1

−kz
1+k+z+z+1

for z ∈ C

ez =
z

K
∞

k=1

−kz
1+k+z + 1

+ 1 for z ∈ C

ez =
z

K
∞

k=1

− z
1+k

1+ z
1+k

+ 1
+ 1 for z ∈ C

ez =
z

K
∞

k=1

z2

4

1+2k −
z
2 + 1

+ 1 for z ∈ C
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e
√
z =

2
√
z

K
∞

k=1

z
−1+4k2

2 −
√
z + 2

+ 1 for z ∈ C

e
2z
y =

2z

K
∞

k=1

z2

(1+2k)y + y − z
+ 1 for (y, z) ∈ C2

e
1
z =

∞

K
k=1

1
1
9

(
1 + z

(
−1 + 2

⌊
2+k

3

⌋))
(k mod 3) + 1

9

(
−1 + 4

(
−1 + z

(
−1 + 2

⌊
2+k

3

⌋)))
((1 + k) mod 3) + 1

9

(
5− 2

(
−1 + z

(
−1 + 2

⌊
2+k

3

⌋)))
((2 + k) mod 3)

+1 for z ∈ C

e
1
m =

m
1

K
∞

k=1

1
1
27

((17+8k−12m)(k mod 3)+(5−4k+6m)((1+k) mod 3)+2(−8+k+12m)((2+k) mod 3))
+2m

+m− 1
for m ∈ Z∧m > 0

e
1
m =

∞

K
k=1

1
1
27 (3 + (1 + 2k)m)(k mod 3) + 1

27 (−15 + 4(1 + 2k)m)((1 + k) mod 3)− 1
27 (−21 + 2(1 + 2k)m)((2 + k) mod 3)

+1 for m ∈ Z∧m > 0

e
1
m =

K
∞

k=1

1
1
27 ((−1+8k+6m)(k mod 3)+(−13−4k+24m)((1+k) mod 3)+2(10+k−6m)((2+k) mod 3))

m
+
m+ 1

m
for m ∈ Z∧m > 0

e2/m =
∞

K
k=1

1
1

250 (5 + 9(1 + 2k)m)(k mod 5) + 1
125 (−35 + 2(11 + 12k)m)((1 + k) mod 5) + 1

125 (15 + (17 + 54k)m)((2 + k) mod 5)− 1
125 (10 + 4(7 + 9k)m)((3 + k) mod 5) + 1

125 (40 + (7− 6k)m)((4 + k) mod 5)
+1 for m ∈ Z∧m > 0

e
2p
m = 1− 2p

−K
∞

k=1

p2

m+2km −m+ p
for (m, p) ∈ Z2 ∧m > 1 ∧ p > 0

e2α tan−1( 1
z ) =

2α

K
∞

k=1

k2+α2

(1+2k)z − α+ z
+ 1 for (α, z) ∈ C2

ez − 1

ez + 1
=

z

K
∞

k=1

z2

2(1+2k) + 2
for z ∈ C

ez − 1

ez + 1
=
∞

K
k=1

1
−2+4k
z

for z ∈ C

ez − e−z

e−z + ez
=

z

K
∞

k=1

z2

1+2k + 1
for z ∈ C

e
2p
m − 1

e
2p
m + 1

=
p

K
∞

k=1

p2

(1+2k)m +m
for (m, p) ∈ Z2 ∧m > 1 ∧ p > 0
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Eν(z) = Γ(1−ν)zν−1− e−z

K
∞

k=1

(−1)kz
(

(1−ν)
1
2 (1−(−1)k)+b 1

2 (−1+k)c
)

1+k−ν − ν + 1

for (ν, z) ∈ C2∧¬(z ∈ R∧z < 0)

Eν(z) =
e−z

z

(
K
∞

k=1

1
4 (1+(−1)k)k+ 1

2 (1−(−1)k)( 1
2

(−1+k)+ν)
z

1 + 1

) for (ν, z) ∈ C2∧¬(z ∈ R∧z < 0)

Eν(z) = e−z

 zr−1

(1− ν)r

(
K
∞

k=1

1
4 (1+(−1)k)k+ 1

2 (1−(−1)k)( 1
2

(−1+k)−r+ν)
z

1 + 1

) − −1+r∑
k=0

zk

(1− ν)1+k

 for r ∈ Z∧(ν, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Eν(z) = e−z

 (−1)rz−r−1(ν)r

K
∞

k=1

1
4 (1+(−1)k)k+ 1

2 (1−(−1)k)( 1
2

(−1+k)+r+ν)
z

1 + 1

+

∑−1+r
k=0 (−1)kz−k(ν)k

z

 for r ∈ Z∧(ν, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r > 0

Eν(z) = Γ(1−ν)zν−1− e−z

(1− ν)

K∞

k=1

z

(
(1+(−1)k)k

4(k−ν)(1+k−ν)
−

(1−(−1)k)( 1+k
2
−ν)

2(k−ν)(1+k−ν)

)
1 + 1


for (ν, z) ∈ C2∧¬(z ∈ R∧z < 0)

Eν(z) = Γ(1−ν)zν−1−e−z


zr

(1− ν)r+1

K∞

k=1

z

(
(1+(−1)k)k

4(k+r−ν)(1+k+r−ν)
−

(1−(−1)k)( 3+k
2
−ν)

2(k+r−ν)(1+k+r−ν)

)
1 + 1


+

−1+r∑
k=0

zk

(1− ν)1+k


for r ∈ Z∧(ν, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Eν(z) = Γ(1−ν)zν−1−e−z


r∑

k=1

(−z)−k(ν)−1+k −
(−1)rz−r(ν)r−1

K
∞

k=1

z

(
(1+(−1)k)k

4(k−r−ν)(1+k−r−ν)
−

(1−(−1)k)( 1+k
2
−r−ν)

2(k−r−ν)(1+k−r−ν)

)
1 + 1

 for r ∈ Z∧(ν, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0
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Eν(z) =
e−z

K
∞

k=1

1
4 (1+(−1)k)k+ 1

2 (1−(−1)k)( 1
2 (−1+k)+ν)

1
2 (1−(−1)k)+ 1

2 (1+(−1)k)z
+ z

for (ν, z) ∈ C2∧¬(z ∈ R∧z < 0)

Eν(z) =
e−z

K
∞

k=1

−k(−1+k+ν)
2k+z+ν + ν + z

for (ν, z) ∈ C2 ∧ ¬(z ∈ R ∧ z < 0)

Eν(z) =

e−z

(
1− ν

K
∞

k=1

−k(k+ν)
1+2k+z+ν+ν+z+1

)
z

for (ν, z) ∈ C2 ∧ ¬(z ∈ R ∧ z < 0)

Eν(z) = Γ(1−ν)zν−1− e−z

K
∞

k=1

z(−k+ν)
1+k+z−ν − ν + 1

for (ν, z) ∈ C2∧¬(z ∈ R∧z < 0)

Eν(z) = Γ(1−ν)zν−1− e−z

K
∞

k=1

kz
1+k−z−ν − ν − z + 1

for (ν, z) ∈ C2∧¬(z ∈ R∧z < 0)

Eν(z) = Γ(1−ν)zν−1−e−z
 zr

(1− ν)r

(
K
∞

k=1

kz
1+k+r−z−ν − ν + r − z + 1

) +

−1+r∑
k=0

zk

(1− ν)1+k

 for r ∈ Z∧(ν, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Eν(z) = Γ(1−ν)zν−1−e−z
(

(−1)rz−r(ν)r

K
∞

k=1

kz
1+k−r−z−ν − ν − r − z + 1

+

r∑
k=1

(−z)−k(ν)−1+k

)
for r ∈ Z∧(ν, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

E−z(z) =

e−z

(
z

K
∞

k=1

k(−k+z)
1+2k +1

+ 1

)
z

for z ∈ C ∧ ¬(z ∈ R ∧ z < 0)

E−z(z) =

e−z

(
z−1

K
∞

k=1

k(−1−k+z)
2+2k +2

+ 2

)
z

for z ∈ C ∧ ¬(z ∈ R ∧ z < 0)

E−z(z) = z−z−1Γ(z + 1)− 2e−z

K
∞

k=1

(2+k)z
2+k + 2

for z ∈ C ∧ ¬(z ∈ R ∧ z < 0)
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Eν(z) = Γ(1−ν)zν−1− 1

(1− ν)

(
K
∞

k=1

z(k−ν)
k(1+k−ν)

1+
z(−k+ν)
k(1+k−ν)

+ 1

) for (ν, z) ∈ C2∧¬(z ∈ Z∧z < 0)

Em(z) = − (−z)m

m!

(
K
∞

k=1

kz
(1+k)(k+m)

1− kz
(1+k)(k+m)

+ 1

)+
(−z)m−1(ψ(0)(m)− log(z))

(m− 1)!
− 1

(1−m)

(
K
−2+m

k=1

(k−m)z
k(1+k−m)

1− (k−m)z
k(1+k−m)

+ 1

) for m ∈ Z∧z ∈ C∧m > 1

Ei(z) =
ez

z

(
K
∞

k=1

−b
1+k

2 c
z

1 + 1

)+
1

2

(
− log

(
1

z

)
− 2 log(−z) + log(z)

)
for z ∈ C∧|arg(z)| < π

Ei(z) = 2Shi(z)− e−z

z

(
K
∞

k=1

b 1+k
2 c
z

1 + 1

) for z ∈ C ∧ |arg(z)| < π

Ei(z) = ez

 r!z−r−1

K
∞

k=1

− 1
4 (1+(−1)k)k− 1

2 (1−(−1)k)( 1+k
2

+r)
z

1 + 1

+

r∑
k=1

z−k(−1 + k)!

+iπsgn(=(z)) for r ∈ Z∧z ∈ C∧|arg(z)| < π∧r ≥ 0

Ei(z) = − ez

K
∞

k=1

b 1+k
2 c

(−z)
1
2 (1+(−1)k)

− z
+ iπsgn(=(z)) for z ∈ C ∧ |arg(−z)| < π

Ei(z) = − ez

K
∞

k=1

−k2

1+2k−z − z + 1
+ iπsgn(=(z)) for z ∈ C ∧ |arg(−z)| < π

Ei(z) =

ez

(
1− 1

K
∞

k=1

−k(1+k)
2+2k−z −z+2

)
z

+ iπsgn(=(z)) for z ∈ C ∧ |arg(−z)| < π

Ei(z) = −ez
 r!z−r

K
∞

k=1

−k(k+r)
1+2k+r−z + r − z + 1

−
−1+r∑
k=0

z−1−kk!

+iπsgn(=(z)) for r ∈ Z∧z ∈ C∧¬(z ∈ R∧z > 0)∧r ≥ 0

50



Ei(z) =
z

K
∞

k=1

− kz
(1+k)2

1+ kz
(1+k)2

+ 1

+
1

2

(
log(z)− log

(
1

z

))
+γ for z ∈ C∧|arg(z)| < π

((2z)!!)2

((2z − 1)!!)2
= πz

(
2

K
∞

k=1

−1+4k2

8z + 8z − 1
+ 1

)
for z ∈ Z ∧ z > 0

((2z − 1)!!)2

((2z)!!)2
=

(2z − 1)

(
2

K
∞

k=1

−1+4k2

4(−1+2z)
+8z−5

+ 1

)
2πz2

for z ∈ Z ∧ z > 0

((2z)!)2

(z!)4
=

42z+1

π
(
K
∞

k=1

(−1+2k)2

2(1+4z) + 4z + 1
) for z ∈ C ∧ |arg(z)| < π

Fν =
2νcsch−1(2)

√
5

1 +K
∞

k=1

ν(−(−iπ−csch−1(2))1+k−(iπ−csch−1(2))1+k+2csch−1(2)1+k)
(1+k)((−iπ−csch−1(2))k+(iπ−csch−1(2))k−2csch−1(2)k)

1−
ν(−(−iπ−csch−1(2))1+k−(iπ−csch−1(2))1+k+2csch−1(2)1+k)

(1+k)((−iπ−csch−1(2))k+(iπ−csch−1(2))k−2csch−1(2)k)


for ν ∈ C

Fν(z) =
2ν log

(
1
2

(√
z2 + 4 + z

))

√
z2 + 4


1 +K

∞

k=1

−
νk!

1+ 1
2

(−1)k


1− iπ

log( 1
2 (z+

√
4+z2))


1+k

+

1+ iπ

log( 1
2 (z+

√
4+z2))


1+k

 log( 1
2 (z+

√
4+z2))

(1+k)!

1− 1
2

(−1)k


1− iπ

log( 1
2 (z+

√
4+z2))


k

+

1+ iπ

log( 1
2 (z+

√
4+z2))


k



1+

νk!

1+ 1
2

(−1)k


1− iπ

log( 1
2 (z+

√
4+z2))


1+k

+

1+ iπ

log( 1
2 (z+

√
4+z2))


1+k

 log( 1
2 (z+

√
4+z2))

(1+k)!

1− 1
2

(−1)k


1− iπ

log( 1
2 (z+

√
4+z2))


k

+

1+ iπ

log( 1
2 (z+

√
4+z2))


k





for (ν, z) ∈ C2

Fv(z) =
sin2

(
πCalculateDatàPrivatènu

2

)
K
∞

k=1

−
zΓ( 1

2
(1+k−CalculateDatàPrivatènu))Γ( 1

2
(1+k+CalculateDatàPrivatènu)) tan( 1

2
(k−CalculateDatàPrivatènu)π)

kΓ( k−CalculateDatàPrivatènu
2 )Γ( k+CalculateDatàPrivatènu

2 )

1+
zΓ( 1

2
(1+k−CalculateDatàPrivatènu))Γ( 1

2
(1+k+CalculateDatàPrivatènu)) tan( 1

2
(k−CalculateDatàPrivatènu)π)

kΓ( k−CalculateDatàPrivatènu
2 )Γ( k+CalculateDatàPrivatènu

2 )

+ 1

for (CalculateDatàPrivatènu, z) ∈ C2

C(z) =
z

K
∞

k=1

− (3−4k)π2z4

8k(−1+2k)(1+4k)

1+
(3−4k)π2z4

8k(−1+2k)(1+4k)

+ 1

for z ∈ C
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C(z) + iS(z) =
e

1
2 iπz

2

z

1 +K
∞

k=1

(
i(1−(−1)k)kπ

2(−1+4k2)
− i(1+(−1)k)kπ

2(−1+4k2)

)
z2

1

for z ∈ C

C(z) + iS(z) =
e

1
2 iπz

2

z

K
∞

k=1

2ikπz2

1−4k2

1+ iπz2

1+2k

+ iπz2 + 1

for z ∈ C

S(z) =
πz3

6

(
K
∞

k=1

(−1+4k)π2z4

8k(1+2k)(3+4k)

1− (−1+4k)π2z4

8k(1+2k)(3+4k)

+ 1

) for z ∈ C

Γ(a, z) = Γ(a)− e−zza

K
∞

k=1

(−1)kz
(
a

1
2 (1−(−1)k)+b 1

2 (−1+k)c
)

a+k + a

for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Γ(a, z) =
e−zza−1

K
∞

k=1

1
4 (1+(−1)k)k+ 1

2 (1−(−1)k)(−a+ 1+k
2 )

z

1 + 1

for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Γ(a, z) = e−zza

 zr−1

(a)r

(
K
∞

k=1

1
4 (1+(−1)k)k+ 1

2 (1−(−1)k)(−a+ 1+k
2
−r)

z

1 + 1

) − −1+r∑
k=0

zk

(a)1+k

 for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Γ(a, z) = e−zza

 (−1)rz−r−1(1− a)r

K
∞

k=1

1
4 (1+(−1)k)k+ 1

2 (1−(−1)k)(−a+ 1+k
2

+r)
z

1 + 1

−
r∑

k=1

(−z)−k(1− a)−1+k

 for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Γ(a, z) = Γ(a)− e−zza

a

K∞

k=1

(
−

(1−(−1)k)(a+ 1
2

(−1+k))
2(−1+a+k)(a+k)

+
(1+(−1)k)k

4(−1+a+k)(a+k)

)
z

1 + 1


for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Γ(a, z) = Γ(a)−e−zza


zr

(a)r+1

K∞

k=1

(
(1+(−1)k)k

4(−1+a+k+r)(a+k+r)
−

(1−(−1)k)(a+ 1+k
2 )

2(−1+a+k+r)(a+k+r)

)
z

1 + 1


+

−1+r∑
k=0

zk

(a)1+k


for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0
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Γ(a, z) = Γ(a)−e−zza


r∑

k=1

(−z)−k(1− a)−1+k −
(−1)rz−r(1− a)r−1

K
∞

k=1

(
(1+(−1)k)k

4(−1+a+k−r)(a+k−r)−
(1−(−1)k)(a+ 1

2
(−1+k)−r)

2(−1+a+k−r)(a+k−r)

)
z

1 + 1

 for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Γ(a, z) =
e−zza

K
∞

k=1

2
1
2 (−1−(−1)k)k

1
2 (1+(−1)k)(−a+ 1+k

2 )
1
2 (1−(−1)k)

z
1
2 (1+(−1)k)

+ z

for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Γ(a, z) =
e−zza

K
∞

k=1

−k(−a+k)
1−a+2k+z − a+ z + 1

for (a, z) ∈ C2 ∧ ¬(z ∈ R ∧ z < 0)

Γ(a, z) = e−zza−1

 a− 1

K
∞

k=1

−k(1−a+k)
2−a+2k+z − a+ z + 2

+ 1

 for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Γ(a, z) = Γ(a)− e−zza

K
∞

k=1

kz
a+k−z + a− z

for (a, z) ∈ C2 ∧ ¬(z ∈ R ∧ z < 0)

Γ(a, z) = Γ(a)− e−zza

K
∞

k=1

(1−a−k)z
a+k+z + a

for (a, z) ∈ C2 ∧ ¬(z ∈ R ∧ z < 0)

Γ(a, z) = Γ(a)−e−zza
 zr

(a)r

(
K
∞

k=1

kz
a+k+r−z + a+ r − z

) +

−1+r∑
k=0

zk

(a)1+k

 for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Γ(a, z) = Γ(a)−e−zza
(

(−1)rz−r(1− a)r

K
∞

k=1

kz
a+k−r−z + a− r − z

+

r∑
k=1

(−z)−k(1− a)−1+k

)
for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Γ(0, z) =
e−z

z

(
K
∞

k=1

b 1+k
2 c
z

1 + 1

) for z ∈ C ∧ ¬(z ∈ R ∧ z < 0)

ezΓ(0, z) =
1

K
∞

k=1

b 1+k
2 c

1
2 (1−(−1)k+z+(−1)kz)

+ z
for z ∈ C ∧ ¬(z ∈ R ∧ z < 0)
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ezΓ(0, z) =
1

K
∞

k=1

−k2

1+2k+z + z + 1
for z ∈ C ∧ ¬(z ∈ R ∧ z < 0)

Γ(0, z) = e−z

 (−1)rr!z−r

K
∞

k=1

−k(k+r)
1+2k+r+z + r + z + 1

+

−1+r∑
k=0

(−1)kz−1−kk!

 for r ∈ Z∧z ∈ C∧¬(z ∈ R∧z < 0)∧r ≥ 0

Γ(z + 1, z) = e−zzz

 z

K
∞

k=1

k(−k+z)
1+2k + 1

+ 1

 for z ∈ C ∧ ¬(z ∈ R ∧ z < 0)

Γ(z + 1, z) = e−zzz

 z − 1

K
∞

k=1

k(−1−k+z)
2+2k + 2

+ 2

 for z ∈ C ∧ ¬(z ∈ R ∧ z < 0)

Γ(z + 1, z) = Γ(z + 1)− 2e−zzz+1

K
∞

k=1

(2+k)z
2+k + 2

for z ∈ C ∧ ¬(z ∈ R ∧ z < 0)

Γ(a, z) = Γ(a)− za

a

(
K
∞

k=1

(−1+a+k)z
k(a+k)

1− (−1+a+k)z
k(a+k)

+ 1

) for (a, z) ∈ C2 ∧¬(z ∈ R∧ z < 0)

Γ(−m, z) =
(−1)mz

(m+ 1)!

(
K
∞

k=1

kz
(1+k)(1+k+m)

1− kz
(1+k)(1+k+m)

+ 1

)+
(−1)m(ψ(0)(m+ 1)− log(z))

m!
+

z−m

m

(
K
−1+m

k=1

(−1+k−m)z
k(k−m)

1− (−1+k−m)z
k(k−m)

+ 1

) for m ∈ Z∧z ∈ C∧m > 0

1

Γ(a)− Γ(a, z)
= ezz−a

(
∞

K
k=1

kz

a+ k − z
+ a− z

)
for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Γ(a, 0, z) =
e−zza

K
∞

k=1

(−1)kz
(
a

1
2 (1−(−1)k)+b 1

2 (−1+k)c
)

a+k + a

for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Γ(a, 0, z) = Γ(a)− e−zza−1

K
∞

k=1

1
4 (1+(−1)k)k+ 1

2 (1−(−1)k)(−a+ 1+k
2 )

z

1 + 1

for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)
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Γ(a, 0, z) = Γ(a)−e−zza

 zr−1

(a)r

(
K
∞

k=1

1
4 (1+(−1)k)k+ 1

2 (1−(−1)k)(−a+ 1+k
2
−r)

z

1 + 1

) − −1+r∑
k=0

zk

(a)1+k

 for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Γ(a, 0, z) = Γ(a)−e−zza

 (−1)rz−r−1(1− a)r

K
∞

k=1

1
4 (1+(−1)k)k+ 1

2 (1−(−1)k)(−a+ 1+k
2

+r)
z

1 + 1

−
r∑

k=1

(−z)−k(1− a)−1+k

 for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Γ(a, 0, z) =
e−zza

a

K∞

k=1

(
−

(1−(−1)k)(a+ 1
2

(−1+k))
2(−1+a+k)(a+k)

+
(1+(−1)k)k

4(−1+a+k)(a+k)

)
z

1 + 1


for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Γ(a, 0, z) = e−zza


zr

(a)r+1

K∞

k=1

(
(1+(−1)k)k

4(−1+a+k+r)(a+k+r)
−

(1−(−1)k)(a+ 1+k
2 )

2(−1+a+k+r)(a+k+r)

)
z

1 + 1


+

−1+r∑
k=0

zk

(a)1+k


for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Γ(a, 0, z) = e−zza


r∑

k=1

(−z)−k(1− a)−1+k −
(−1)rz−r(1− a)r−1

K
∞

k=1

(
(1+(−1)k)k

4(−1+a+k−r)(a+k−r)−
(1−(−1)k)(a+ 1

2
(−1+k)−r)

2(−1+a+k−r)(a+k−r)

)
z

1 + 1

 for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Γ(a, 0, z) = Γ(a)− e−zza

K
∞

k=1

2
1
2 (−1−(−1)k)k

1
2 (1+(−1)k)(−a+ 1+k

2 )
1
2 (1−(−1)k)

z
1
2 (1+(−1)k)

+ z

for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Γ(a, 0, z) = Γ(a)− e−zza

K
∞

k=1

−k(−a+k)
1−a+2k+z − a+ z + 1

for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Γ(a, 0, z) = Γ(a)−e−zza−1

 a− 1

K
∞

k=1

−k(1−a+k)
2−a+2k+z − a+ z + 2

+ 1

 for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)
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Γ(a, 0, z) =
e−zza

K
∞

k=1

kz
a+k−z + a− z

for (a, z) ∈ C2 ∧ ¬(z ∈ R ∧ z < 0)

Γ(a, 0, z) =
e−zza

K
∞

k=1

(1−a−k)z
a+k+z + a

for (a, z) ∈ C2 ∧ ¬(z ∈ R ∧ z < 0)

Γ(a, 0, z) = e−zza

 zr

(a)r

(
K
∞

k=1

kz
a+k+r−z + a+ r − z

) +

−1+r∑
k=0

zk

(a)1+k

 for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Γ(a, 0, z) = e−zza

(
(−1)rz−r(1− a)r

K
∞

k=1

kz
a+k−r−z + a− r − z

+

r∑
k=1

(−z)−k(1− a)−1+k

)
for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

1

Γ(a, 0, z)
= ezz−a

(
∞

K
k=1

kz

a+ k − z
+ a− z

)
for (a, z) ∈ C2 ∧ ¬(z ∈ R ∧ z < 0)

Γ(z)Γ(z + 1)

Γ
(
z + 1

2

)2 =
2

K
∞

k=1

(−1+2k)(1+2k)
8z + 8z − 1

+ 1 for z ∈ C ∧ <(z) > 1

Γ
(
z+1

4

)2
Γ
(
z+3

4

)2 =
4

K
∞

k=1

(−1+2k)2

2z + z
for z ∈ R ∧ z > 4

Γ
(
z+1

4

)4
Γ
(
z+3

4

)4 =
8

K
∞

k=1

(−1+2b 1+k
2 c)2

1
2 (1−(−1)k)+ 1

2 (1+(−1)k)(−1+z2)
+ 1

2 (z2 − 1)

for z ∈ C∧−π
2
< arg(z) <

π

2

Γ
(
z
2

)2
Γ
(
z+1

2

)2 =

2

(
2

K
∞

k=1

−1+4k2

4z +4z−1
+ 1

)
z

for z ∈ C ∧ <(z) > 1

(2z − 1)Γ
(
z − 1

2

)2
Γ(z)2

=
4

K
∞

k=1

(−1+2k)(1+2k)
−4+8z + 8z − 5

+ 2 for z ∈ C ∧ <(z) > 1

Γ
(
z
4

)2
Γ
(
z+2

4

)2 =
4

z
(
K
∞

k=1

− 1
4 +k2

z + z − 1
2

) +
4

z
for z ∈ C ∧ <(z) > 0
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Γ
(
z
4

)2
Γ
(
z+2

4

)2 =

4

(
2

K
∞

k=1

(−1+2k)(1+2k)
2z +2z−1

+ 1

)
z

for z ∈ C ∧ <(z) > 1

Γ
(
z
4

)2
Γ
(
z+2

4

)2 =
4

K
∞

k=1

(−1+2k)2

2(−1+z) + z − 1
for z ∈ C ∧ <(z) > 1

Γ
(
z+3

4

)2
Γ
(
z+1

4

)2 =
1

8

(
K
∞

k=1

k( 1
2 +k)

2
(1+k)

(1+k)z + z

) +
z

4
for z ∈ C ∧ <(z) > 1

Γ
(
z+3

4

)2
Γ
(
z+1

4

)2 =
1

4

(
∞

K
k=1

(−1 + 2k)2

2z
+ z

)
for z ∈ C ∧ <(z) > 1

Γ
(
z + 1

2

)2
Γ(z)2

=
1

4

 1

K
∞

k=1

(1+2k)2

−2+8z + 8z − 2
+ 4z − 1

 for z ∈ C ∧ <(z) > 0

Γ(z + 1)2

Γ
(
z + 1

2

)2 =
1

4

 1

K
∞

k=1

(1+2k)2

2+8z + 8z + 2
+ 4z + 1

 for z ∈ C ∧ <(z) > 0

Γ
(

1
4 (−a+ z + 1)

)
Γ
(

1
4 (a+ z + 1)

)
Γ
(

1
4 (−a+ z + 3)

)
Γ
(

1
4 (a+ z + 3)

) =
4

K
∞

k=1

−a2+(−1+2k)2

2z + z
for (z, a) ∈ C2∧<(a) > 0∧<(z) > 1

Γ
(
z+1

8

)
Γ
(
z+3

8

)
Γ
(
z+5

8

)
Γ
(
z+7

8

) =
8

K
∞

k=1

(1+4(−1+k))(3+4(−1+k))
2z + z

for (z, a) ∈ C2∧<(a) > 0∧<(z) > 1

Γ
(

1
8 (−2a+ z + 6)

)
Γ
(

1
8 (2a+ z + 6)

)
Γ
(

1
8 (−2a+ z + 2)

)
Γ
(

1
8 (2a+ z + 2)

) =
1

8
z

 2
(
1− a2

)
K
∞

k=1

−a2+(1+2k)2

z1+(−1)k
+ z2

+ 1

 for (z, a) ∈ C2∧|a| < 1∧<(z) > 1

Γ
(

1
4 (−2a+ z + 6)

)
Γ
(

1
4 (2a+ z)

)
Γ
(

1
4 (−2a+ z + 4)

)
Γ
(

1
4 (2a+ z − 2)

) =
z

4
− (a− 2)(a− 1)

2
(
K
∞

k=1

k(1+k)(2−a+k)(−1+a+k)
(1+k)z + z

) for (z, a) ∈ C2∧|a| > 1∧<(z) > 1
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Γ
(

1
4 (−a+ z + 3)

)
Γ
(

1
4 (a+ z + 3)

)
Γ
(

1
4 (−a+ z + 1)

)
Γ
(

1
4 (a+ z + 1)

) =
1

4

(
∞

K
k=1

−a2 + (−1 + 2k)2

2z
+ z

)
for (z, a) ∈ C2∧<(z) > 0∧|a| < 1

Γ
(

1
4 (−a+ z + 1)

)2
Γ
(

1
4 (a+ z + 1)

)2
Γ
(

1
4 (−a+ z + 3)

)2
Γ
(

1
4 (a+ z + 3)

)2 =
8

K
∞

k=1

1
2 (1+(−1)k)(−1+k)2+ 1

2 (1−(−1)k)(−a2+k2)
1
2 (1−(−1)k)+ 1

2 (1+(−1)k)(−1+z2)
+ 1

2 (a2 + z2 − 1)
for (z, a) ∈ C2∧−π

2
< arg(a) ≤ π

2
∧−π

2
< arg(z) ≤ π

2

(
4a2 + (z + 1)2

)
Γ
(

1
2 (−2a+ z + 1)

)
Γ
(

1
2 (2a+ z + 1)

)
− 4Γ

(
1
2 (−2ia+ z + 3)

)
Γ
(

1
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)
(4a2 + (z + 1)2) Γ

(
1
2 (−2a+ z + 1)

)
Γ
(

1
2 (2a+ z + 1)

)
+ 4Γ

(
1
2 (−2ia+ z + 3)

)
Γ
(

1
2 (2ia+ z + 3)

) =
2a2

K
∞

k=1

4a4+k4

(1+2k)z + z
for (z, a) ∈ C2∧−π

2
< arg(a) ≤ π

2
∧−π

2
< arg(z) ≤ π

2

Γ(−a+ z + 1)Γ
(

1
2

(
1− i

√
3
)
a+ z + 1

)
Γ
(

1
2

(
1 + i

√
3
)
a+ z + 1

)
Γ(a+ z + 1)Γ

(
1
2

(
−1 + i

√
3
)
a+ z + 1

)
Γ
(
− 1

2

(
1 + i

√
3
)
a+ z + 1

) =
2a3

K
∞

k=1

a6−k6

(1+2k)(1+k+k2+2z+2z2) − a3 + 2z2 + 2z + 1
+1 for (z, a) ∈ C2∧−π

2
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2
∧−π

2
< arg(z) ≤ π

2

Γ
(

1
2 (−a− b+ z + 1)

)
Γ
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1
2 (a+ b+ z + 1)
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− Γ

(
1
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)
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1
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Γ
(

1
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)
Γ
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1
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(
1
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)
Γ
(

1
2 (a+ b+ z + 1)
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K
∞
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(1+2k)z + z
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Γ
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1
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)
Γ
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1
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)
Γ
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1
4 (−a+ b+ z + 1)

)
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1
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1
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)
Γ
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1
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)
Γ
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1
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1
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1
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1
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Γ
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1
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)
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1
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)
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1
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1
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z − a+ z
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=
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Γ
(

1
2 (a− b− c− d− h+ 1)

)
Γ
(

1
2 (a+ b+ c− d− h+ 1)

)
Γ
(

1
2 (a+ b− c+ d− h+ 1)

)
Γ
(

1
2 (a− b+ c+ d− h+ 1)

)
Γ
(

1
2 (a+ b− c− d+ h+ 1)

)
Γ
(

1
2 (a− b+ c− d+ h+ 1)

)
Γ
(

1
2 (a− b− c+ d+ h+ 1)

)
Γ
(

1
2 (a+ b+ c+ d+ h+ 1)

)
− Γ

(
1
2 (a+ b− c− d− h+ 1)

)
Γ
(

1
2 (a− b+ c− d− h+ 1)

)
Γ
(

1
2 (a− b− c+ d− h+ 1)

)
Γ
(

1
2 (a+ b+ c+ d− h+ 1)

)
Γ
(

1
2 (a− b− c− d+ h+ 1)

)
Γ
(

1
2 (a+ b+ c− d+ h+ 1)

)
Γ
(

1
2 (a+ b− c+ d+ h+ 1)

)
Γ
(

1
2 (a− b+ c+ d+ h+ 1)

)
Γ
(

1
2 (a+ b− c− d− h+ 1)

)
Γ
(

1
2 (a− b+ c− d− h+ 1)

)
Γ
(

1
2 (a− b− c+ d− h+ 1)

)
Γ
(

1
2 (a+ b+ c+ d− h+ 1)

)
Γ
(

1
2 (a− b− c− d+ h+ 1)

)
Γ
(

1
2 (a+ b+ c− d+ h+ 1)

)
Γ
(

1
2 (a+ b− c+ d+ h+ 1)

)
Γ
(

1
2 (a− b+ c+ d+ h+ 1)

)
+ Γ

(
1
2 (a− b− c− d− h+ 1)

)
Γ
(

1
2 (a+ b+ c− d− h+ 1)

)
Γ
(

1
2 (a+ b− c+ d− h+ 1)

)
Γ
(

1
2 (a− b+ c+ d− h+ 1)

)
Γ
(

1
2 (a+ b− c− d+ h+ 1)

)
Γ
(

1
2 (a− b+ c− d+ h+ 1)

)
Γ
(

1
2 (a− b− c+ d+ h+ 1)

)
Γ
(

1
2 (a+ b+ c+ d+ h+ 1)

) =
8abcdh

K
∞

k=1

64(a2−k2)(b2−k2)(c2−k2)(d2−k2)(h2−k2)

(1+2k)(2(1+a4+b4+c4+d4+h4)−(−1+a2+b2+c2+d2+h2−2k(1+k))2−(2+2k(1+k))2)
+ 2 (a4 + b4 + c4 + d4 + h4 + 1)− (a2 + b2 + c2 + d2 + h2 − 1)

2 − 4
for (a, b, c, d) ∈ C4∧h ∈ Z
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1− Γ( 1
2 (a−b−c+z+1))Γ( 1

2 (−a+b−c+z+1))Γ( 1
2 (−a−b+c+z+1))Γ( 1

2 (a+b+c+z+1))
Γ( 1

2 (−a−b−c+z+1))Γ( 1
2 (a+b−c+z+1))Γ( 1

2 (a−b+c+z+1))Γ( 1
2 (−a+b+c+z+1))

Γ( 1
2 (a−b−c+z+1))Γ( 1

2 (−a+b−c+z+1))Γ( 1
2 (−a−b+c+z+1))Γ( 1

2 (a+b+c+z+1))
Γ( 1

2 (−a−b−c+z+1))Γ( 1
2 (a+b−c+z+1))Γ( 1

2 (a−b+c+z+1))Γ( 1
2 (−a+b+c+z+1))

+ 1
=

2abc

K
∞

k=1

4(a2−k2)(b2−k2)(c2−k2)
(1+2k)(1−a2−b2−c2+2k(1+k)+z2) − a2 − b2 − c2 + z2 + 1

for (a, b, c, z) ∈ C4∧<(z) > 1

Γ( 1
4 (−2a+z+1))Γ( 1

4 (2a+z+3))
Γ( 1

4 (−2a+z+3))Γ( 1
4 (2a+z+1))

− 1

Γ( 1
4 (−2a+z+1))Γ( 1

4 (2a+z+3))
Γ( 1

4 (−2a+z+3))Γ( 1
4 (2a+z+1))

+ 1
=

a

K
∞

k=1

−a2+k2

z + z
for (z, a) ∈ C2∧|a| < 1∧<(z) > max(0, 2<(a)−1)

Γ( 1
4 (−a+z+1))

2
Γ( 1

4 (a+z+3))
2

Γ( 1
4 (−a+z+3))

2
Γ( 1

4 (a+z+1))
2 − 1

Γ( 1
4 (−a+z+1))

2
Γ( 1

4 (a+z+3))
2

Γ( 1
4 (−a+z+3))

2
Γ( 1

4 (a+z+1))
2 + 1

=
a

K
∞

k=1

− 1
2 (1+(−1)k)a2+k2

z + z
for (z, a) ∈ C2∧|a| < 2∧<(z) > max(0,<(a)−1)

Q(a, z) = 1− e−zza

Γ(a)

(
K
∞

k=1

(−1)kz
(
a

1
2 (1−(−1)k)+b 1

2 (−1+k)c
)

a+k + a

) for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Q(a, z) =
e−zza−1

Γ(a)

(
K
∞

k=1

1
4 (1+(−1)k)k+ 1

2 (1−(−1)k)(−a+ 1+k
2 )

z

1 + 1

) for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Q(a, z) =

e−zza

 zr−1

(a)r

K∞

k=1

1
4 (1+(−1)k)k+ 1

2 (1−(−1)k)(−a+ 1+k
2
−r)

z
1 +1


−
∑−1+r
k=0

zk

(a)1+k


Γ(a)

for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Q(a, z) =

e−zza

 (−1)rz−r−1(1−a)r

K
∞

k=1

1
4 (1+(−1)k)k+ 1

2 (1−(−1)k)(−a+ 1+k
2

+r)
z
1 +1

−
∑r
k=1(−z)−k(1− a)−1+k


Γ(a)

for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Q(a, z) = 1− e−zza

Γ(a+ 1)

K∞

k=1

(
−

(1−(−1)k)(a+ 1
2

(−1+k))
2(−1+a+k)(a+k)

+
(1+(−1)k)k

4(−1+a+k)(a+k)

)
z

1 + 1


for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)
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Q(a, z) = 1−

e−zza


zr

(a)r+1

K
∞

k=1

 (1+(−1)k)k
4(−1+a+k+r)(a+k+r)

−
(1−(−1)k)(a+ 1+k

2 )
2(−1+a+k+r)(a+k+r)

z
1 +1


+
∑−1+r
k=0

zk

(a)1+k


Γ(a)

for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Q(a, z) = 1−

e−zza

∑r
k=1(−z)−k(1− a)−1+k − (−1)rz−r(1−a)r−1

K
∞

k=1

 (1+(−1)k)k
4(−1+a+k−r)(a+k−r)−

(1−(−1)k)(a+ 1
2

(−1+k)−r)
2(−1+a+k−r)(a+k−r)

z
1 +1


Γ(a)

for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Q(a, z) =
e−zza

Γ(a)

(
K
∞

k=1

2
1
2 (−1−(−1)k)k

1
2 (1+(−1)k)(−a+ 1+k

2 )
1
2 (1−(−1)k)

z
1
2 (1+(−1)k)

+ z

) for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Q(a, z) =
e−zza

Γ(a)
(
K
∞

k=1

−k(−a+k)
1−a+2k+z − a+ z + 1

) for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Q(a, z) =

e−zza−1

(
a−1

K
∞

k=1

−k(1−a+k)
2−a+2k+z −a+z+2

+ 1

)
Γ(a)

for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

Q(a, z) = 1− e−zza

Γ(a)
(
K
∞

k=1

kz
a+k−z + a− z

) for (a, z) ∈ C2 ∧ ¬(z ∈ R ∧ z < 0)

Q(a, z) = 1− e−zza

Γ(a)
(
K
∞

k=1

(1−a−k)z
a+k+z + a

) for (a, z) ∈ C2 ∧ ¬(z ∈ R ∧ z < 0)

Q(a, z) = 1−

e−zza

 zr

(a)r

(
K

∞

k=1

kz
a+k+r−z+a+r−z

) +
∑−1+r
k=0

zk

(a)1+k


Γ(a)

for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0
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Q(a, z) = 1−
e−zza

(
(−1)rz−r(1−a)r

K
∞

k=1

kz
a+k−r−z+a−r−z

+
∑r
k=1(−z)−k(1− a)−1+k

)
Γ(a)

for r ∈ Z∧(a, z) ∈ C2∧¬(z ∈ R∧z < 0)∧r ≥ 0

Q(z + 1, z) =

e−zzz

(
z

K
∞

k=1

k(−k+z)
1+2k +1

+ 1

)
Γ(z + 1)

for z ∈ C ∧ ¬(z ∈ R ∧ z < 0)

Q(z + 1, z) =

e−zzz

(
z−1

K
∞

k=1

k(−1−k+z)
2+2k +2

+ 2

)
Γ(z + 1)

for z ∈ C ∧ ¬(z ∈ R ∧ z < 0)

Q(z + 1, z) = 1− 2e−zzz+1

Γ(z + 1)
(
K
∞

k=1

(2+k)z
2+k + 2

) for z ∈ C ∧ ¬(z ∈ R ∧ z < 0)

Q(a, z) = 1− za

Γ(a+ 1)

(
K
∞

k=1

(−1+a+k)z
k(a+k)

1− (−1+a+k)z
k(a+k)

+ 1

) for (a, z) ∈ C2∧¬(z ∈ R∧z < 0)

C(λ)
ν (1−2z) =

√
π21−2λΓ(2λ+ ν)

Γ(λ)Γ
(
λ+ 1

2

)
Γ(ν + 1)

(
K
∞

k=1

− 2z(−1+k−ν)(−1+k+2λ+ν)
k(−1+2k+2λ)

1+
2z(−1+k−ν)(−1+k+2λ+ν)

k(−1+2k+2λ)

+ 1

) for (ν, λ, z) ∈ C3∧|z| < 1

C
(−m− 1

2 )
ν (1−2z) = −

√
π(−1)m4m+1zm+1

Γ
(
−m− 1

2

)
Γ(m+ 2)

(
K
∞

k=1

− z(k+m−ν)(−1+k−m+ν)
k(1+k+m)

1+
z(k+m−ν)(−1+k−m+ν)

k(1+k+m)

+ 1

) for m ∈ Z∧(ν, z) ∈ C2∧m ≥ 0∧|z| < 1

C(λ)
ν (2z−1) =

sec(πλ) cos(π(λ+ ν))Γ(2λ+ ν)

Γ(2λ)Γ(ν + 1)

(
K
∞

k=1

− 2z(−1+k−ν)(−1+k+2λ+ν)
k(−1+2k+2λ)

1+
2z(−1+k−ν)(−1+k+2λ+ν)

k(−1+2k+2λ)

+ 1

)− 21−2λΓ
(
λ− 1

2

)
sin(πν)z

1
2−λ

√
πΓ(λ)

(
K
∞

k=1

z(−1−4(−1+k)k+4(λ+ν)2)
2k(1+2k−2λ)

1− z(−1−4(−1+k)k+4(λ+ν)2)
2k(1+2k−2λ)

+ 1

) for (ν, λ, z) ∈ C3∧|z| < 1

C
(−m− 1

2 )
ν (2z−1) = − (−1)m4m+1zm+1 sin(πν) log(z)

√
π(m+ 1)!Γ

(
−m− 1

2

)(
K
∞

k=1

− z(k+m−ν)(−1+k−m+ν)
k(1+k+m)

1+
z(k+m−ν)(−1+k−m+ν)

k(1+k+m)

+ 1

)+
(−1)m4m+1zm+1 sin(πν)(−ψ(0)(m− ν + 1)− ψ(0)(ν −m) + ψ(0)(m+ 2)− γ)

√
π(m+ 1)!Γ

(
−m− 1

2

)(
K
∞

k=1

z(k+m−ν)(−1+k−m+ν)(−ψ(0)(1+k)−ψ(0)(2+k+m)+ψ(0)(1+k+m−ν)+ψ(0)(k−m+ν))

k(1+k+m)(ψ(0)(k)+ψ(0)(1+k+m)−ψ(0)(k+m−ν)−ψ(0)(−1+k−m+ν))

1− z(k+m−ν)(−1+k−m+ν)(−ψ(0)(1+k)−ψ(0)(2+k+m)+ψ(0)(1+k+m−ν)+ψ(0)(k−m+ν))

k(1+k+m)(ψ(0)(k)+ψ(0)(1+k+m)−ψ(0)(k+m−ν)−ψ(0)(−1+k−m+ν))

+ 1

)− 2(2m+ 1)! sin(πν)Γ(−2m+ ν − 1)

πΓ(ν + 1)

(
K

m

k=1

− z(−1+k−ν)(−2+k−2m+ν)
k(−1+k−m)

1+
z(−1+k−ν)(−2+k−2m+ν)

k(−1+k−m)

+ 1

) for m ∈ Z∧(ν, z) ∈ C2∧m ≥ 0∧|z| < 1
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C(λ)
ν (z) =

2νzνΓ(λ+ ν)

Γ(λ)Γ(ν + 1)

(
K
∞

k=1

− (−2+2k−ν)(−1+2k−ν)

4kz2(k−λ−ν)

1+
(−2+2k−ν)(−1+2k−ν)

4kz2(k−λ−ν)

+ 1

)− 2−2λ−ν sin(πν)Γ(−λ− ν)Γ(2λ+ ν)z−2λ−ν

πΓ(λ)

(
K
∞

k=1

− (−1+2k+2λ+ν)(2(−1+k+λ)+ν)

4kz2(k+λ+ν)

1+
(−1+2k+2λ+ν)(2(−1+k+λ)+ν)

4kz2(k+λ+ν)

+ 1

) for (ν, λ, z) ∈ C3∧λ+ν /∈ Z∧|z| > 1

C(m−ν)
ν (z) =

2ν(m− 1)!
(
z2
)ν/2

Γ(ν + 1)Γ(m− ν)

(
K
−1+m

k=1

(−2+2k−ν)(−1+2k−ν)

4k(−k+m)z2

1− (−2+2k−ν)(−1+2k−ν)

4k(−k+m)z2

+ 1

)− (−1)m2ν−2mz−2m sin(πν)
(
z2
)ν/2

log
(
z2
)

Γ(2m− ν)

πm!Γ(m− ν)

(
K
∞

k=1

− (−1+2k+2m−ν)(2(−1+k+m)−ν)

4k(k+m)z2

1+
(−1+2k+2m−ν)(2(−1+k+m)−ν)

4k(k+m)z2

+ 1

)− (−1)m2ν−2mz−2m sin(πν)
(
z2
)ν/2

Γ(2m− ν)
(
−ψ(0)

(
m+ 1−ν

2

)
− ψ(0)

(
m− ν

2

)
+ ψ(0)(m+ 1)− γ

)
πm!Γ(m− ν)

K∞

k=1

(−1+2k+2m−ν)(2(−1+k+m)−ν)(−ψ(0)(1+k)−ψ(0)(1+k+m)+ψ(0)(k+m− ν
2 )+ψ(0)( 1

2
+k+m− ν

2 ))
4k(k+m)z2(ψ(0)(k)+ψ(0)(k+m)−ψ(0)(−1+k+m− ν

2 )−ψ(0)(− 1
2

+k+m− ν
2 ))

1−
(−1+2k+2m−ν)(2(−1+k+m)−ν)(−ψ(0)(1+k)−ψ(0)(1+k+m)+ψ(0)(k+m− ν

2 )+ψ(0)( 1
2

+k+m− ν
2 ))

4k(k+m)z2(ψ(0)(k)+ψ(0)(k+m)−ψ(0)(−1+k+m− ν
2 )−ψ(0)(− 1

2
+k+m− ν

2 ))

+ 1


for m ∈ Z∧(ν, z) ∈ C2∧m > 0∧|z| > 1

C(−m−ν)
ν (z) =

(−1)m2ν
(
z2
)ν/2

log
(
z2
)

m!Γ(ν + 1)Γ(−m− ν)

(
K
∞

k=1

− (−2+2k−ν)(−1+2k−ν)

4k(k+m)z2

1+
(−2+2k−ν)(−1+2k−ν)

4k(k+m)z2

+ 1

)+
(−1)m2ν

(
z2
)ν/2 (

ψ(0)(m+ 1)− ψ(0)
(

1−ν
2

)
− ψ(0)

(
−ν2
)
− γ
)

m!Γ(ν + 1)Γ(−m− ν)

K∞

k=1

−
(−2+2k−ν)(−1+2k−ν)(ψ(0)(1+k)+ψ(0)(1+k+m)−ψ(0)(k+ 1−ν

2 )−ψ(0)(k− ν2 ))
4k(k+m)z2(ψ(0)(k)+ψ(0)(k+m)−ψ(0)(−1+k+ 1−ν

2 )−ψ(0)(−1+k− ν
2 ))

1+
(−2+2k−ν)(−1+2k−ν)(ψ(0)(1+k)+ψ(0)(1+k+m)−ψ(0)(k+ 1−ν

2 )−ψ(0)(k− ν2 ))
4k(k+m)z2(ψ(0)(k)+ψ(0)(k+m)−ψ(0)(−1+k+ 1−ν

2 )−ψ(0)(−1+k− ν
2 ))

+ 1


−

(m− 1)!22m+ν sin(πν)Γ(−2m− ν)
(
z2
)m+ ν

2

πΓ(−m− ν)

(
K
−1+m

k=1

(−2+2k−2m−ν)(−1+2k−2m−ν)

4k(−k+m)z2

1− (−2+2k−2m−ν)(−1+2k−2m−ν)

4k(−k+m)z2

+ 1

) for m ∈ Z∧(ν, z) ∈ C2∧m ≥ 0∧|z| > 1

φ =
∞

K
k=1

1

1
+ 1

1

φ
=
∞

K
k=1

1

1

√
φ = 1 + <

(
∞

K
k=1

1

2 + 2i

)

−eEi(−1) =
1

K
∞

k=1

−k2

2(1+k) + 2

−eEi(−1) =
1

K
∞

k=1

b 1+k
2 c
1 + 1

H(1)
ν (z) =

2−ν(1 + i cot(πν))zν

Γ(ν + 1)

(
K
∞

k=1

z2

4k(k+ν)

1− z2

4k(k+ν)

+ 1

)− i2ν csc(πν)z−ν

Γ(1− ν)

(
K
∞

k=1

z2

4k(k−ν)

1− z2

4k(k−ν)

+ 1

) for (ν, z) ∈ C2∧ν /∈ Z

H
(1)
0 (z) =

π + 2i log
(
z
2

)
π

(
K
∞

k=1

z2

4k2

1− z2

4k2

+ 1

) +
2iγ

π

(
K
∞

k=1

z2ψ(0)(1+k)

4k2ψ(0)(k)

1− z
2ψ(0)(1+k)

4k2ψ(0)(k)

+ 1

) for z ∈ C
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H(1)
m (z) = − i2m(m− 1)!z−m

π

(
K
−1+m

k=1

z2

4k(k−m)

1− z2

4k(k−m)

+ 1

)+
2−mzm

(
π + 2i log

(
z
2

))
πm!

(
K
∞

k=1

z2

4k(k+m)

1− z2

4k(k+m)

+ 1

)− i2−mzm(ψ(0)(m+ 1)− γ)

πm!

(
K
∞

k=1

z2(ψ(0)(1+k)+ψ(0)(1+k+m))

4k(k+m)(ψ(0)(k)+ψ(0)(k+m))

1− z2(ψ(0)(1+k)+ψ(0)(1+k+m))

4k(k+m)(ψ(0)(k)+ψ(0)(k+m))

+ 1

) for m ∈ Z∧z ∈ C∧m ≥ 0

H
(1)
ν+1(z)

H
(1)
ν (z)

=
2ν − 2iz + 1

2z
−K

∞

k=1

− 1
4 (−1+2k)2+ν2

2(−k+iz)

z
for (ν, z) ∈ C2∧−π

2
< arg(z) ≤ π

∂H(1)
ν (z)
∂z

H
(1)
ν (z)

= K
∞

k=1

− 1
4 (−1+2k)2+ν2

2(−k+iz)

z
− 1

2z
+ i for (ν, z) ∈ C2 ∧ −π

2
< arg(z) ≤ π

H(2)
ν (z) =

i2ν csc(πν)z−ν

Γ(1− ν)

(
K
∞

k=1

z2

4k(k−ν)

1− z2

4k(k−ν)

+ 1

)+
2−ν(1− i cot(πν))zν

Γ(ν + 1)

(
K
∞

k=1

z2

4k(k+ν)

1− z2

4k(k+ν)

+ 1

) for (ν, z) ∈ C2∧ν /∈ Z

H
(2)
0 (z) =

π − 2i log
(
z
2

)
π

(
K
∞

k=1

z2

4k2

1− z2

4k2

+ 1

) − 2iγ

π

(
K
∞

k=1

z2ψ(0)(1+k)

4k2ψ(0)(k)

1− z
2ψ(0)(1+k)

4k2ψ(0)(k)

+ 1

) for z ∈ C

H(2)
m (z) =

i2m(m− 1)!z−m

π

(
K
−1+m

k=1

z2

4k(k−m)

1− z2

4k(k−m)

+ 1

)+
2−mzm

(
π − 2i log

(
z
2

))
πm!

(
K
∞

k=1

z2

4k(k+m)

1− z2

4k(k+m)

+ 1

)+
i2−mzm(ψ(0)(m+ 1)− γ)

πm!

(
K
∞

k=1

z2(ψ(0)(1+k)+ψ(0)(1+k+m))

4k(k+m)(ψ(0)(k)+ψ(0)(k+m))

1− z2(ψ(0)(1+k)+ψ(0)(1+k+m))

4k(k+m)(ψ(0)(k)+ψ(0)(k+m))

+ 1

) for m ∈ Z∧z ∈ C∧m ≥ 0

H
(2)
ν+1(z)

H
(2)
ν (z)

= K
∞

k=1

− 1
4 (−1+2k)2+ν2

2(k+iz)

z
+

2ν + 2iz + 1

2z
for (ν, z) ∈ C2∧−π < arg(z) ≤ π

2

∂H(2)
ν (z)
∂z

H
(2)
ν (z)

= −K
∞

k=1

− 1
4 (−1+2k)2+ν2

2(k+iz)

z
− 1

2z
− i for (ν, z) ∈ C2 ∧−π < arg(z) ≤ π

2

Hz =
π2z

6

(
K
∞

k=1

zζ(2+k)
ζ(1+k)

1− zζ(2+k)
ζ(1+k)

+ 1

) for z ∈ C

H(r)
z =

rzζ(r + 1)

K
∞

k=1

(k+r)zζ(1+k+r)
(1+k)ζ(k+r)

1− (k+r)zζ(1+k+r)
(1+k)ζ(k+r)

+ 1

for (z, r) ∈ C2 ∧ |z| < 1
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Hz −Hz− 1
2

=
2

K
∞

k=1

k2

1+4z + 4z + 1
for z ∈ C

Hz −Hz− 1
2

=

1− 1

K
∞

k=1

k2(1+k)2

4(1+k)z
+4z

2z
for z ∈ C

Hν(z) =

√
π2ν

Γ
(

1−ν
2

)K∞

k=1

2zΓ( k−ν2 )
kΓ( 1

2
(−1+k−ν))

1−
2zΓ( k−ν2 )

kΓ( 1
2

(−1+k−ν))

+ 1


for (ν, z) ∈ C2

Φ(−1, 1, z) =

1

K
∞

k=1

k(1+k)
2z +2z

+ 1

2z
for z ∈ C ∧ <(z) > 1

Φ

(
−1, 1,

z + 1

2

)
=

1

K
∞

k=1

k2

z + z
for z ∈ C ∧ <(z) > 2

Φ(−1, 1, z+1) =
z + 1

2

K
∞

k=1

b 1+k
2 c(−1+2b 1+k

2 c)
1
2 (1−(−1)k)+ 1

2 (1+(−1)k)(2z+2z2)
+ 2z2 + 2z

for z ∈ C∧<(z) > −1

2

Φ(z, s, c) =
c−s

K
∞

k=1

−(1− 1
c+k )

s
z

1+(1− 1
c+k )

s
z

+ 1
for (z, s, c) ∈ C3 ∧ |z| < 1

Φ

(
−1, 1,

1

2
(−a+ z + 1)

)
+Φ

(
−1, 1,

1

2
(a+ z + 1)

)
=

2

K
∞

k=1

1
2 (1+(−1)k)k2+ 1

2 (1−(−1)k)(−a2+k2)

z + z
for (a, z) ∈ C2∧−π

2
< arg(a) ≤ π

2

Φ

(
−1, 1,

1

2
(−a+ z + 1)

)
−Φ

(
−1, 1,

1

2
(a+ z + 1)

)
=

2a

K
∞

k=1

1
2 (1+(−1)k)k2+ 1

2 (1−(−1)k)(−a2+(1+k)2)

−(−1)k+ 1
2 (1+(−1)k)z2 + z2 − 1

for (a, z) ∈ C2∧−π
2
< arg(a) ≤ π

2
∧−π

2
< arg(z) ≤ π

2
∧<(z) > 1

Φ(−1, 1, p)−Φ(−1, 1, q) =
q − p

K
∞

k=1

(−1+k+p)2(−1+k+q)2

−1+2k+p+q + pq
for (p, q) ∈ C2∧−π

2
< arg(p−q) ≤ π

2

ζ(3, z) =
1

K
∞

k=1

b 1+k
2 c3

1
2 (1−(−1)k)+(1+(−1)k)(1+k)z(1+z)

+ 2z(z + 1)

+
1

z3
for z ∈ C∧−π

2
< arg(2z+1) ≤ π

2
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ζ(3, z) =
1

K
∞

k=1

−k6

(1+2k)(1+k+k2+2z+2z2) + 2z2 + 2z + 1
+

1

z3
for z ∈ C∧−π

2
< arg(2z+1) ≤ π

2

ζ(3, z) =

1

K
∞

k=1

(1+(−1)k)k(2+k)2

32(1+k)
+

(1−(−1)k)(1+k)2(3+k)

32(2+k)
z +z

+ 2z + 2

4z3
for z ∈ C∧<(z) > 1

ζ(s, c) =
c−s

K
∞

k=1

−(1− 1
c+k )

s

1+(1− 1
c+k )

s + 1
for (s, c) ∈ C2 ∧ <(s) > 1

ζ

(
2,
z + 1

4

)
−ζ
(

2,
z + 3

4

)
=

8

K
∞

k=1

1
2 (1+(−1)k)k2+ 1

2 (1−(−1)k)(1+k)2

−(−1)k+ 1
2 (1+(−1)k)z2 + z2 − 1

for z ∈ C∧−π
2
< arg(z) ≤ π

2

ζ(2, z)−ζ
(

2, z +
1

2

)
=

1

K
∞

k=1

1
8 (1−(−1)k)(1+k)2+ 1

4 (1+(−1)k)(2+k)(−1+ 2+k
2 )

2z +2z

+ 1

2z2
for z ∈ C∧<(z) > 1

ζ
(

2,
z

2

)
−ζ
(

2,
z + 1

2

)
=

2

 1

K
∞

k=1

1
4 (1+(−1)k)(1+ k

2 )k+ 1
8 (1−(−1)k)(1+k)2

z +z

+ 1


z2

for z ∈ C∧<(z) > 1

0F1(; b; z) =
z

b
(
K
∞

k=1

− z
(1+k)(b+k)

1+ z
(1+k)(b+k)

+ 1
) + 1 for (b, z) ∈ C2 ∧ ¬(b ∈ Z ∧ b ≤ 0)

0F1(; b; z) =
1

K
∞

k=1

− z
k(−1+b+k)

1+ z
k(−1+b+k)

+ 1
for (b, z) ∈ C2 ∧ ¬(b ∈ Z ∧ b ≤ 0)

0F1(; b+ 1; z)

0F1(; b; z)
=

1

K
∞

k=1

z
(−1+b+k)(b+k)

1 + 1
for (b, z) ∈ C2 ∧ ¬(b ∈ Z ∧ b ≤ 0)

0F1(; b; z)

0F1(; b+ 1; z)
=
∞

K
k=1

z
(−1+b+k)(b+k)

1
+ 1 for (b, z) ∈ C2 ∧ ¬(b ∈ Z ∧ b ≤ 0)
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0F1(; b+ 1; z)

0F1(; b; z)
=

b

K
∞

k=1

z
b+k + b

for (b, z) ∈ C2 ∧ ¬(b ∈ Z ∧ b ≤ 0)

0F1(; b; z)

0F1(; b+ 1; z)
= K

∞

k=1

z
b+k + b

b
for (b, z) ∈ C2 ∧ ¬(b ∈ Z ∧ b ≤ 0)

0F1(; b; z)

0F1(; b+ 1; z)
= K

∞

k=1

−2(−1+2b+2k)
√
z

2b+k+4
√
z

2b
+

√
z

b
+1 for (b, z) ∈ C2∧¬(b ∈ Z∧b ≤ 0)

0F̃1(; b; z) =
z

Γ(b+ 1)
(
K
∞

k=1

− z
(1+k)(b+k)

1+ z
(1+k)(b+k)

+ 1
)+

1

Γ(b)
for (b, z) ∈ C2∧¬(b ∈ Z∧b ≤ 0)

0F̃1(; b; z) =
1

Γ(b)
(
K
∞

k=1

− z
k(−1+b+k)

1+ z
k(−1+b+k)

+ 1
) for (b, z) ∈ C2 ∧ ¬(b ∈ Z ∧ b ≤ 0)

0F̃1(;−m; z) =
zm+1

(m+ 1)!

(
K
∞

k=1

− z
k+k2+km

1+ z
k+k2+km

+ 1

) for m ∈ Z ∧ z ∈ C ∧m ≥ 0

0F̃1(; b+ 1; z)

0F̃1(; b; z)
=

1

b
(
K
∞

k=1

z
(−1+b+k)(b+k)

1 + 1
) for (b, z) ∈ C2 ∧ ¬(b ∈ Z ∧ b ≤ 0)

0F̃1(; b; z)

0F̃1(; b+ 1; z)
= b

(
∞

K
k=1

z
(−1+b+k)(b+k)

1
+ 1

)
for (b, z) ∈ C2 ∧ ¬(b ∈ Z ∧ b ≤ 0)

0F̃1(; b+ 1; z)

0F̃1(; b; z)
=

1

K
∞

k=1

z
b+k + b

for (b, z) ∈ C2 ∧ ¬(b ∈ Z ∧ b ≤ 0)

0F̃1(; b; z)

0F̃1(; b+ 1; z)
=
∞

K
k=1

z

b+ k
+ b for (b, z) ∈ C2 ∧ ¬(b ∈ Z ∧ b ≤ 0)

0F̃1(; b; z)

0F̃1(; b+ 1; z)
=

1

2

(
∞

K
k=1

−2(−1 + 2b+ 2k)
√
z

2b+ k + 4
√
z

+ 2b+ 2
√
z

)
for (b, z) ∈ C2∧¬(b ∈ Z∧b ≤ 0)
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1F1(a; b; z) =
az

b

(
K
∞

k=1

− (a+k)z
(1+k)(b+k)

1+
(a+k)z

(1+k)(b+k)

+ 1

)+1 for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)

1F1(a; b; z) =
1

K
∞

k=1

− (−1+a+k)z
k(−1+b+k)

1+
(−1+a+k)z
k(−1+b+k)

+ 1

for (a, b, z) ∈ C3 ∧ ¬(b ∈ Z ∧ b ≤ 0)

(b−1)ezz1−b(Γ(b−1)−Γ(b−1, z)) =
z

b

K∞

k=1

(
(1+(−1)k)k

4(−1+b+k)(b+k)
−

(1−(−1)k)(−1+b+ 1+k
2 )

2(−1+b+k)(b+k)

)
z

1 + 1


+1 for (b, z) ∈ C2

(b−1)ezz1−b(Γ(b−1)−Γ(b−1, z)) =
1

1− z

K
∞

k=1

(− 1
2 (1+(−1)k)(b+ 1

2
(−2+k))+ 1

4 (1−(−1)k)(1+k))z
b+k +b

for (b, z) ∈ C2

(b−1)ezz1−b(Γ(b−1)−Γ(b−1, z)) =
b− 1

K
∞

k=1

(− 1
2 (1−(−1)k)(b+ 1

2 (−3+k))+ 1
4 (1+(−1)k)k)z

−1+b+k + b− 1
for (b, z) ∈ C2

(b−1)ezz1−b(Γ(b−1)−Γ(b−1, z)) =
z

K
∞

k=1

(− 1
2 (1−(−1)k)(b+ 1

2 (−1+k))+ 1
4 (1+(−1)k)k)z

b+k + b
+1 for (b, z) ∈ C2

(b−1)ezz1−b(Γ(b−1)−Γ(b−1, z)) =
z

K
∞

k=1

( 1
2 (1+(−1)k)(1−b− k2 )+ 1

4 (1−(−1)k)(1+k))z
b+k + b− z

+1 for (b, z) ∈ C2

(b−1)ezz1−b(Γ(b−1)−Γ(b−1, z)) = ezz1−bΓ(b)− b− 1

K
∞

k=1

1
4 (3−3(−1)k+2(−1+(−1)k)b+2k)

1
2 (1−(−1)k+z+(−1)kz)

+ z
for (b, z) ∈ C2

(b−1)ezz1−b(Γ(b−1)−Γ(b−1, z)) =
b− 1

K
∞

k=1

kz
−1+b+k−z + b− z − 1

for (b, z) ∈ C2

(b−1)ezz1−b(Γ(b−1)−Γ(b−1, z)) = ezz1−bΓ(b)− b− 1

K
∞

k=1

−k(1−b+k)
2−b+2k+z − b+ z + 2

for (b, z) ∈ C2∧¬(b ∈ Z∧b ≤ 0)
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ezz1−z(Γ(z)− Γ(z, z)) =
∞

K
k=1

(1 + k)z

1 + k
+ 1 for z ∈ C

1F1(a+ 1; b+ 1; z)

1F1(a; b; z)
=

1

K
∞

k=1

(
−

(1−(−1)k)(−a+b+ 1
2

(−1+k))
2(−1+b+k)(b+k)

+
(1+(−1)k)(a+ k

2 )
2(−1+b+k)(b+k)

)
z

1 + 1

for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)

1F1(a; b; z)

1F1(a+ 1; b+ 1; z)
=
∞

K
k=1

(
− (1−(−1)k)(−a+b+ 1

2 (−1+k))
2(−1+b+k)(b+k) +

(1+(−1)k)(a+ k
2 )

2(−1+b+k)(b+k)

)
z

1
+1 for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)

1F1(a; 2a+ 1; z)

1F1(a+ 1; 2a+ 2; z)
=
∞

K
k=1

(−1)kz

2+4a+4b k2 c
1

+ 1 for (a, z) ∈ C2

1F1(a; b+ 1; z)

1F1(a; b; z)
=

1

K
∞

k=1

(−1)−1+k

(
(1+(−1)k)(−a+b+ k

2 )
2(−1+b+k)(b+k)

+
(1−(−1)k)(−1+a+k)

2(−1+b+k)(b+k)

)
z

1 + 1

for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)

1F1(a; b; z)

1F1(a; b+ 1; z)
=
∞

K
k=1

(−1)−1+k

(
(1+(−1)k)(−a+b+ k

2 )
2(−1+b+k)(b+k) +

(1−(−1)k)(−1+a+k)

2(−1+b+k)(b+k)

)
z

1
+1 for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)

1F1(a+ 1; b+ 1; z)

1F1(a; b; z)
=

b

K
∞

k=1

( 1
2 (1−(−1)k)(a−b+ 1−k

2 )+ 1
2 (1+(−1)k)(a+ k

2 ))z
b+k + b

for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)

1F1(a+ 1; b+ 1; z)

1F1(a; b; z)
=
bK

∞

k=1

(−1+a+k)z
−1+b+k−z

az
for (a, b, z) ∈ C3

1F1(a; b; z)

1F1(a+ 1; b+ 1; z)
= K

∞

k=1

(a+k)z
b+k−z + b− z
b

for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)

1F1(−m; b; z)

1F1(1−m; b+ 1; z)
= K

−1+m

k=1

(k−m)z
b+k−z

b
− z
b

+1 for m ∈ Z∧(b, z) ∈ C2∧m > 0

1F1(a; b+ 1; z)

1F1(a; b; z)
=

b

K
∞

k=1

( 1
2 (1−(−1)k)(a+ 1

2 (−1+k))+ 1
2 (1+(−1)k)(a−b− k2 ))z

b+k + b
for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)
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1F1(a; b; z)

1F1(a+ 1; b+ 1; z)
= K

∞

k=1

( 1
2 (1−(−1)k)(a−b+ 1−k

2 )+ 1
2 (1+(−1)k)(a+ k

2 ))z
b+k

b
+1 for (a, b, z) ∈ C3∧b /∈ Z

1F1(−ia+ r + 1; 2r + 2; 2iz)

1F1(r − ia; 2r; 2iz)
=

r(r + 1)(2r + 1)

z

(
K
∞

k=1

(1−k−r)(1+k+r)(a2+(k+r)2)

(1+2k+2r)(a+
(k+r)(1+k+r)

z )
+ (2r + 1)

(
a+ r(r+1)

z

)) for (a, r, z) ∈ C3

1F̃1(a; b; z) =

az

b

(
K

∞

k=1

− (a+k)z
(1+k)(b+k)

1+
(a+k)z

(1+k)(b+k)

+1

) + 1

Γ(b)
for (a, b, z) ∈ C3 ∧ ¬(b ∈ Z ∧ b ≤ 0)

1F̃1(a; b; z) =
1

Γ(b)

(
K
∞

k=1

− (−1+a+k)z
k(−1+b+k)

1+
(−1+a+k)z
k(−1+b+k)

+ 1

) for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)

1F̃1(a;−m; z) =
zm+1(a)m+1

(m+ 1)!

(
K
∞

k=1

− (a+k+m)z
k(1+k+m)

1+
(a+k+m)z
k(1+k+m)

+ 1

) for m ∈ Z∧(a, z) ∈ C2∧m ≥ 0

ezz1−b(1−Q(b−1, z)) =
z

Γ(b+ 1)

K∞

k=1

(
(1+(−1)k)k

4(−1+b+k)(b+k)
−

(1−(−1)k)(−1+b+ 1+k
2 )

2(−1+b+k)(b+k)

)
z

1 + 1


+

1

Γ(b)
for (b, z) ∈ C2

ezz1−b(1−Q(b−1, z)) =
1

Γ(b)

1− z

K
∞

k=1

(− 1
2 (1+(−1)k)(b+ 1

2
(−2+k))+ 1

4 (1−(−1)k)(1+k))z
b+k +b

 for (b, z) ∈ C2

ezz1−b(1−Q(b−1, z)) =
1

Γ(b− 1)

(
K
∞

k=1

(− 1
2 (1−(−1)k)(b+ 1

2 (−3+k))+ 1
4 (1+(−1)k)k)z

−1+b+k + b− 1

) for (b, z) ∈ C2

ezz1−b(1−Q(b−1, z)) =

z

K
∞

k=1

(− 1
2 (1−(−1)k)(b+ 1

2
(−1+k))+ 1

4 (1+(−1)k)k)z
b+k +b

+ 1

Γ(b)
for (b, z) ∈ C2

69



ezz1−b(1−Q(b−1, z)) =

z

K
∞

k=1

( 1
2 (1+(−1)k)(1−b− k

2 )+ 1
4 (1−(−1)k)(1+k))z

b+k +b−z
+ 1

Γ(b)
for (b, z) ∈ C2∧¬(b ∈ Z∧b ≤ 0)

ezz1−b(1−Q(b−1, z)) = ezz1−b− 1

Γ(b− 1)
(
K
∞

k=1

1
4 (3−3(−1)k+2(−1+(−1)k)b+2k)

1
2 (1−(−1)k+z+(−1)kz)

+ z
) for (b, z) ∈ C2

ezz1−b(1−Q(b−1, z)) =
1

Γ(b− 1)
(
K
∞

k=1

kz
−1+b+k−z + b− z − 1

) for (b, z) ∈ C2

ezz1−m(1−Q(m−1, z)) = ezz1−m− 1

Γ(m− 1)
(
K
∞

k=1

−k(1+k−m)
2+2k−m+z −m+ z + 2

) for m ∈ Z∧z ∈ C∧m > 1

ezz−z(1−Q(z, z)) = K
∞

k=1

(1+k)z
1+k + 1

Γ(z + 1)
for z ∈ C

1F̃1(a+ 1; b+ 1; z)

1F̃1(a; b; z)
=

1

b

K∞

k=1

(
−

(1−(−1)k)(−a+b+ 1
2

(−1+k))
2(−1+b+k)(b+k)

+
(1+(−1)k)(a+ k

2 )
2(−1+b+k)(b+k)

)
z

1 + 1


for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)

1F̃1(a; b; z)

1F̃1(a+ 1; b+ 1; z)
= b

 ∞

K
k=1

(
− (1−(−1)k)(−a+b+ 1

2 (−1+k))
2(−1+b+k)(b+k) +

(1+(−1)k)(a+ k
2 )

2(−1+b+k)(b+k)

)
z

1
+ 1

 for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)

1F̃1(a; b+ 1; z)

1F̃1(a; b; z)
=

1

b

K∞

k=1

(−1)−1+k

(
(1+(−1)k)(−a+b+ k

2 )
2(−1+b+k)(b+k)

+
(1−(−1)k)(−1+a+k)

2(−1+b+k)(b+k)

)
z

1 + 1


for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)

1F̃1(a; b; z)

1F̃1(a; b+ 1; z)
= b

 ∞

K
k=1

(−1)−1+k

(
(1+(−1)k)(−a+b+ k

2 )
2(−1+b+k)(b+k) +

(1−(−1)k)(−1+a+k)

2(−1+b+k)(b+k)

)
z

1
+ 1

 for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)
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1F̃1(a+ 1; b+ 1; z)

1F̃1(a; b; z)
=

1

K
∞

k=1

( 1
2 (1−(−1)k)(a−b+ 1−k

2 )+ 1
2 (1+(−1)k)(a+ k

2 ))z
b+k + b

for (a, b, z) ∈ C3∧¬(b ∈ Z∧b ≤ 0)

1F̃1(a+ 1; b+ 1; z)

1F̃1(a; b; z)
= K

∞

k=1

(−1+a+k)z
−1+b+k−z

az
for (a, b, z) ∈ C3

1F̃1(a; b; z)

1F̃1(a+ 1; b+ 1; z)
=
∞

K
k=1

(a+ k)z

b+ k − z
+ b− z for (a, b, z) ∈ C3

1F̃1(−m; b; z)

1F̃1(1−m; b+ 1; z)
=
−1+m

K
k=1

(k −m)z

b+ k − z
+ b− z for m ∈ Z ∧ (b, z) ∈ C2 ∧m > 0

1F̃1(a; b+ 1; z)

1F̃1(a; b; z)
=

1

K
∞

k=1

( 1
2 (1−(−1)k)(a+ 1

2 (−1+k))+ 1
2 (1+(−1)k)(a−b− k2 ))z

b+k + b
for (a, b, z) ∈ C3

2F1(a, b; c; z) =
abz

c

(
K
∞

k=1

− (a+k)(b+k)z
(1+k)(c+k)

1+
(a+k)(b+k)z
(1+k)(c+k)

+ 1

) + 1 for (a, b, c, z) ∈ C4 ∧ |z| < 1

2F1(a, b; c; z) =
1

K
∞

k=1

− (−1+a+k)(−1+b+k)z
k(−1+c+k)

1+
(−1+a+k)(−1+b+k)z

k(−1+c+k)

+ 1

for (a, b, c, z) ∈ C4 ∧ |z| < 1

2F1(a, b; c; 1−z) =
Γ(c)z−a−b+cΓ(a+ b− c)

Γ(a)Γ(b)

(
K
∞

k=1

− (−1−a+c+k)(−1−b+c+k)z
k(−a−b+c+k)

1+
(−1−a+c+k)(−1−b+c+k)z

k(−a−b+c+k)

+ 1

)+
Γ(c)Γ(−a− b+ c)

Γ(c− a)Γ(c− b)
(
K
∞

k=1

− (−1+a+k)(−1+b+k)z
k(a+b−c+k)

1+
(−1+a+k)(−1+b+k)z

k(a+b−c+k)

+ 1

) for (a, b, c, z) ∈ C4∧−a−b+c /∈ Z∧|z| < 1

2F1(a, b; a+b; 1−z) = − log(z)Γ(a+ b)

Γ(a)Γ(b)

(
K
∞

k=1

− (−1+a+k)(−1+b+k)z

k2

1+
(−1+a+k)(−1+b+k)z

k2

+ 1

)− Γ(a+ b)(ψ(0)(a) + ψ(0)(b) + 2γ)

Γ(a)Γ(b)

(
K
∞

k=1

− (−1+a+k)(−1+b+k)z(−2ψ(0)(1+k)+ψ(0)(a+k)+ψ(0)(b+k))

k2(−2ψ(0)(k)+ψ(0)(−1+a+k)+ψ(0)(−1+b+k))

1+
(−1+a+k)(−1+b+k)z(−2ψ(0)(1+k)+ψ(0)(a+k)+ψ(0)(b+k))

k2(−2ψ(0)(k)+ψ(0)(−1+a+k)+ψ(0)(−1+b+k))

+ 1

) for (a, b, z) ∈ C3∧|z| < 1

2F1(a, b; a+b−m; 1−z) =
(m− 1)!z−mΓ(a+ b−m)

Γ(a)Γ(b)

(
K
−1+m

k=1

− (−1+a+k−m)(−1+b+k−m)z
k(k−m)

1+
(−1+a+k−m)(−1+b+k−m)z

k(k−m)

+ 1

)− (−1)m log(z)Γ(a+ b−m)

m!Γ(a−m)Γ(b−m)

(
K
∞

k=1

− (−1+a+k)(−1+b+k)z
k(k+m)

1+
(−1+a+k)(−1+b+k)z

k(k+m)

+ 1

)− (−1)mΓ(a+ b−m)(ψ(0)(a) + ψ(0)(b)− ψ(0)(m+ 1) + γ)

m!Γ(a−m)Γ(b−m)

(
K
∞

k=1

− (−1+a+k)(−1+b+k)z(−ψ(0)(1+k)+ψ(0)(a+k)+ψ(0)(b+k)−ψ(0)(1+k+m))

k(k+m)(−ψ(0)(k)+ψ(0)(−1+a+k)+ψ(0)(−1+b+k)−ψ(0)(k+m))

1+
(−1+a+k)(−1+b+k)z(−ψ(0)(1+k)+ψ(0)(a+k)+ψ(0)(b+k)−ψ(0)(1+k+m))

k(k+m)(−ψ(0)(k)+ψ(0)(−1+a+k)+ψ(0)(−1+b+k)−ψ(0)(k+m))

+ 1

) for m ∈ Z∧(a, b, z) ∈ C3∧m > 0∧|z| < 1
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2F1(a, b; a+b+m; 1−z) = − (−z)m log(z)Γ(a+ b+m)

m!Γ(a)Γ(b)

(
K
∞

k=1

− (−1+a+k+m)(−1+b+k+m)z
k(k+m)

1+
(−1+a+k+m)(−1+b+k+m)z

k(k+m)

+ 1

)+
(−z)mΓ(a+ b+m)(−ψ(0)(a+m)− ψ(0)(b+m) + ψ(0)(m+ 1)− γ)

m!Γ(a)Γ(b)

(
K
∞

k=1

(−1+a+k+m)(−1+b+k+m)z(−ψ(0)(1+k)−ψ(0)(1+k+m)+ψ(0)(a+k+m)+ψ(0)(b+k+m))

k(k+m)(ψ(0)(k)+ψ(0)(k+m)−ψ(0)(−1+a+k+m)−ψ(0)(−1+b+k+m))

1− (−1+a+k+m)(−1+b+k+m)z(−ψ(0)(1+k)−ψ(0)(1+k+m)+ψ(0)(a+k+m)+ψ(0)(b+k+m))

k(k+m)(ψ(0)(k)+ψ(0)(k+m)−ψ(0)(−1+a+k+m)−ψ(0)(−1+b+k+m))

+ 1

)+
(m− 1)!Γ(a+ b+m)

Γ(a+m)Γ(b+m)

(
K
−1+m

k=1

− (−1+a+k)(−1+b+k)z
k(k−m)

1+
(−1+a+k)(−1+b+k)z

k(k−m)

+ 1

) for m ∈ Z∧(a, b, z) ∈ C3∧m > 0∧|z| < 1

2F1(a, b; c; z) =
(−z)−aΓ(c)Γ(b− a)

Γ(b)Γ(c− a)

(
K
∞

k=1

− (−1+a+k)(a−c+k)
k(a−b+k)z

1+
(−1+a+k)(a−c+k)

k(a−b+k)z

+ 1

)+
(−z)−bΓ(c)Γ(a− b)

Γ(a)Γ(c− b)
(
K
∞

k=1

− (−1+b+k)(b−c+k)
k(−a+b+k)z

1+
(−1+b+k)(b−c+k)
k(−a+b+k)z

+ 1

) for (a, b, c, z) ∈ C4∧a−b /∈ Z∧|z| > 1

2F1(a, a+m; c; z) =
Γ(c)(a)m(−z)−a−m(a− c+ 1)m(−ψ(0)(−a+ c−m)− ψ(0)(a+m) + ψ(0)(m+ 1)− γ)

m!Γ(c− a)Γ(a+m)

(
K
∞

k=1

(−1+a+k+m)(a−c+k+m)(−ψ(0)(1+k)+ψ(0)(−a+c−k−m)−ψ(0)(1+k+m)+ψ(0)(a+k+m))

k(k+m)z(ψ(0)(k)−ψ(0)(1−a+c−k−m)+ψ(0)(k+m)−ψ(0)(−1+a+k+m))

1− (−1+a+k+m)(a−c+k+m)(−ψ(0)(1+k)+ψ(0)(−a+c−k−m)−ψ(0)(1+k+m)+ψ(0)(a+k+m))

k(k+m)z(ψ(0)(k)−ψ(0)(1−a+c−k−m)+ψ(0)(k+m)−ψ(0)(−1+a+k+m))

+ 1

)+
Γ(c) log(−z) sin(π(c− a))(−z)−a−mΓ(a− c+m+ 1)

πm!Γ(a)

(
K
∞

k=1

− (−1+a+k+m)(a−c+k+m)
k(k+m)z

1+
(−1+a+k+m)(a−c+k+m)

k(k+m)z

+ 1

) +
(−z)−aΓ(c)Γ(m)

Γ(c− a)Γ(a+m)

(
K
−1+m

k=1

− (−1+a+k)(a−c+k)
k(k−m)z

1+
(−1+a+k)(a−c+k)

k(k−m)z

+ 1

) for m ∈ Z∧(a, c, z) ∈ C3∧c−a /∈ Z∧m > 0∧|z| > 1

2F1(a, a+m; a−p; z) =
(−1)p(m+ p)!(−z)−a−mΓ(a− p)

m!Γ(a)

(
K
∞

k=1

− (−1+a+k+m)(k+m+p)
k(k+m)z

1+
(−1+a+k+m)(k+m+p)

k(k+m)z

+ 1

) for m ∈ Z∧p ∈ Z∧(a, z) ∈ C2∧m ≥ 0∧p ≥ 0∧|z| > 1

2F1(a, a+m; a+p; z) =
(−1)m(−z)−a−pΓ(a+ p)2

p!Γ(a)(p−m)!Γ(a+m)

(
K
∞

k=1

− k(−1+a+k+p)
(k+p)(k−m+p)z

1+
k(−1+a+k+p)

(k+p)(k−m+p)z

+ 1

)+
(−1)m log(−z)(−z)−a−mΓ(a+ p)

m!Γ(a)(−m+ p− 1)!

(
K
∞

k=1

− (−1+a+k+m)(k+m−p)
k(k+m)z

1+
(−1+a+k+m)(k+m−p)

k(k+m)z

+ 1

)+
(−1)m(−z)−a−mΓ(a+ p)(−ψ(0)(a+m)− ψ(0)(p−m) + ψ(0)(m+ 1)− γ)

m!Γ(a)(−m+ p− 1)!

(
K
−1−m+p

k=1

(−1+a+k+m)(k+m−p)(−ψ(0)(1+k)−ψ(0)(1+k+m)+ψ(0)(a+k+m)+ψ(0)(−k−m+p))

k(k+m)z(ψ(0)(k)+ψ(0)(k+m)−ψ(0)(−1+a+k+m)−ψ(0)(1−k−m+p))

1− (−1+a+k+m)(k+m−p)(−ψ(0)(1+k)−ψ(0)(1+k+m)+ψ(0)(a+k+m)+ψ(0)(−k−m+p))

k(k+m)z(ψ(0)(k)+ψ(0)(k+m)−ψ(0)(−1+a+k+m)−ψ(0)(1−k−m+p))

+ 1

)+
(−z)−aΓ(m)Γ(a+ p)

Γ(p)Γ(a+m)

(
K
−1+m

k=1

− (−1+a+k)(k−p)
k(k−m)z

1+
(−1+a+k)(k−p)

k(k−m)z

+ 1

) for (a, z) ∈ C2∧m ∈ Z∧m > 0∧p ∈ Z∧p ≥ m∧|z| > 1

2F1(a, a+m; a+p; z) =
(−1)p(m− p)!(−z)−a−m(a)p

m!

(
K
∞

k=1

− (−1+a+k+m)(k+m−p)
k(k+m)z

1+
(−1+a+k+m)(k+m−p)

k(k+m)z

+ 1

)+
(−z)−aΓ(m)Γ(a+ p)

Γ(p)Γ(a+m)

(
K
−1+p

k=1

− (−1+a+k)(k−p)
k(k−m)z

1+
(−1+a+k)(k−p)

k(k−m)z

+ 1

) for (a, z) ∈ C2∧m ∈ Z∧m > 0∧p ∈ Z∧0 < p ≤ m∧|z| > 1

2F1(1, b; c; z) =
bz

c

K∞

k=1

(
−

(1+(−1)k)(−1−b+c+ k
2 )k

4(−1+c+k)(c+k)
−

(1−(−1)k)(b+ 1+k
2 )(−1+c+ 1+k

2 )
2(−1+c+k)(c+k)

)
z

1 + 1


+1 for (b, c, z) ∈ C3∧|arg(1− z)| < π

2F1(1, b; c; z) =
bz

c

K∞

k=1

(
−

(1+(−1)k)(−1−b+c+ k
2 )k

4(−1+c+k)(c+k)
−

(1−(−1)k)(b+ 1+k
2 )(−1+c+ 1+k

2 )
2(−1+c+k)(c+k)

)
z

1 + 1


+1 for (b, c, z) ∈ C3∧|arg(1− z)| < π

2F1(1, b; c; z) =
1

K
∞

k=1

(
−

(1−(−1)k)(b+ 1
2

(−1+k))(−1+c+ 1
2

(−1+k))
2(−2+c+k)(−1+c+k)

−
(1+(−1)k)(−1−b+c+ k

2 )k
4(−2+c+k)(−1+c+k)

)
z

1 + 1

for (b, c, z) ∈ C3∧|arg(1− z)| < π
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2F1(1, b; c; z) =
1

K
∞

k=1

(−3+6b+2c−4bc+6k−4ck−2k2+(−1)k(−1+2b)(−3+2c+2k))z
8(−2+c+k)(−1+c+k)

1 + 1

for (b, c, z) ∈ C3∧|arg(1− z)| < π

2F1(1, b; c; z) =
1

1− bz

K
∞

k=1

z(− 1
2 (1+(−1)k)(c+b 1

2
(−1+k)c)(b+b k2 c)+ 1

2 (1−(−1)k)(b−c−b 1
2

(−1+k)c)b 1+k
2 c)

c+k +c

for (b, c, z) ∈ C3∧|arg(1− z)| < π

2F1(1, b; c; z) =
c− 1

K
∞

k=1

(− 1
2 (1−(−1)k)(c+ 1

2 (−3+k))(b+ 1
2 (−1+k))− 1

4 (1+(−1)k)(−1−b+c+ k
2 )k)z

−1+c+k + c− 1
for (b, c, z) ∈ C3∧|arg(1− z)| < π

2F1(1, b; c; z) =
c− 1

K
∞

k=1

1
4 (1+(−1)k)k(1−z)− 1

2 (1−(−1)k)(−1+b+ 1+k
2 )z

−(−1)k+ 1
2 (1+(−1)k)c

+ c− 1
for (b, c, z) ∈ C3∧<(c) > 1∧|arg(1− z)| < π∧<(z) <

1

2

2F1(1, b; c; z) =
c− 1

K
∞

k=1

k(−1+b+k)(1−z)z
−1+c+k−(b+2k)z − bz + c− 1

for (b, c, z) ∈ C3∧|arg(1− z)| < π∧<(z) <
1

2

2F1(1, b; c; z) =
Γ(1− b)(−z)1−cΓ(c)(1− z)−b+c−1

Γ(c− b)
− c− 1

K
∞

k=1

−k(1−c+k)(1−z)
2−c+2k+(−1+b−k)z + (b− 1)z − c+ 2

for (b, c, z) ∈ C3∧|arg(1− z)| < π∧|1− z| > 1

2F1(1, b; c; z) =
c− 1

K
∞

k=1

−k(−1−b+c+k)z
−1+c+k+(1−b+k)z + (1− b)z + c− 1

for (b, c, z) ∈ C3∧|z| < 1

2F1(1, b; c; z) =
c− 1

K
∞

k=1

k(−1+b+k)(z−z2)
−1+c+k−(b+2k)z − bz + c− 1

for (b, c, z) ∈ C3∧|arg(1− z)| < π

2F1(1, b; c; z) =
c− 1

z

(
K
∞

k=1

− k(−1−b+c+k)
z

1−b+k+−1+c+k
z

− b+ c−1
z + 1

) for (b, c, z) ∈ C3∧|z| < 1

2F1

(
1,

1

m
;

1

m
+ 1;−zm

)
=

1
zm

K
∞

k=1

zm( 1
2 (1+(−1)k)+mb 1+k

2 c)2

1+(1+k)m
+m+1

+ 1
for m ∈ Z∧z ∈ C∧m > 0∧|arg(1− z)| < π
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2F1

(
1,

z

t− 1
;

z

t− 1
+ 1;

1

t

)
=

tz

(t− 1)

(
K
∞

k=1

t
1
2 (1+(−1)k)b 1+k

2 c
z

1
2 (1+(−1)k)

+ z

) for (t, z) ∈ C2∧¬(t, z) ∈ R2

2F1

(
m,

m+ z

2
;
m+ z

2
+ 1;

a− 1

a+ 1

)
=

2−m(a+ 1)m(m+ z)

K
∞

k=1

1
4 (1+(−1)k)(1+a)k+ 1

2 (1−(−1)k)(−1+a)(−1+ 1+k
2 +m)

(m+z)
1
2 (1+(−1)k)

+m+ z
for (a,m, z) ∈ C3∧<(m+z) > 0

2F1

(
m,

m+ z

2
;
m+ z

2
+ 1;

a− 1

a+ 1

)
=

2−m(a+ 1)m(m+ z)

K
∞

k=1

(1−a2)k(−1+k+m)
a(2k+m)+z + am+ z

for (a,m, z) ∈ C3

2F1

(
m,

m+ z

2
;
m+ z

2
+ 1;−1

)
=

2−m(m+ z)

K
∞

k=1

k(−1+k+m)
z + z

for (m, z) ∈ C2

2F1

(
1,
p+ 1

q
;
p+ q + 1

q
;−zq

)
=

p+ 1

K
∞

k=1

1
8 (1+(−1)k)k2q2zq+ 1

2 (1−(−1)k)(1+p+ 1
2 (−1+k)q)

2
zq

1+p+kq + p+ 1

for (p, q, z) ∈ C3∧|arg(1− z)| < π

2F1(a, b+ 1; c+ 1; z)

2F1(a, b; c; z)
=

1

1− az(c−b)

c(c+1)

K∞

k=1

z( 1
2 (1−(−1)k)(−b−b 1+k

2 c)(−a+c+b 1+k
2 c)− 1

2 (1+(−1)k)(a+b 1+k
2 c)(−b+c+b 1+k

2 c))
(c+k)(1+c+k)

1 +1


for (a, b, c, z) ∈ C4∧|arg(1− z)| < π

2F1(a, b+ 1; c+ 1; z)

2F1(a, b; c; z)
=

c
az(b−c)

K
∞

k=1

z( 1
2 (1+(−1)k)(b−c−b 1+k

2 c)(a+b 1+k
2 c)+ 1

2 (1−(−1)k)(a−c−b 1+k
2 c)(b+b 1+k

2 c))
1+c+k +c+1

+ c
for (a, b, c, z) ∈ C4∧|arg(1− z)| < π

2F1(a, b+ 1; c+ 1; z)

2F1(a, b; c; z)
=

c

(z(−a+ b+ 1) + c)

(
K
∞

k=1

− (b+k)(−a+c+k)z

(c+z−az+bz)2
c+k+z−az+bz+kz

c+z−az+bz
+ 1

) for (a, b, c, z) ∈ C4∧|z| < 1

2F1(a, b+ 1; c+ 1; z)

2F1(a, b; c; z)
=

c

K
∞

k=1

(−b−k)(−a+c+k)z
c+k+(1−a+b+k)z + z(−a+ b+ 1) + c

for (a, b, c, z) ∈ C4∧|z| < 1

2F1(a+ 1, b; c+ 1; z)

2F1(a, b; c; z)
=

1

1− bz(c−a)

c(c+1)

K∞

k=1

z(− 1
2 (1+(−1)k)(b+b 1+k

2 c)(−a+c+b 1+k
2 c)+ 1

2 (1−(−1)k)(−a−b 1+k
2 c)(−b+c+b 1+k

2 c))
(c+k)(1+c+k)

1 +1


for (a, b, c, z) ∈ C4∧|arg(1− z)| < π
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2F1(a+ 1, b; c+ 1; z)

2F1(a, b; c; z)
=

c
bz(a−c)

K
∞

k=1

z( 1
2 (1−(−1)k)(b−c−b 1+k

2 c)(a+b 1+k
2 c)+ 1

2 (1+(−1)k)(a−c−b 1+k
2 c)(b+b 1+k

2 c))
1+c+k +c+1

+ c
for (a, b, c, z) ∈ C4∧|arg(1− z)| < π

2F1(a+ 1, b; c+ 1; z)

2F1(a, b; c; z)
=

c

(z(a− b+ 1) + c)

(
K
∞

k=1

− (a+k)(−b+c+k)z

(c+z+az−bz)2
c+k+z+az−bz+kz

c+z+az−bz
+ 1

) for (a, b, c, z) ∈ C4∧|z| < 1

2F1(a+ 1, b; c+ 1; z)

2F1(a, b; c; z)
=

c

K
∞

k=1

(−a−k)(−b+c+k)z
c+k+(1+a−b+k)z + z(a− b+ 1) + c

for (a, b, c, z) ∈ C4∧|z| < 1

2F1(a+ 1, b; c+ 1;−1)

2F1(a, b; c;−1)
=

c

K
∞

k=1

(a+k)(−b+c+k)
−1−a+b+c − a+ b+ c− 1

for (a, b, c) ∈ C3∧<(a) > 0∧<(c−b) > 0∧<(−a+b+c) > 1∧<(c−a) > 0

2F1(a+ 1, b+ 1; c+ 1; z)

2F1(a, b; c; z)
=
cK

∞

k=1

(−1+a+k)(−1+b+k)(z−z2)
−1+c+k−(−1+a+b+2k)z

ab (z − z2)
for (a, b, c, z) ∈ C4∧|arg(1− z)| < π∧<(z) <

1

2

2F1(a, b; c; z)

2F1(a+ 1, b; c+ 1; z)
=
∞

K
k=1

(
(1−(−1)k)(−b+ 1−k

2 )(−a+c+ 1
2 (−1+k))

2(−1+c+k)(c+k) +
(1+(−1)k)(−a− k2 )(−b+c+ k

2 )
2(−1+c+k)(c+k)

)
z

1
+1 for ((<(−a−b+c) > 0∨c = a+b)∧z = 1)∨

(
(a, b, c, z) ∈ C4 ∧ |arg(1− z)| < π

)

2F1(a, b; c; z)

2F1(a+ 1, b; c+ 1; z)
= K

∞

k=1

(−a−k)(−b+c+k)z
c+k+(1+a−b+k)z

c
+
z(a− b+ 1)

c
+1 for (a, b, c, z) ∈ C4∧|arg(1− z)| < π∧<(c−a) > 0∧<(a) > 0∧|z| < 1

2F1(a, b; c; z)

2F1(a+ 1, b; c+ 1; z)
=

z

(
K
∞

k=1

(b−c−k)(a+k)
z

1+a−b+k+ c+k
z

+ a− b+ 1

)
c

+1 for (z = −1∧<(−a+b+c) > |=(a− b+ c)|+1)∨
(
(a, b, c, z) ∈ C4 ∧ |arg(1− z)| < π ∧ |z| < 1

)

2F1(a, b; c; z)

2F1(a, b+ 1; c+ 1; z)
=
∞

K
k=1

(
(1−(−1)k)(−a+ 1−k

2 )(−b+c+ 1
2 (−1+k))

2(−1+c+k)(c+k) +
(1+(−1)k)(−b− k2 )(−a+c+ k

2 )
2(−1+c+k)(c+k)

)
z

1
+1 for ((<(−a−b+c) > 0∨c = a+b)∧z = 1)∨

(
(a, b, c, z) ∈ C4 ∧ |arg(1− z)| < π

)

2F1(a, b; c; z)

2F1(a, b+ 1; c+ 1; z)
= K

∞

k=1

(a−c−k)(b+k)z
c+k+(1−a+b+k)z

c
+
z(−a+ b+ 1) + c

c
for (z = −1∧<(a+b+c)−1 > |=(−a+ b+ c)|)∨

(
(a, b, c, z) ∈ C4 ∧ |arg(1− z)| < π ∧ |z| < 1

)
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2F1(a, b; c; z)

2F1(a, b+ 1; c+ 1; z)
=

z

(
K
∞

k=1

(a−c−k)(b+k)
z

1−a+b+k+ c+k
z

− a+ b+ 1

)
c

+1 for (z = −1∧<(a−b+c) > |=(−a+ b+ c)|+1)∨
(
(a, b, c, z) ∈ C4 ∧ |arg(1− z)| < π ∧ |z| < 1

)

2F1(a, b; c; z)

2F1(a+ 1, b+ 1; c+ 1; z)
= K

∞

k=1

(a+k)(b+k)(z−z2)
c+k−(1+a+b+2k)z

c
−z(a+ b+ 1)

c
+1 for

(
z =

1

2
∧ <(−a− b+ 2c)− 1 > |=(a+ b)|

)
∨
(

(a, b, c, z) ∈ C4 ∧ |arg(1− z)| < π ∧ <(z) <
1

2

)

2F1(b,−m; c; z)

2F1(b+ 1, 1−m; c+ 1; z)
= K

−1+m

k=1

(b+k)(k−m)(z−z2)
c+k−(1+b+2k−m)z

c
−z(b−m+ 1)

c
+1 for m ∈ Z∧(b, c, z) ∈ C3∧m ≥ 1

2F1(a, b+ 1; a+ b+ 2;−1)

2F1(a, b; a+ b+ 1;−1)
=

a+ b+ 1

K
∞

k=1

(b+k)(1+b+k)
2a + 2a

for (a, b) ∈ C2∧<(a) > 0∧<(b) > 0

−2c 2F1

(
1, c+1

2 ; c+5
2 ;−1

)
+ c+ 3

ψ(0)
(
c+3

4

)
− ψ(0)

(
c+1

4

) =
(c+ 1)(c+ 3)

2
(
K
∞

k=1

(1+k)2

c + c
) for c ∈ C ∧<(c) > 0

2F̃1(a, b; c; z) =

abz

c

(
K

∞

k=1

− (a+k)(b+k)z
(1+k)(c+k)

1+
(a+k)(b+k)z
(1+k)(c+k)

+1

) + 1

Γ(c)
for (a, b, c, z) ∈ C4 ∧ |z| < 1

2F̃1(a, b; c; z) =
1

Γ(c)

(
K
∞

k=1

− (−1+a+k)(−1+b+k)z
k(−1+c+k)

1+
(−1+a+k)(−1+b+k)z

k(−1+c+k)

+ 1

) for (a, b, c, z) ∈ C4∧|z| < 1

2F̃1(a, b;−m; z) =
zm+1(a)m+1(b)m+1

(m+ 1)!

(
K
∞

k=1

− (a+k+m)(b+k+m)z
k(1+k+m)

1+
(a+k+m)(b+k+m)z

k(1+k+m)

+ 1

) for m ∈ Z∧(a, b, z) ∈ C3∧m ≥ 0∧|z| < 1

2F̃1(1, b; c; z) =

bz

c

K
∞

k=1

− (1+(−1)k)(−1−b+c+ k
2 )k

4(−1+c+k)(c+k)
−

(1−(−1)k)(b+ 1+k
2 )(−1+c+ 1+k

2 )
2(−1+c+k)(c+k)

z
1 +1


+ 1

Γ(c)
for (b, c, z) ∈ C3∧¬(c ∈ Z∧c ≤ 0)∧|arg(1− z)| < π
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2F̃1(1, b; c; z) =
1

Γ(c)

K∞

k=1

(
−

(1−(−1)k)(b+ 1
2

(−1+k))(−1+c+ 1
2

(−1+k))
2(−2+c+k)(−1+c+k)

−
(1+(−1)k)(−1−b+c+ k

2 )k
4(−2+c+k)(−1+c+k)

)
z

1 + 1


for (b, c, z) ∈ C3∧¬(c ∈ Z∧c ≤ 0)∧|arg(1− z)| < π

2F̃1(1, b; c; z) =
1

Γ(c)

(
K
∞

k=1

(−11+6b+6c−4bc+10k−4ck−2k2−(−1)k(−1+2b)(−5+2c+2k))z
8(−3+c+k)(−2+c+k)

1 + 1

) for (b, c, z) ∈ C3∧¬(c ∈ Z∧c ≤ 0)∧|arg(1− z)| < π

2F̃1(1, b; c; z) =
1

Γ(c)

1− bz

K
∞

k=1

z( 1
2 (1−(−1)k)(b−c−b k2 c)(1+b k2 c)+ 1

2 (1+(−1)k)(1−c−b k2 c)(b+b k2 c))
c+k +c

 for (b, c, z) ∈ C3∧¬(c ∈ Z∧c ≤ 0)∧|arg(1− z)| < π

2F̃1(1, b; c; z) =
1

Γ(c− 1)

(
K
∞

k=1

(− 1
2 (1−(−1)k)(c+ 1

2 (−3+k))(b+ 1
2 (−1+k))− 1

4 (1+(−1)k)(−1−b+c+ k
2 )k)z

−1+c+k + c− 1

) for (b, c, z) ∈ C3∧¬(c ∈ Z∧c ≤ 1)∧|arg(1− z)| < π

2F̃1(1, b; c; z) =
1

Γ(c− 1)

(
K
∞

k=1

1
4 (1+(−1)k)k(1−z)− 1

2 (1−(−1)k)(−1+b+ 1+k
2 )z

−(−1)k+ 1
2 (1+(−1)k)c

+ c− 1

) for (b, c, z) ∈ C3∧¬(c ∈ Z∧c ≤ 1)∧<(z) <
1

2

2F̃1(1, b; c; z) =
1

Γ(c− 1)
(
K
∞

k=1

k(−1+b+k)(1−z)z
−1+c+k−(b+2k)z − bz + c− 1

) for (b, c, z) ∈ C3∧¬(c ∈ Z∧c ≤ 1)∧<(z) <
1

2

2F̃1(1, b; c; z) =
Γ(1− b)(−z)1−c(1− z)−b+c−1

Γ(c− b)
− 1

Γ(c− 1)
(
K
∞

k=1

−k(1−c+k)(1−z)
2−c+2k+(−1+b−k)z + (b− 1)z − c+ 2

) for (b, c, z) ∈ C3∧|1− z| > 1

2F̃1(1, b; c; z) =
1

Γ(c− 1)
(
K
∞

k=1

−k(−1−b+c+k)z
−1+c+k+(1−b+k)z + (1− b)z + c− 1

) for (b, c, z) ∈ C3∧¬(c ∈ Z∧c ≤ 1)∧|z| < 1

2F̃1(1, b; c; z) =
1

Γ(c− 1)
(
K
∞

k=1

k(−1+b+k)(z−z2)
−1+c+k−(b+2k)z − bz + c− 1

) for (b, c, z) ∈ C3∧¬(c ∈ Z∧c ≤ 1)∧<(z) <
1

2

2F̃1(1, b; c; z) =
1

Γ(c− 1)

(
K
∞

k=1

− k(−1−b+c+k)
z

1−b+k+−1+c+k
z

− b+ c−1
z + 1

) for (b, c, z) ∈ C3∧¬(c ∈ Z∧c ≤ 1)∧|z| < 1
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2F̃1

(
1,

1

m
;

1

m
+ 1;−zm

)
=

1

Γ
(
1 + 1

m

) zm

K
∞

k=1

zm( 1
2 (1+(−1)k)+mb 1+k

2 c)2

1+(1+k)m
+m+1

+ 1

 for m ∈ Z∧z ∈ C∧m > 0∧|arg(1− z)| < π

2F̃1

(
1,

z

t− 1
;

z

t− 1
+ 1;

1

t

)
=

t

Γ
(

z
t−1

)(
K
∞

k=1

t
1
2 (1+(−1)k)b 1+k

2 c
z

1
2 (1+(−1)k)

+ z

) for (t, z) ∈ C2∧¬(t, z) ∈ R2

2F̃1

(
m,

m+ z

2
;
m+ z

2
+ 1;

a− 1

a+ 1

)
=

21−m(a+ 1)m

Γ
(
m+z

2

)(
K
∞

k=1

1
4 (1+(−1)k)(1+a)k+ 1

2 (1−(−1)k)(−1+a)(−1+ 1+k
2 +m)

(m+z)
1
2 (1+(−1)k)

+m+ z

) for (a,m, z) ∈ C3∧<(m+z) > 0

2F̃1

(
m,

m+ z

2
;
m+ z

2
+ 1;

a− 1

a+ 1

)
=

21−m(a+ 1)m

Γ
(
m+z

2

) (
K
∞

k=1

(1−a2)k(−1+k+m)
a(2k+m)+z + am+ z

) for (a,m, z) ∈ C3

2F̃1

(
m,

m+ z

2
;
m+ z

2
+ 1;−1

)
=

21−m

Γ
(
m+z

2

) (
K
∞

k=1

k(−1+k+m)
z + z

) for (m, z) ∈ C2

2F̃1(a, b+ 1; c+ 1; z)

2F̃1(a, b; c; z)
=

1

c

1− az(c−b)

c(c+1)

K∞

k=1

z( 1
2 (1−(−1)k)(−b−b 1+k

2 c)(−a+c+b 1+k
2 c)− 1

2 (1+(−1)k)(a+b 1+k
2 c)(−b+c+b 1+k

2 c))
(c+k)(1+c+k)

1 +1




for (a, b, c, z) ∈ C4∧|arg(1− z)| < π

2F̃1(a, b+ 1; c+ 1; z)

2F̃1(a, b; c; z)
=

1
az(b−c)

K
∞

k=1

z( 1
2 (1+(−1)k)(b−c−b 1+k

2 c)(a+b 1+k
2 c)+ 1

2 (1−(−1)k)(a−c−b 1+k
2 c)(b+b 1+k

2 c))
1+c+k +c+1

+ c
for (a, b, c, z) ∈ C4∧|arg(1− z)| < π

2F̃1(a, b+ 1; c+ 1; z)

2F̃1(a, b; c; z)
=

1

(z(−a+ b+ 1) + c)

(
K
∞

k=1

− (b+k)(−a+c+k)z

(c+z−az+bz)2
c+k+z−az+bz+kz

c+z−az+bz
+ 1

) for (a, b, c, z) ∈ C4∧|z| < 1

2F̃1(a, b+ 1; c+ 1; z)

2F̃1(a, b; c; z)
=

1

K
∞

k=1

(−b−k)(−a+c+k)z
c+k+(1−a+b+k)z + z(−a+ b+ 1) + c

for (a, b, c, z) ∈ C4∧|z| < 1
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2F̃1(a+ 1, b; c+ 1; z)

2F̃1(a, b; c; z)
=

1

c

1− bz(c−a)

c(c+1)

K∞

k=1

z(− 1
2 (1+(−1)k)(b+b 1+k

2 c)(−a+c+b 1+k
2 c)+ 1

2 (1−(−1)k)(−a−b 1+k
2 c)(−b+c+b 1+k

2 c))
(c+k)(1+c+k)

1 +1




for (a, b, c, z) ∈ C4∧|arg(1− z)| < π

2F̃1(a+ 1, b; c+ 1; z)

2F̃1(a, b; c; z)
=

1
bz(a−c)

K
∞

k=1

z( 1
2 (1−(−1)k)(b−c−b 1+k

2 c)(a+b 1+k
2 c)+ 1

2 (1+(−1)k)(a−c−b 1+k
2 c)(b+b 1+k

2 c))
1+c+k +c+1

+ c
for (a, b, c, z) ∈ C4∧|arg(1− z)| < π

2F̃1(a+ 1, b; c+ 1; z)

2F̃1(a, b; c; z)
=

1

(z(a− b+ 1) + c)

(
K
∞

k=1

− (a+k)(−b+c+k)z

(c+z+az−bz)2
c+k+z+az−bz+kz

c+z+az−bz
+ 1

) for (a, b, c, z) ∈ C4∧|z| < 1

2F̃1(a+ 1, b; c+ 1; z)

2F̃1(a, b; c; z)
=

1

K
∞

k=1

(−a−k)(−b+c+k)z
c+k+(1+a−b+k)z + z(a− b+ 1) + c

for (a, b, c, z) ∈ C4∧|z| < 1

2F̃1(a+ 1, b; c+ 1;−1)

2F̃1(a, b; c;−1)
=

1

K
∞

k=1

(a+k)(−b+c+k)
−1−a+b+c − a+ b+ c− 1

for (a, b, c) ∈ C3∧<(a) > 0∧<(c−b) > 0∧<(−a+b+c) > 1∧<(c−a) > 0

2F̃1(a+ 1, b+ 1; c+ 1; z)

2F̃1(a, b; c; z)
= K

∞

k=1

(−1+a+k)(−1+b+k)(z−z2)
−1+c+k−(−1+a+b+2k)z

ab (z − z2)
for (a, b, c, z) ∈ C4∧<(z) <

1

2

2F̃1(a, b; c; z)

2F̃1(a+ 1, b; c+ 1; z)
= c

 ∞

K
k=1

(
(1−(−1)k)(−b+ 1−k

2 )(−a+c+ 1
2 (−1+k))

2(−1+c+k)(c+k) +
(1+(−1)k)(−a− k2 )(−b+c+ k

2 )
2(−1+c+k)(c+k)

)
z

1

+c for
(
(a, b, c, z) ∈ C4 ∧ ¬(c ∈ Z ∧ c ≤ 0) ∧ |arg(1− z)| < π

)
∨((<(−a−b+c) > 0∨c = a+b)∧z = 1)

2F̃1(a, b; c; z)

2F̃1(a+ 1, b; c+ 1; z)
=
∞

K
k=1

(−a− k)(−b+ c+ k)z

c+ k + (1 + a− b+ k)z
+z(a−b+1)+c for (a, b, c, z) ∈ C4∧<(c−a) > 0∧<(a) > 0∧|z| < 1

2F̃1(a, b; c; z)

2F̃1(a+ 1, b; c+ 1; z)
= z

(
∞

K
k=1

(b−c−k)(a+k)
z

1 + a− b+ k + c+k
z

+ a− b+ 1

)
+c for (z = −1∧<(−a+b+c) > |=(a− b+ c)|+1)∨

(
(a, b, c, z) ∈ C4 ∧ ¬(c ∈ Z ∧ c ≤ 0) ∧ |z| < 1

)
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2F̃1(a, b; c; z)

2F̃1(a, b+ 1; c+ 1; z)
= c

 ∞

K
k=1

(
(1−(−1)k)(−a+ 1−k

2 )(−b+c+ 1
2 (−1+k))

2(−1+c+k)(c+k) +
(1+(−1)k)(−b− k2 )(−a+c+ k

2 )
2(−1+c+k)(c+k)

)
z

1

+c for
(
(a, b, c, z) ∈ C4 ∧ ¬(c ∈ Z ∧ c ≤ 0) ∧ |arg(1− z)| < π

)
∨((<(−a−b+c) > 0∨c = a+b)∧z = 1)

2F̃1(a, b; c; z)

2F̃1(a, b+ 1; c+ 1; z)
=
∞

K
k=1

(a− c− k)(b+ k)z

c+ k + (1− a+ b+ k)z
+z(−a+b+1)+c for (z = −1∧<(a+b+c)−1 > |=(−a+ b+ c)|)∨

(
(a, b, c, z) ∈ C4 ∧ ¬(c ∈ Z ∧ c ≤ 0) ∧ |z| < 1

)

2F̃1(a, b; c; z)

2F̃1(a, b+ 1; c+ 1; z)
= z

(
∞

K
k=1

(a−c−k)(b+k)
z

1− a+ b+ k + c+k
z

− a+ b+ 1

)
+c for (z = −1∧<(a−b+c) > |=(−a+ b+ c)|+1)∨

(
(a, b, c, z) ∈ C4 ∧ ¬(c ∈ Z ∧ c ≤ 0) ∧ |z| < 1

)

2F̃1(a, b; c; z)

2F̃1(a+ 1, b+ 1; c+ 1; z)
=
∞

K
k=1

(a+ k)(b+ k)
(
z − z2

)
c+ k − (1 + a+ b+ 2k)z

−z(a+b+1)+c for

(
z =

1

2
∧ <(−a− b+ 2c)− 1 > |=(a+ b)|

)
∨
(

(a, b, c, z) ∈ C4 ∧ ¬(c ∈ Z ∧ c ≤ 0) ∧ <(z) <
1

2

)

2F̃1(b,−m; c; z)

2F̃1(b+ 1, 1−m; c+ 1; z)
=
∞

K
k=1

(b+ k)(k −m)
(
z − z2

)
c+ k − (1 + b+ 2k −m)z

−z(b−m+1)+c for m ∈ Z∧(b, c, z) ∈ C3∧m ≥ 0

2F̃1(a, b+ 1; a+ b+ 2;−1)

2F̃1(a, b; a+ b+ 1;−1)
=

1

K
∞

k=1

(b+k)(1+b+k)
2a + 2a

for (a, b) ∈ C2∧<(a) > 0∧<(b) > 0

(1− z)−a =
az

K
∞

k=1

− (a+k)z
1+k

1+
(a+k)z

1+k

+ 1

+ 1 for (a, z) ∈ C2 ∧ |arg(1− z)| < π

2F0(1−nz) =
1

K
2n

k=1

(− 1
4 (1+(−1)k)k− 1

2 (1−(−1)k)( 1
2 (−1+k)−n))z

1 + 1
for n ∈ Z∧z ∈ C∧n ≥ 0

2F3

(
a, a+ 1

2 ; 2a, 2a− b+ 1, b; z
)

2F3

(
a− 1

2 , a; 2a− 1, 2a− b, b; z
) =

2a− b

K
∞

k=1

z
4

2a−b+k + 2a− b
for (a, b, z) ∈ C3

3F2

(
1, a, b;−a+

z

2
+ 2,−b+

z

2
+ 2; 1

)
=

(−2a+ z + 2)(−2b+ z + 2)

(−2a− 2b+ z + 3)

(
K
∞

k=1

k(2−2a−2b+k+z)(2−4a+2k+z)(2−4b+2k+z)
(1−2a−2b+2k+z)(3−2a−2b+2k+z)

z + z

) for (a, b, z) ∈ C3∧<(2a+2b−z) < 3∧<(z−4a) > −4∧<(z−4b) > −4∧<(z) > 0
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3F2

(
1, a, a+

1

2
; b, b+

1

2
; 1

)
=

(b− 1)(2b− 1)

K
∞

k=1

1
4k(−2−2a+2b+k)(−3−2a+2b+2k)(−1−2a+2b+2k)

1
2 (−3+2a+2b)(−1−2a+2b+2k)

− 1
2 (2a− 2b+ 1)(2a+ 2b− 3)

for (a, b) ∈ C2∧<(b−a) >
1

2

3F2

(
a, b, c; 1, 3

2 ; 1
)

3F2

(
a, b, c; 1

2 , 1; 1
) = K

∞

k=1

(2a−k)(2b−k)(2c−k)(1−2a−2b−2c+2k)
1−2a−2b+4ab−2c+4ac+4bc+3k−4ak−4bk−4ck+3k2

(2a− 1)(1− 2b)(1− 2c)
for (a, b, c) ∈ C3∧<(a+b+c) <

3

2

3F2(a, b, c; 2, d; 1)

3F2(a, b, c; 1, d; 1)
= K

∞

k=1

(a−k)(−b+k)(−c+k)(−a−b−c+d+k)
−1+a+b−ab+c−ac−bc+(−2+2a+2b+2c−d)k−2k2

(1− a)(1− b)(1− c)
for (a, b, c, d) ∈ C4∧<(a+b+c−d) < 1

3F2(a, b, c; 1, d; 1)

3F2(a+ 1, b+ 1, c+ 1; 2, d+ 1; 1)
= −K

∞

k=1

(1+a+b+c−d−k)(−a+k)(−b+k)(−c+k)
b+c−bc−d−a(−1+b+c−2k)+(−1+2b+2c−d)k−2k2

d
−a+ b+ c

d
+1 for (a, b, c, d) ∈ C4∧<(a+b+c−d) < 0

2F0(a− nz)
2F0(a1− nz)

=
2n

K
k=1

(
− 1

2

(
1− (−1)k

) (
a+ 1

2 (−1 + k)
)
− 1

2

(
1 + (−1)k

) (
k
2 − n

))
z

1
+1 for n ∈ Z∧(a, z) ∈ C2∧n ≥ 0

2F0(a− nz)
2F0(a1− nz)

=
az

K
−1+n

k=1

(−a−k)(k−n)z2

−1+(1+a+2k−n)z + (1− n)z − 1
+1 for n ∈ Z∧(a, z) ∈ C2∧n ≥ 0

U(a, b, z) =
z1−bΓ(b− 1)

Γ(a)

(
K
∞

k=1

(a−b+k)z
(−1+b−k)k

1− (a−b+k)z
(−1+b−k)k

+ 1

)+
Γ(1− b)

Γ(a− b+ 1)

(
K
∞

k=1

− (−1+a+k)z
k(−1+b+k)

1+
(−1+a+k)z
k(−1+b+k)

+ 1

) for (a, b, z) ∈ C3∧b /∈ Z

U(a, 1, z) = −

log(z)

K
∞

k=1

− (−1+a+k)z

k2

1+
(−1+a+k)z

k2

+1

+ ψ(0)(a)+2γ

K
∞

k=1

− (−1+a+k)z(2ψ(0)(1+k)−ψ(0)(a+k))

k2(2ψ(0)(k)−ψ(0)(−1+a+k))

1+
(−1+a+k)z(2ψ(0)(1+k)−ψ(0)(a+k))

k2(2ψ(0)(k)−ψ(0)(−1+a+k))

+1

Γ(a)
for (a, z) ∈ C2

U(a,m, z) =

(−1)m

 log(z)

(m−1)!

(
K

∞

k=1

− (−1+a+k)z
k(−1+k+m)

1+
(−1+a+k)z
k(−1+k+m)

+1

) + ψ(0)(a)−ψ(0)(m)+γ

(m−1)!

K∞

k=1

− (−1+a+k)z(ψ(0)(1+k)−ψ(0)(a+k)+ψ(0)(k+m))

k(−1+k+m)(ψ(0)(k)−ψ(0)(−1+a+k)+ψ(0)(−1+k+m))

1+
(−1+a+k)z(ψ(0)(1+k)−ψ(0)(a+k)+ψ(0)(k+m))

k(−1+k+m)(ψ(0)(k)−ψ(0)(−1+a+k)+ψ(0)(−1+k+m))

+1


− 1

(1−a)z(m−2)!

(
K

−2+m

k=1

k(1+k−m)
(1−a+k)z

1− k(1+k−m)
(1−a+k)z

+1

)


Γ(a−m+ 1)
for m ∈ Z∧(a, z) ∈ C2∧m > 1
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U(a,−m, z) =

(−1)m

 (−1)mm!

(a)m+1

(
K

m

k=1

(−1+a+k)z
k(1−k+m)

1− (−1+a+k)z
k(1−k+m)

+1

) + zm+1 log(z)

(m+1)!

(
K

∞

k=1

− (a+k+m)z
k(1+k+m)

1+
(a+k+m)z
k(1+k+m)

+1

) + zm+1(ψ(0)(a+m+1)−ψ(0)(m+2)+γ)

(m+1)!

K∞

k=1

− (a+k+m)z(ψ(0)(1+k)+ψ(0)(2+k+m)−ψ(0)(1+a+k+m))

k(1+k+m)(ψ(0)(k)+ψ(0)(1+k+m)−ψ(0)(a+k+m))

1+
(a+k+m)z(ψ(0)(1+k)+ψ(0)(2+k+m)−ψ(0)(1+a+k+m))

k(1+k+m)(ψ(0)(k)+ψ(0)(1+k+m)−ψ(0)(a+k+m))

+1




Γ(a)

for m ∈ Z∧(a, z) ∈ C2∧m ≥ 0

U(a, b, z)

U(a, b− 1, z)
=
∞

K
k=1

1
2 (1−(−1)k)(a+ 1

2 (−1+k))+ 1
2 (1+(−1)k)(1+a−b+ k

2 )
z

1
+1 for (a, b, z) ∈ C3∧b /∈ Z

U(a, b, z)

U(a, b− 1, z)
=

a

z

(
K
∞

k=1

1
2 (1+(−1)k)(a+ k

2 )+ 1
2 (1−(−1)k)(1+a−b+ 1+k

2 )
z

1 + 1

)+1 for (a, b, z) ∈ C3∧b /∈ Z

U(a, b, z)

U(a+ 1, b, z)
= −

∞

K
k=1

(−1− a+ b− k)(a+ k)

−2− 2a+ b− 2k − z
+2a−b+z+2 for (a, b, z) ∈ C3∧b /∈ Z

U(a, b, z)

U(a+ 1, b, z)
= z

(
∞

K
k=1

− (a+k)(1+a−b+k)
z2

1 + 2+2a−b+2k
z

+
2a− b+ 2

z
+ 1

)
for (a, b, z) ∈ C3∧b /∈ Z

∂U(a,b,z)
∂z

U(a, b, z)
= − a(a− b+ 1)

z
(
K
∞

k=1

(−1−a+b−k)(a+k)
−2−2a+b−2k−z − 2a+ b− z − 2

)−a
z

for (a, b, z) ∈ C3∧b /∈ Z

U
(
a, 1

2 , z
2
)

U
(
a+ 1, 3

2 , z
2
) =

z
(
K
∞

k=1

2a+k√
2z

+
√

2z
)

√
2

for (a, z) ∈ C2

U
(
a+ 1, 3

2 , z
2
)

U
(
a, 1

2 , z
2
) = K

∞

k=1

−1+2a+k√
2z√

2az
for (a, z) ∈ C2

U
(
a+1

2 , 1
2 , z

2
)

U
(
a
2 ,

1
2 , z

2
) =

1

K
∞

k=1

a+k
2

z + z
for (a, z) ∈ C2 ∧ <(z) > 0

∫ 1

0

tz

1 + t2
dt =

1

2
(
K
∞

k=1

k2

z + z
) for z ∈ C ∧ <(z) > −1

∫ ∞
0

e−t

t+ z
dt =

1

K
∞

k=1

−k2

1+2k+z + z + 1
for z ∈ C ∧ <(z) > 0
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∫ ∞
0

e−
t
z (1+t)−a dt =

z

K
∞

k=1

1
2 (1−(−1)k)(a+ 1

2 (−1+k))z+ 1
4 (1+(−1)k)kz

1 + 1
for (a, z) ∈ C2∧<(z) > 0

∫ ∞
0

e−
t
z (1 + t)−a dt =

z

K
∞

k=1

−k(−1+a+k)z2

1+(a+2k)z + az + 1
for (a, z) ∈ C2∧<(z) > 0

∫ ∞
0

e−tz
(

1− c
−cb + e(1−c)t

)a
dt =

(
1−c
1−cb

)a
K
∞

k=1

(1−(−1)k)(1−c)(a+ 1
2

(−1+k))
2(1−cb)

+
(1+(−1)k)(1−c)cbk

4(1−cb)
1
2 (1−(−1)k)+ 1

2 (1+(−1)k)z
+ z

for (a, b, c, z) ∈ C4∧<(z) > <(a) min(0,<(c)−1)

∫ ∞
0

e−tt−1+a

t+ z
dt =

Γ(a)

K
∞

k=1

1
2 (1−(−1)k)(a+ 1

2 (−1+k))+ 1
4 (1+(−1)k)k

1
2 (1−(−1)k)+ 1

2 (1+(−1)k)z
+ z

for (a, z) ∈ C2∧<(a) > 0∧<(z) > 0

∫ ∞
0

e−tzsech2(t) dt =
1

K
∞

k=1

k(1+k)
z + z

for z ∈ C ∧ <(z) > 2

∫ ∞
0

e−tztsech(t) dt =
1

K
∞

k=1

1
2 (1+(−1)k)k2+ 1

2 (1−(−1)k)(1+k)2

1
2 (1−(−1)k)+ 1

2 (1+(−1)k)(−1+z2)
+ z2 − 1

for z ∈ C∧<(z) > 1

∫ ∞
0

4e−
√

5ttsech(t) dt =
1

K
∞

k=1

1
8 (1+(−1)k)k2+ 1

8 (1−(−1)k)(1+k)2

1 + 1

∫ ∞
0

e−tz cosh(qt)sech(t) dt =
1

K
∞

k=1

1
2 (1+(−1)k)k2+ 1

2 (1−(−1)k)(k2−q2)

z + z
for (q, z) ∈ C2∧<(z) > |<(q)|−1

∫ ∞
0

e−tztcsch(t) dt =
1

K
∞

k=1

k4

(1+2k)z + z
for z ∈ C ∧ <(z) > 1

∫ ∞
0

e−tzcsch(ct) sinh(at) sinh(bt) dt =
ab

c
(
K
∞

k=1

−4k2(−a2+c2k2)(−b2+c2k2)
(1+2k)(−a2−b2+c2(1+2k+2k2)+z2) − a2 − b2 + c2 + z2

) for (a, b, c, z) ∈ C4∧<(z) > |<(a)|+|<(b)|−|<(c)|

∫ ∞
0

e−tzcsch(ct) sinh(at) dt =
a

c
(
K
∞

k=1

k2(−a2+c2k2)
(1+2k)z + z

) for (a, c, z) ∈ C3∧<(z) > |<(a)|−|<(c)|
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∫ ∞
0

e−tz(cosh(t)+a sinh(t))−b dt =
1

K
∞

k=1

(1−a2)k(−1+b+k)
a(b+2k)+z + ab+ z

for (a, b, z) ∈ C3∧<(b+z) > 0

∫ ∞
0

e−tzsech(t) sinh(bt) dt =
b

K
∞

k=1

1
2 (1+(−1)k)k2+ 1

2 (1−(−1)k)(−b2+(1+k)2)
1
2 (1−(−1)k)+ 1

2 (1+(−1)k)(−1+z2)
+ z2 − 1

for (b, z) ∈ C2∧<(z) > |<(b)|−1

∫ ∞
0

e−tsn(tz|m) dt =
z

K
∞

k=1

4(1−2k)k2(1+2k)mz4

1+(1+2k)2(1+m)z2 + (m+ 1)z2 + 1
for (m, z) ∈ C2

∫ ∞
0

e−tzsn
(
t
∣∣m2

)
dt =

1

K
∞

k=1

4(1−2k)k2(1+2k)m2

(1+2k)2(1+m2)+z2 +m2 + z2 + 1
for (m, z) ∈ C2∧<(z) > 0

∫ ∞
0

e−tcn(tz|m) dt =
1

K
∞

k=1

−4k2(−1+2k)2mz4

1+((1+2k)2+4k2m)z2 + z2 + 1
for (m, z) ∈ C2

∫ ∞
0

e−tzsn
(
t
∣∣m2

)2
dt =

2

z
(
K
∞

k=1

−2k(1+2k)2(2+2k)m2

4(1+k)2(1+m2)+z2 + 4 (m2 + 1) + z2
) for (m, z) ∈ C2∧<(z) > 0

∫ ∞
0

e−tzcn
(
t
∣∣m2

)
dt =

1

K
∞

k=1

1
2 (1−(−1)k)k2+ 1

2 (1+(−1)k)k2m2

z + z
for (m, z) ∈ C2∧<(z) > 0

∫ ∞
0

e−tzdn
(
t
∣∣m2

)
dt =

1

K
∞

k=1

1
2 (1+(−1)k)k2+ 1

2 (1−(−1)k)k2m2

z + z
for (m, z) ∈ C2∧<(z) > 0

∫ ∞
0

e−tzdn
(
t
∣∣m2

)
dt =

1

K
∞

k=1

1
2 (1+(−1)k)k2+ 1

2 (1−(−1)k)k2m2

z + z
for (m, z) ∈ C2∧<(z) > 0

∫ ∞
0

e−tzdn
(
t
∣∣m2

)
dt =

1

K
∞

k=1

1
2 (1+(−1)k)k2+ 1

2 (1−(−1)k)k2m2

z + z
for (m, z) ∈ C2∧<(z) > 0

∫ ∞
0

e−tzcn
(
t
∣∣m2

)
sn
(
t
∣∣m2

)
dn (t |m2 )

dt =
1

K
∞

k=1

4(1−2k)k2(1+2k)m4

2(1+2k)2(2−m2)+z2 + 2 (2−m2) + z2
for (m, z) ∈ C2∧<(z) > 0
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∫ ∞
0

e−tz 2F1

(
a, b;

1

2
(1 + a+ b);− sinh2(t)

)
dt =

1

K
∞

k=1

4k(−1+a+k)(−1+b+k)(−2+a+b+k)
(−3+a+b+2k)(−1+a+b+2k)

z + z

for (a, b, z) ∈ C3∧<(z) > 0

exp

(∫ ∞
0

e−tz(1− cosh(2at)sech(2t))

t
dt

)
= 2

∞

K
k=1

−a2 + (−1 + 2k)2

1
2 (1 + (−1)k) + 1

2 (1− (−1)k) z2
+1 for (a, z) ∈ C2∧<(z) > max(1, |<(a)|)

tanh

(∫ ∞
0

e−tzsech(t) sinh(at)

t
dt

)
=

a

K
∞

k=1

1
2 (1−(−1)k)k2+ 1

2 (1+(−1)k)(−a2+k2)

z + z
for (a, z) ∈ C2∧<(z) > |<(a)|−1

tanh

(
1

2

∫ ∞
0

e−tzsech(t) sinh(2at)

t
dt

)
=

a

K
∞

k=1

−a2+k2

z + z
for (a, z) ∈ C2∧<(z) > |<(a)|−1

∫ 1

0
ta
(

1−t
1+t

)b
dt∫ 1

0
t−1+a

(
1−t
1+t

)b
dt

=
a

K
∞

k=1

(a+k)(1+a+k)
2b + 2b

for (a, b) ∈ C2∧<(a) > 0∧<(b) > −1

∫ 1

0

ta( 1−t
1+t )

b

1−t dt∫ 1

0

ta( 1−t
1+t )

b

1−t2 dt

=
a+ 1

K
∞

k=1

(a+k)(1+a+k)
2b + 2b

+1 for (a, b) ∈ C2∧<(a) > −1∧<(b) > 0

P (a,b)
ν (1−2z) =

Γ(a+ ν + 1)

Γ(a+ 1)Γ(ν + 1)

(
K
∞

k=1

− z(−1+k−ν)(a+b+k+ν)
k(a+k)

1+
z(−1+k−ν)(a+b+k+ν)

k(a+k)

+ 1

) for (ν, a, b, z) ∈ C4∧|z| < 1

bei0(z) =
z2

4

(
K
∞

k=1

z4

64k2(1+2k)2

1− z4

64k2(1+2k)2

+ 1

) for z ∈ C

beiν(z) =
2−ν sin

(
3πν

4

)
zν

Γ(ν + 1)

(
K
∞

k=1

z2 tan( 1
4
π(2k+3ν))

4k(k+ν)

1−
z2 tan( 1

4
π(2k+3ν))

4k(k+ν)

+ 1

) for (ν, z) ∈ C2

bei−2m(z) =
iim2−2m−1 (1− (−1)m) z2m

(2m)!

(
K
∞

k=1

z4

64k(−1+2k)(k+m)(−1+2k+2m)

1− z4

64k(−1+2k)(k+m)(−1+2k+2m)

+ 1

)+
im2−2m−3 ((−1)m + 1) z2m+2

(2m+ 1)!

(
K
∞

k=1

z4

64k(1+2k)(k+m)(1+2k+2m)

1− z4

64k(1+2k)(k+m)(1+2k+2m)

+ 1

) for m ∈ Z∧z ∈ C∧m ≥ 0
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bei−2m−1(z) =
2−2m− 3

2 (−1)b
m−1

2 c+mz2m+1

(2m+ 1)!

(
K
∞

k=1

z4

64k(−1+2k)(k+m)(1+2k+2m)

1− z4

64k(−1+2k)(k+m)(1+2k+2m)

+ 1

)+
2−2m− 7

2 (−1)b
m
2 c+mz2m+3

(2m+ 2)!

(
K
∞

k=1

z4

64k(1+2k)(1+k+m)(1+2k+2m)

1− z4

64k(1+2k)(1+k+m)(1+2k+2m)

+ 1

) for m ∈ Z∧z ∈ C∧m ≥ 0

ber0(z) =
1

K
∞

k=1

z4

64(1−2k)2k2

1− z4

64(1−2k)2k2

+ 1

for z ∈ C

berν(z) =
2−ν cos

(
3πν

4

)
zν

Γ(ν + 1)

(
K
∞

k=1

−
z2 cot( 1

4
π(2k+3ν))

4k(k+ν)

1+
z2 cot( 1

4
π(2k+3ν))

4k(k+ν)

+ 1

) for (ν, z) ∈ C2

ber−2m(z) =
2−2m−2z2m+2 sin

(
πm
2

)
(2m+ 1)!

(
K
∞

k=1

z4

64k(1+2k)(k+m)(1+2k+2m)

1− z4

64k(1+2k)(k+m)(1+2k+2m)

+ 1

)+
2−2mz2m cos

(
πm
2

)
(2m)!

(
K
∞

k=1

z4

64k(−1+2k)(k+m)(−1+2k+2m)

1− z4

64k(−1+2k)(k+m)(−1+2k+2m)

+ 1

) for m ∈ Z∧z ∈ C∧m ≥ 0

ber−2m−1(z) =
2−2m− 3

2 (−1)b
m+1

2 cz2m+1

(2m+ 1)!

(
K
∞

k=1

z4

64k(−1+2k)(k+m)(1+2k+2m)

1− z4

64k(−1+2k)(k+m)(1+2k+2m)

+ 1

)+
2−2m− 7

2 (−1)b
m
2 cz2m+3

(2m+ 2)!

(
K
∞

k=1

z4

64k(1+2k)(1+k+m)(1+2k+2m)

1− z4

64k(1+2k)(1+k+m)(1+2k+2m)

+ 1

) for m ∈ Z∧z ∈ C∧m ≥ 0

kei0(z) = − π

4

(
K
∞

k=1

z4

64(1−2k)2k2

1− z4

64(1−2k)2k2

+ 1

)− z2 log
(
z
2

)
4

(
K
∞

k=1

z4

64k2(1+2k)2

1− z4

64k2(1+2k)2

+ 1

)+
(1− γ)z2

4

(
K
∞

k=1

z4ψ(0)(2+2k)

64(k+2k2)2ψ(0)(2k)

1− z4ψ(0)(2+2k)

64(k+2k2)2ψ(0)(2k)

+ 1

) for z ∈ C

keiν(z) = −
2ν−1 sin

(
3πν

4

)
Γ(ν)z−ν

K
∞

k=1

z2 tan( kπ2 − 3πν
4 )

4k2−4kν

1−
z2 tan( kπ2 − 3πν

4 )
4k2−4kν

+ 1

−
2−ν−1 sin

(
πν
4

)
Γ(−ν)zν

K
∞

k=1

z2 cot( 1
4
π(2−2k+ν))

4k(k+ν)

1−
z2 cot( 1

4
π(2−2k+ν))

4k(k+ν)

+ 1

for (ν, z) ∈ C2

kei2m+1(z) = −
2−2(m+1) ((−1)m + i) e−

1
4 iπ(2m+1)z2m+1 log

(
z
2

)
(2m+ 1)!

(
1 +K

∞

k=1

i(i+(−1)k+m)z2

4(−i+(−1)k+m)k(1+k+2m)

1+
(1−i(−1)k+m)z2

4(−i+(−1)k+m)k(1+k+2m)

)− 2−2m−3 ((−1)m + i) e−
1
4 iπ(2m+1)z2m+1(γ − ψ(0)(2m+ 2))

(2m+ 1)!

1 +K
∞

k=1

i(i+(−1)k+m)z2(ψ(0)(1+k)+ψ(0)(2+k+2m))

4(−i+(−1)k+m)k(1+k+2m)(ψ(0)(k)+ψ(0)(1+k+2m))

1− i(i+(−1)k+m)z2(ψ(0)(1+k)+ψ(0)(2+k+2m))

4(−i+(−1)k+m)k(1+k+2m)(ψ(0)(k)+ψ(0)(1+k+2m))

+
π2−2m−3z2m+1 sin

(
1
4π(6m+ 1)

)
(2m+ 1)!

(
K
∞

k=1

z2 tan( 1
4

(1+2k+2m)π)
4k(1+k+2m)

1−
z2 tan( 1

4
(1+2k+2m)π)

4k(1+k+2m)

+ 1

)+
22m−1 ((−1)m − i) e− 3

4 iπ(2m+1)(2m)!z−2m−1

1 +K
2m

k=1

(−i(−1)k+(−1)m)z2

4((−1)k−i(−1)m)k(−1+k−2m)

1+
i((−1)k+i(−1)m)z2

4((−1)k−i(−1)m)k(−1+k−2m)

for m ∈ Z∧z ∈ C∧m ≥ 0

kei0(z) = − π

4

(
K
∞

k=1

z4

64k2(−1+2k)2

1− z4

64k2(−1+2k)2

+ 1

)− z2 log
(
z
2

)
4

(
K
∞

k=1

z4

64k2(1+2k)2

1− z4

64k2(1+2k)2

+ 1

)− (γ − 1)z2

4

(
K
∞

k=1

z4ψ(0)(2+2k)

64k2(1+2k)2ψ(0)(2k)

1− z4ψ(0)(2+2k)

64k2(1+2k)2ψ(0)(2k)

+ 1

) for z ∈ C
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kei4m(z) = − π(−1)m2−4m−2z4m

(4m)!

(
K
∞

k=1

z4

64k(−1+2k)(k+2m)(−1+2k+4m)

1− z4

64k(−1+2k)(k+2m)(−1+2k+4m)

+ 1

)− (−1)m2−4m−2z4m+2 log
(
z
2

)
(4m+ 1)!

(
K
∞

k=1

z4

64k(1+2k)(k+2m)(1+2k+4m)

1− z4

64k(1+2k)(k+2m)(1+2k+4m)

+ 1

)− (−1)m2−4m−3z4m+2(−ψ(0)(4m+ 2) + γ − 1)

(4m+ 1)!

(
K
∞

k=1

z4(ψ(0)(2+2k)+ψ(0)(2+2k+4m))

64k(1+2k)(k+2m)(1+2k+4m)(ψ(0)(2k)+ψ(0)(2k+4m))

1− z4(ψ(0)(2+2k)+ψ(0)(2+2k+4m))

64k(1+2k)(k+2m)(1+2k+4m)(ψ(0)(2k)+ψ(0)(2k+4m))

+ 1

)− (−1)m24m−3(4m− 2)!z2−4m

K
−1+2m

k=1

z4

64k(1+2k)(1+2k−4m)(k−2m)

1− z4

64k(1+2k)(1+2k−4m)(k−2m)

+ 1

for m ∈ Z∧z ∈ C∧m > 0

kei4m+2(z) = − π(−1)m4−2m−3z4m+4

(4m+ 3)!

(
K
∞

k=1

z4

64k(1+2k)(1+k+2m)(3+2k+4m)

1− z4

64k(1+2k)(1+k+2m)(3+2k+4m)

+ 1

)+
(−1)m4−2m−1z4m+2 log

(
z
2

)
(4m+ 2)!

(
K
∞

k=1

z4

64k(−1+2k)(1+k+2m)(1+2k+4m)

1− z4

64k(−1+2k)(1+k+2m)(1+2k+4m)

+ 1

)− (−1)m2−4m−3z4m+2(ψ(0)(4m+ 3)− γ)

(4m+ 2)!

(
K
∞

k=1

z4(ψ(0)(1+2k)+ψ(0)(3+2k+4m))

64k(−1+2k)(1+k+2m)(1+2k+4m)(ψ(0)(−1+2k)+ψ(0)(1+2k+4m))

1− z4(ψ(0)(1+2k)+ψ(0)(3+2k+4m))

64k(−1+2k)(1+k+2m)(1+2k+4m)(ψ(0)(−1+2k)+ψ(0)(1+2k+4m))

+ 1

)+
(−1)m24m+1(4m+ 1)!z−4m−2

K
2m

k=1

z4

64k(−1+2k)(−3+2k−4m)(−1+k−2m)

1− z4

64k(−1+2k)(−3+2k−4m)(−1+k−2m)

+ 1

for m ∈ Z∧z ∈ C∧m ≥ 0

ker0(z) = −
log
(
z
2

)
K
∞

k=1

z4

64(1−2k)2k2

1− z4

64(1−2k)2k2

+ 1

− γ

K
∞

k=1

z4ψ(0)(1+2k)

64(1−2k)2k2ψ(0)(−1+2k)

1− z4ψ(0)(1+2k)

64(1−2k)2k2ψ(0)(−1+2k)

+ 1

+
πz2

16

(
K
∞

k=1

z4

64k2(1+2k)2

1− z4

64k2(1+2k)2

+ 1

) for z ∈ C

kerν(z) =
2ν−1 cos

(
3πν

4

)
Γ(ν)z−ν

K
∞

k=1

z2 cot( 1
4
π(−2k+3ν))

4k2−4kν

1−
z2 cot( 1

4
π(−2k+3ν))

4k2−4kν

+ 1

+
2−ν−1 cos

(
πν
4

)
Γ(−ν)zν

K
∞

k=1

−
z2 tan( 1

4
π(2−2k+ν))

4k(k+ν)

1+
z2 tan( 1

4
π(2−2k+ν))

4k(k+ν)

+ 1

for (ν, z) ∈ C2

ker2m+1(z) =
4−m−1 (1 + i(−1)m) e−

1
4 iπ(2m+1)z2m+1 log

(
z
2

)
(2m+ 1)!

(
1 +K

∞

k=1

(1+i(−1)k+m)z2

4(i+(−1)k+m)k(1+k+2m)

1− (1+i(−1)k+m)z2

4(i+(−1)k+m)k(1+k+2m)

)+
2−2m−3 (1 + i(−1)m) e−

1
4 iπ(2m+1)z2m+1(γ − ψ(0)(2m+ 2))

(2m+ 1)!

1 +K
∞

k=1

(1+i(−1)k+m)z2(ψ(0)(1+k)+ψ(0)(2+k+2m))

4(i+(−1)k+m)k(1+k+2m)(ψ(0)(k)+ψ(0)(1+k+2m))

1− (1+i(−1)k+m)z2(ψ(0)(1+k)+ψ(0)(2+k+2m))

4(i+(−1)k+m)k(1+k+2m)(ψ(0)(k)+ψ(0)(1+k+2m))

+
22m−1 (1− i(−1)m) e−

3
4 iπ(2m+1)(2m)!z−2m−1

1 +K
2m

k=1

(i(−1)k+(−1)m)z2

4((−1)k+i(−1)m)k(1−k+2m)

1− (i(−1)k+(−1)m)z2

4((−1)k+i(−1)m)k(1−k+2m)

+
π2−2m−3z2m+1 sin

(
3
4π(2m+ 1)

)
(2m+ 1)

(
K
∞

k=1

−
z2 cot( 1

4
(1+2k+6m)π)

4k(1+k+2m)

1+
z2 cot( 1

4
(1+2k+6m)π)

4k(1+k+2m)

+ 1

) for m ∈ Z∧z ∈ C∧m ≥ 0

ker0(z) = −
log
(
z
2

)
K
∞

k=1

z4

64k2(−1+2k)2

1− z4

64k2(−1+2k)2

+ 1

− γ

K
∞

k=1

z4ψ(0)(1+2k)

64k2(−1+2k)2ψ(0)(−1+2k)

1− z4ψ(0)(1+2k)

64k2(−1+2k)2ψ(0)(−1+2k)

+ 1

+
πz2

16

(
K
∞

k=1

z4

64k2(1+2k)2

1− z4

64k2(1+2k)2

+ 1

) for z ∈ C

ker4m(z) =
π(−1)m4−2(m+1)z4m+2

(4m+ 1)!

(
K
∞

k=1

z4

64k(1+2k)(k+2m)(1+2k+4m)

1− z4

64k(1+2k)(k+2m)(1+2k+4m)

+ 1

)− (
− 1

16

)m
z4m log

(
z
2

)
(4m)!

(
K
∞

k=1

z4

64k(−1+2k)(k+2m)(−1+2k+4m)

1− z4

64k(−1+2k)(k+2m)(−1+2k+4m)

+ 1

)− (−1)m2−4m−1z4m(γ − ψ(0)(4m+ 1))

(4m)!

(
K
∞

k=1

z4(ψ(0)(1+2k)+ψ(0)(1+2k+4m))

64k(−1+2k)(k+2m)(−1+2k+4m)(ψ(0)(−1+2k)+ψ(0)(−1+2k+4m))

1− z4(ψ(0)(1+2k)+ψ(0)(1+2k+4m))

64k(−1+2k)(k+2m)(−1+2k+4m)(ψ(0)(−1+2k)+ψ(0)(−1+2k+4m))

+ 1

)+
(−1)m24m−1(4m− 1)!z−4m

K
−1+2m

k=1

z4

64k(−1+2k)(−1+2k−4m)(k−2m)

1− z4

64k(−1+2k)(−1+2k−4m)(k−2m)

+ 1

for m ∈ Z∧z ∈ C∧m > 0

ker4m+2(z) = − π(−1)m2−4(m+1)z4m+2

(2(2m+ 1))!

(
K
∞

k=1

z4

64k(−1+2k)(1+k+2m)(1+2k+4m)

1− z4

64k(−1+2k)(1+k+2m)(1+2k+4m)

+ 1

)− (−1)m2−4(m+1)z4m+4 log
(
z
2

)
(4m+ 3)!

(
K
∞

k=1

z4

64k(1+2k)(1+k+2m)(3+2k+4m)

1− z4

64k(1+2k)(1+k+2m)(3+2k+4m)

+ 1

)− (−1)m2−4m−5z4m+4(−ψ(0)(2(2m+ 2)) + γ − 1)

(4m+ 3)!

(
K
∞

k=1

z4(ψ(0)(2+2k)+ψ(0)(2(2+k+2m)))

64k(1+2k)(1+k+2m)(3+2k+4m)(ψ(0)(2k)+ψ(0)(2(1+k+2m)))

1− z4(ψ(0)(2+2k)+ψ(0)(2(2+k+2m)))

64k(1+2k)(1+k+2m)(3+2k+4m)(ψ(0)(2k)+ψ(0)(2(1+k+2m)))

+ 1

)+
(−1)m24m−1(4m)!z−4m

K
2m

k=1

z4

64k(1+2k)(−1+2k−4m)(−1+k−2m)

1− z4

64k(1+2k)(−1+2k−4m)(−1+k−2m)

+ 1

for m ∈ Z∧z ∈ C∧m ≥ 0
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Lν(z) =
1

K
∞

k=1

z(1−k+ν)

k2

1− z(1−k+ν)

k2

+ 1

for (ν, z) ∈ C2

Lλν (z) =
Γ(λ+ ν + 1)

Γ(λ+ 1)Γ(ν + 1)

(
K
∞

k=1

z(1−k+ν)
k(k+λ)

1− z(1−k+ν)
k(k+λ)

+ 1

) for (ν, λ, z) ∈ C3

Pν(1− 2z) =
1

K
∞

k=1

z(k−k2+ν+ν2)
k2

1− z(k−k
2+ν+ν2)
k2

+ 1

for (ν, z) ∈ C2 ∧ |z| < 1

Pµν (1− 2z) =
(1− z)µ/2z−µ/2

Γ(1− µ)

(
K
∞

k=1

z(k−k2+ν+ν2)
k(k−µ)

1− z(k−k
2+ν+ν2)

k(k−µ)

+ 1

) for (ν, µ, z) ∈ C3 ∧ |z| < 1

Pµν (z)

Pµ−1
ν (z)

=

2

(
K
∞

k=1

− 1
4 (−1+z2)(k−µ−ν)(1+k−µ+ν)

z(1+k−µ) + (1− µ)z

)
√

1− z2
for (ν, µ, z) ∈ C3∧|1− z| < 1

Pmν (z)

Pm−1
ν (z)

= K
∞

k=1

(1−z2)(−2+k+m−ν)(−1+k+m+ν)

2(−1+k+m)z√
1− z2

for m ∈ Z∧(ν, z) ∈ C2∧m ≥ 0∧|1− z| < 1

Pµν (z)

Pµ−1
ν (z)

=
∞

K
k=1

(k − µ− ν)(1 + k − µ+ ν)
2z(1+k−µ)√

1−z2

+
2(1− µ)z√

1− z2
for (ν, µ, z) ∈ C3

Pmν (z)

Pm−1
ν (z)

= −

√
z − 1K

∞

k=1

(1−k−m−ν)(−2+k+m−ν)

− 2(−1+k+m)z√
−1+z2√

1− z
for m ∈ Z∧(ν, z) ∈ C2∧m ≥ 0∧|1− z| < 1

Pµν (1− 2z) =
(1− z)µ/2(−z)−µ/2

Γ(1− µ)

(
K
∞

k=1

z(k−k2+ν+ν2)
k(k−µ)

1− z(k−k
2+ν+ν2)

k(k−µ)

+ 1

) for (ν, µ, z) ∈ C3 ∧ |z| < 1

Pµν (z)

Pµ−1
ν (z)

=

2

(
K
∞

k=1

− 1
4 (−1+z2)(k−µ−ν)(1+k−µ+ν)

z(1+k−µ) + (1− µ)z

)
√
z − 1

√
z + 1

for (ν, µ, z) ∈ C3∧|1− z| < 1

88



Pmν (z)

Pm−1
ν (z)

= K
∞

k=1

(1−z2)(−2+k+m−ν)(−1+k+m+ν)

2(−1+k+m)z√
z − 1

√
z + 1

for m ∈ Z∧(ν, z) ∈ C2∧m ≥ 0∧|1− z| < 1

Pµν (z)

Pµ−1
ν (z)

=

√
1− z

(
K
∞

k=1

(k−µ−ν)(1+k−µ+ν)
2z(1+k−µ)√

1−z2

+ 2(1−µ)z√
1−z2

)
√
z − 1

for (ν, µ, z) ∈ C3∧|1− z| < 1

Pmν (z)

Pm−1
ν (z)

= −
∞

K
k=1

(1− k −m− ν)(−2 + k +m− ν)

− 2(−1+k+m)z√
−1+z2

for m ∈ Z∧(ν, z) ∈ C2∧m ≥ 0∧|1− z| < 1

Qν(1−2z) =
1
2 (log(1− z)− log(z))− ψ(0)(ν + 1)

K
∞

k=1

z(k−k2+ν+ν2)
k2

1− z(k−k
2+ν+ν2)
k2

+ 1

− γ

K
∞

k=1

− z(−1+k−ν)(k+ν)ψ(0)(1+k)

k2ψ(0)(k)

1+
z(−1+k−ν)(k+ν)ψ(0)(1+k)

k2ψ(0)(k)

+ 1

for (ν, z) ∈ C2∧|z| < 1

Qµν (1−2z) =
1

2
π csc(πµ)

 cos(πµ)(1− z)µ/2z−µ/2

Γ(1− µ)

(
K
∞

k=1

z(k−k2+ν+ν2)
k(k−µ)

1− z(k−k
2+ν+ν2)

k(k−µ)

+ 1

) − (1− z)−µ/2zµ/2(−µ+ ν + 1)2µ

Γ(µ+ 1)

(
K
∞

k=1

z(k−k2+ν+ν2)
k(k+µ)

1− z(k−k
2+ν+ν2)

k(k+µ)

+ 1

)
 for (ν, µ, z) ∈ C3∧|z| < 1

Q0
ν(1−2z) =

1
2 (log(1− z)− log(z))− ψ(0)(ν + 1)

K
∞

k=1

z(k−k2+ν+ν2)
k2

1− z(k−k
2+ν+ν2)
k2

+ 1

− γ

K
∞

k=1

− z(−1+k−ν)(k+ν)ψ(0)(1+k)

k2ψ(0)(k)

1+
z(−1+k−ν)(k+ν)ψ(0)(1+k)

k2ψ(0)(k)

+ 1

for (ν, z) ∈ C2∧|z| < 1

Qmν (1−2z) =
1

2

 (−1)mzm/2(1− z)−m/2(log(1− z)− log(z))Γ(m+ ν + 1)

2m!Γ(−m+ ν + 1)

(
K
∞

k=1

z(k−k2+ν+ν2)
k(k+m)

1− z(k−k
2+ν+ν2)

k(k+m)

+ 1

) +
((1− z)z)m/2(log(1− z)− log(z))(−ν)m(ν + 1)m

2m!

(
K
∞

k=1

− z(−1+k+m−ν)(k+m+ν)
k(k+m)

1+
z(−1+k+m−ν)(k+m+ν)

k(k+m)

+ 1

) − γ((1− z)z)m/2(−ν)m(ν + 1)m

m!

(
K
∞

k=1

− z(−1+k+m−ν)(k+m+ν)ψ(0)(1+k)

k(k+m)ψ(0)(k)

1+
z(−1+k+m−ν)(k+m+ν)ψ(0)(1+k)

k(k+m)ψ(0)(k)

+ 1

) − (−1)mzm/2(1− z)−m/2Γ(m+ ν + 1)(ψ(0)(−m+ ν + 1) + ψ(0)(m+ ν + 1)− ψ(0)(m+ 1))

m!Γ(−m+ ν + 1)

(
K
∞

k=1

z(−1+k−ν)(k+ν)(−ψ(0)(1+k+m)+ψ(0)(1−m+ν)+ψ(0)(1+m+ν))

k(k+m)(ψ(0)(k+m)−ψ(0)(1−m+ν)−ψ(0)(1+m+ν))

1− z(−1+k−ν)(k+ν)(−ψ(0)(1+k+m)+ψ(0)(1−m+ν)+ψ(0)(1+m+ν))

k(k+m)(ψ(0)(k+m)−ψ(0)(1−m+ν)−ψ(0)(1+m+ν))

+ 1

) +
(−1)m(m− 1)!z−m/2(1− z)m/2

K
−1+m

k=1

z(−1+k−ν)(k+ν)
k(−k+m)

1− z(−1+k−ν)(k+ν)
k(−k+m)

+ 1

 for m ∈ Z∧(ν, z) ∈ C2∧m > 0∧|z| < 1

Qµν (1−2z) =
1

2
πeiπµ csc(πµ)

 (1− z)µ/2(−z)−µ/2

Γ(1− µ)

(
K
∞

k=1

z(k−k2+ν+ν2)
k(k−µ)

1− z(k−k
2+ν+ν2)

k(k−µ)

+ 1

) − (1− z)−µ/2(−z)µ/2(−µ+ ν + 1)2µ

Γ(µ+ 1)

(
K
∞

k=1

z(k−k2+ν+ν2)
k(k+µ)

1− z(k−k
2+ν+ν2)

k(k+µ)

+ 1

)
 for (ν, µ, z) ∈ C3∧|z| < 1
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Q0
ν(1−2z) =

log(1− z)− log(z)

4

(
K
∞

k=1

z(k−k2+ν+ν2)
k2

1− z(k−k
2+ν+ν2)
k2

+ 1

)− ψ(0)(ν + 1) + γ
2

K
∞

k=1

z(−1+k−ν)(k+ν)(−ψ(0)(1+k)+2ψ(0)(1+ν))

k2(ψ(0)(k)−2ψ(0)(1+ν))

1− z(−1+k−ν)(k+ν)(−ψ(0)(1+k)+2ψ(0)(1+ν))

k2(ψ(0)(k)−2ψ(0)(1+ν))

+ 1

− γ

2

(
K
∞

k=1

− z(−1+k−ν)(k+ν)ψ(0)(1+k)

k2ψ(0)(k)

1+
z(−1+k−ν)(k+ν)ψ(0)(1+k)

k2ψ(0)(k)

+ 1

)+

√
−z sin(πν)Γ(−ν)Γ(ν + 1)

(√
−z tanh−1(1−2z)√

z
+ π

)
2π
√
z

(
K
∞

k=1

− z(−1+k−ν)(k+ν)

k2

1+
z(−1+k−ν)(k+ν)

k2

+ 1

) for (ν, z) ∈ C2∧|z| < 1

Qmν (1−2z) = (−z)
1−m

2 z
m−1

2



√
z

 (−1)mzm/2(1−z)−m/2(log(1−z)−log(z))Γ(m+ν+1)

2m!Γ(−m+ν+1)

K∞

k=1

z(k−k2+ν+ν2)
k(k+m)

1−
z(k−k2+ν+ν2)

k(k+m)

+1

 − γzm/2(1−z)m/2(−ν)m(ν+1)m

m!

K∞

k=1

− z(−1+k+m−ν)(k+m+ν)ψ(0)(1+k)

k(k+m)ψ(0)(k)

1+
z(−1+k+m−ν)(k+m+ν)ψ(0)(1+k)

k(k+m)ψ(0)(k)

+1


− (−1)mzm/2(1−z)−m/2Γ(m+ν+1)(ψ(0)(−m+ν+1)+ψ(0)(m+ν+1)−ψ(0)(m+1))

m!Γ(−m+ν+1)

K∞

k=1

z(−1+k−ν)(k+ν)(−ψ(0)(1+k+m)+ψ(0)(1−m+ν)+ψ(0)(1+m+ν))

k(k+m)(ψ(0)(k+m)−ψ(0)(1−m+ν)−ψ(0)(1+m+ν))

1− z(−1+k−ν)(k+ν)(−ψ(0)(1+k+m)+ψ(0)(1−m+ν)+ψ(0)(1+m+ν))

k(k+m)(ψ(0)(k+m)−ψ(0)(1−m+ν)−ψ(0)(1+m+ν))

+1


+ (−1)m(m−1)!z−m/2(1−z)m/2

K
−1+m

k=1

z(−1+k−ν)(k+ν)
k(−k+m)

1− z(−1+k−ν)(k+ν)
k(−k+m)

+1


2
√
−z

+
(1− z)m/2zm/2 sin(πν)

(√
−z tanh−1(1−2z)√

z
+ π

)
Γ(m− ν)Γ(m+ ν + 1)

2πm!

(
K
∞

k=1

− z(−1+k+m−ν)(k+m+ν)
k(k+m)

1+
z(−1+k+m−ν)(k+m+ν)

k(k+m)

+ 1

)


for m ∈ Z∧(ν, z) ∈ C2∧m > 0∧|z| < 1

Qµν (z)

Qµν+1(z)
=

(2ν + 3)z

(
K
∞

k=1

− k
2−µ2+2k(1+ν)+(1+ν)2

z2(1+2k+2ν)(3+2k+2ν)

1 + 1

)
µ+ ν + 1

for (ν, µ, z) ∈ C3∧|z| > 1

Qµν (z)

Qµν+1(z)
=

2z2

(
K
∞

k=1

− (1+2k−µ+ν)(1+2k+µ+ν)

4z2

3
2 +k(1+ 1

z2
)+ 1

2z2
+ν

)
+ (2ν + 3)z2 + 1

z(µ+ ν + 1)
for (ν, µ, z) ∈ C3∧|z| > 1

Qµν (z)

Qµν+1(z)
=

2K
∞

k=1

− 1
4 z

2(1+2k−µ+ν)(1+2k+µ+ν)
1
2 +k(1+z2)+z2( 3

2 +ν)
+ (2ν + 3)z2 + 1

z(µ+ ν + 1)
for (ν, µ, z) ∈ C3∧|z| > 1

Qµν (z)

Qµ+1
ν+1(z)

= −
2z2

(
K
∞

k=1

(−1+z2)(1+2k+µ+ν)(2+2k+µ+ν)

4z4

3
2 +k+ν− 5+4k+2µ+2ν

2z2

)
− 2µ− 2ν + (2ν + 3)z2 − 5

√
z − 1

√
z + 1(µ+ ν + 1)(µ+ ν + 2)

for (ν, µ, z) ∈ C3∧|z| > 1

Φ(z, s, a) =

(
a2
)−s/2

K
∞

k=1

−((−1+a+k)2)s/2((a+k)2)−s/2z

1+((−1+a+k)2)s/2((a+k)2)−s/2z
+ 1

for (z, s, a) ∈ C3∧(|z| < 1∨(|z| = 1∧<(s) > 1))∧¬(a ∈ Z∧−a ≥ 0)

a =
∞

K
k=1

−(a+ k)2

1 + 2a+ 2k
+ 2a+ 1 for a ∈ C
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az =
abz

K
∞

k=1

(a+k)(b+k)z
b+k−(1+a+k)z − (a+ 1)z + b

for (a, b, z) ∈ C3 ∧ |z| < 1

m+ z =
∞

K
k=1

kz

k −m− z
for m ∈ Z ∧ z ∈ C ∧m ≥ 0

− (b+ β)2(d+ e− δ − ε)

b3 + βb2 − β2b+ 3db+ 2eb+ δb− β3 + 3dβ + 2eβ + βδ − (b+ β) (b2 − β2 + 2d+ e+ 2δ + ε)−
(b+β)

(
3d3+

(
2e+

√
d2

δ2
(b2−β2+δ)

)
d2+δ

(
2

(√
d2

δ2
−1

)
ε−3δ

)
d−
√
d2

δ2
δ2(b2−β2+2e+δ)

)
2F1

 (d2+2ed−δ(δ+2ε))b2+2β(d2+2ed−δ(δ+2ε))b+d2β2+2deβ2−β2δ2−2β2δε−
√

(b+β)4(d2−2εd−δ2+2eδ)2

4(b+β)2(d2−δ2)
,
(d2+2ed−δ(δ+2ε))b2+2β(d2+2ed−δ(δ+2ε))b+d2β2+2deβ2−β2δ2−2β2δε+

√
(b+β)4(d2−2εd−δ2+2eδ)2

4(b+β)2(d2−δ2)
;
3d3+

(
2e+

√
d2

δ2
(b2−β2+δ)

)
d2+δ

(
2

(√
d2

δ2
−1

)
ε−3δ

)
d−

√
d2

δ2
δ2(b2−β2+2e+δ)

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
√
d2

δ2
(d2−δ2) 2F1

 (5d2+2ed−δ(5δ+2ε))b2+2β(5d2+2ed−δ(5δ+2ε))b+5d2β2+2deβ2−5β2δ2−2β2δε−
√

(b+β)4(d2−2εd−δ2+2eδ)2

4(b+β)2(d2−δ2)
,
(5d2+2ed−δ(5δ+2ε))b2+2β(5d2+2ed−δ(5δ+2ε))b+5d2β2+2deβ2−5β2δ2−2β2δε+

√
(b+β)4(d2−2εd−δ2+2eδ)2

4(b+β)2(d2−δ2)
;
7d3+

(
2e+

√
d2

δ2
(b2−β2+δ)

)
d2+δ

(
2

(√
d2

δ2
−1

)
ε−7δ

)
d−

√
d2

δ2
δ2(b2−β2+2e+δ)

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)

=
∞

K
k=1

e+ dk + (−1)k(kδ + ε)

b+ (−1)kβ
for (b, β, d, e, δ, ε) ∈ C6

(b+ β)2(d− δ − ε)

−b3 − βb2 + β2b− 3db− δb+ β3 − 3dβ − βδ + (b+ β) (b2 − β2 + 2d+ 2δ + ε) +

(b+β)

(
3d3+

√
d2

δ2
(b2−β2+δ)d2+δ

(
2

(√
d2

δ2
−1

)
ε−3δ

)
d−
√
d2

δ2
δ2(b2−β2+δ)

)
2F1

 (d2−δ(δ+2ε))b2+2β(d2−δ(δ+2ε))b+d2β2−β2δ2−2β2δε−
√

(b+β)4(−d2+2εd+δ2)2

4(b+β)2(d2−δ2)
,
(d2−δ(δ+2ε))b2+2β(d2−δ(δ+2ε))b+d2β2−β2δ2−2β2δε+

√
(b+β)4(−d2+2εd+δ2)2

4(b+β)2(d2−δ2)
;
3d3+

√
d2

δ2
(b2−β2+δ)d2+δ

(
2

(√
d2

δ2
−1

)
ε−3δ

)
d−

√
d2

δ2
δ2(b2−β2+δ)

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
√
d2

δ2
(d2−δ2) 2F1

 (5d2−δ(5δ+2ε))b2+2β(5d2−δ(5δ+2ε))b+5d2β2−5β2δ2−2β2δε−
√

(b+β)4(−d2+2εd+δ2)2

4(b+β)2(d2−δ2)
,
(5d2−δ(5δ+2ε))b2+2β(5d2−δ(5δ+2ε))b+5d2β2−5β2δ2−2β2δε+

√
(b+β)4(−d2+2εd+δ2)2

4(b+β)2(d2−δ2)
;
7d3+

√
d2

δ2
(b2−β2+δ)d2+δ

(
2

(√
d2

δ2
−1

)
ε−7δ

)
d−

√
d2

δ2
δ2(b2−β2+δ)

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)

=
∞

K
k=1

dk + (−1)k(kδ + ε)

b+ (−1)kβ
for (b, β, d, δ, ε) ∈ C5

(b+ β)2(−δ + e− ε)

−b3 + β3 − βb2 + (b+ β) (b2 − β2 + 2δ + e+ ε) +
(b+β)

(
b2
√
δ2(b+β)2−β2

√
δ2(b+β)2+bδ(3δ+2ε)+βδ(3δ+2ε)+(δ+2e)

√
δ2(b+β)2

)
2F1

(
δ(δ+2ε)b2+2βδ(δ+2ε)b+β2δ(δ+2ε)−

√
(b+β)4δ2(δ−2e)2

4(b+β)2δ2
,
δ(δ+2ε)b2+2βδ(δ+2ε)b+β2δ(δ+2ε)+

√
(b+β)4δ2(δ−2e)2

4(b+β)2δ2
;

√
(b+β)2δ2b2+δ(3δ+2ε)b+

√
(b+β)2δ2(2e+δ)+βδ(3δ+2ε)−β2

√
(b+β)2δ2

4(b+β)δ2
; 1
2

)
√
δ2(b+β)2

2F1

(
δ(5δ+2ε)b2+2βδ(5δ+2ε)b+β2δ(5δ+2ε)−

√
(b+β)4δ2(δ−2e)2

4(b+β)2δ2
,
δ(5δ+2ε)b2+2βδ(5δ+2ε)b+β2δ(5δ+2ε)+

√
(b+β)4δ2(δ−2e)2

4(b+β)2δ2
;

√
(b+β)2δ2b2+δ(7δ+2ε)b+

√
(b+β)2δ2(2e+δ)+βδ(7δ+2ε)−β2

√
(b+β)2δ2

4(b+β)δ2
; 1
2

) + β2b− bδ − βδ − 2be− 2βe

=
∞

K
k=1

e+ (−1)k(kδ + ε)

b+ (−1)kβ
for (b, β, e, δ, ε) ∈ C5

(b+ β)2(−δ − ε)

−b3 + β3 + (b+ β) (b2 − β2 + 2δ + ε)− βb2 +
(b+β)

(
b2
√
δ2(b+β)2−β2

√
δ2(b+β)2+δ

√
δ2(b+β)2+bδ(3δ+2ε)+βδ(3δ+2ε)

)
2F1

(
δ(δ+2ε)b2+2βδ(δ+2ε)b+β2δ2+2β2δε−

√
(b+β)4δ4

4(b+β)2δ2
,
δ(δ+2ε)b2+2βδ(δ+2ε)b+β2δ2+2β2δε+

√
(b+β)4δ4

4(b+β)2δ2
;

√
(b+β)2δ2b2+δ(3δ+2ε)b+βδ(3δ+2ε)−β2

√
(b+β)2δ2+δ

√
(b+β)2δ2

4(b+β)δ2
; 1
2

)
√
δ2(b+β)2

2F1

(
δ(5δ+2ε)b2+2βδ(5δ+2ε)b+5β2δ2+2β2δε−

√
(b+β)4δ4

4(b+β)2δ2
,
δ(5δ+2ε)b2+2βδ(5δ+2ε)b+5β2δ2+2β2δε+

√
(b+β)4δ4

4(b+β)2δ2
;

√
(b+β)2δ2b2+δ(7δ+2ε)b+βδ(7δ+2ε)−β2

√
(b+β)2δ2+δ

√
(b+β)2δ2

4(b+β)δ2
; 1
2

) + β2b− bδ − βδ

=
∞

K
k=1

(−1)k(kδ + ε)

b+ (−1)kβ
for (b, β, δ, ε) ∈ C4

− (b+ β)2(d+ e− δ)

b3 + βb2 − β2b+ 3db+ 2eb+ δb− β3 + 3dβ + 2eβ + βδ − (b+ β) (b2 − β2 + 2d+ e+ 2δ)−
(b+β)

(
3d3+

(
2e+

√
d2

δ2
(b2−β2+δ)

)
d2−3δ2d−

√
d2

δ2
δ2(b2−β2+2e+δ)

)
2F1

 (d2+2ed−δ2)b2+2β(d2+2ed−δ2)b+d2β2+2deβ2−β2δ2−
√

(b+β)4(d2−δ2+2eδ)2

4(b+β)2(d2−δ2)
,
(d2+2ed−δ2)b2+2β(d2+2ed−δ2)b+d2β2+2deβ2−β2δ2+

√
(b+β)4(d2−δ2+2eδ)2

4(b+β)2(d2−δ2)
;
3d3+

(
2e+

√
d2

δ2
(b2−β2+δ)

)
d2−3δ2d−

√
d2

δ2
δ2(b2−β2+2e+δ)

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
√
d2

δ2
(d2−δ2) 2F1

 (5d2+2ed−5δ2)b2+2β(5d2+2ed−5δ2)b+5d2β2+2deβ2−5β2δ2−
√

(b+β)4(d2−δ2+2eδ)2

4(b+β)2(d2−δ2)
,
(5d2+2ed−5δ2)b2+2β(5d2+2ed−5δ2)b+5d2β2+2deβ2−5β2δ2+

√
(b+β)4(d2−δ2+2eδ)2

4(b+β)2(d2−δ2)
;
7d3+

(
2e+

√
d2

δ2
(b2−β2+δ)

)
d2−7δ2d−

√
d2

δ2
δ2(b2−β2+2e+δ)

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)

=
∞

K
k=1

e+ dk + (−1)kkδ

b+ (−1)kβ
for (b, β, d, e, δ) ∈ C5

d(b+ β)(d− δ) 2F1

(
5(d2−δ2)b2+10β(d2−δ2)b+5d2β2−5β2δ2−

√
(b+β)4(δ2−d2)2

4(b+β)2(d2−δ2) ,
5(d2−δ2)b2+10β(d2−δ2)b+5d2β2−5β2δ2+

√
(b+β)4(δ2−d2)2

4(b+β)2(d2−δ2) ;
7d+

√
d2

δ2
(b2−β2+δ)
4d ; 1

2

(
1−

√
d2

δ2

))

d(δ − d) 2F1

(
5(d2−δ2)b2+10β(d2−δ2)b+5d2β2−5β2δ2−

√
(b+β)4(d2−δ2)2

4(b+β)2(d2−δ2) ,
5(d2−δ2)b2+10β(d2−δ2)b+5d2β2−5β2δ2+

√
(b+β)4(d2−δ2)2

4(b+β)2(d2−δ2) ;
7d+

√
d2

δ2
(b2−β2+δ)

4d ; 1
2

(
1−

√
d2

δ2

))
+ b2d+ 3δ2

√
d2

δ2 − β2d+ dδ

=
∞

K
k=1

k
(
d+ (−1)kδ

)
b+ (−1)kβ

for (b, β, d, δ) ∈ C4
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(b+ β)2(e− δ)

−b3 + β3 − βb2 + (b+ β) (b2 − β2 + 2δ + e) +
(b+β)

(
b2
√
δ2(b+β)2−β2

√
δ2(b+β)2+3bδ2+3βδ2+(δ+2e)

√
δ2(b+β)2

)
2F1

(
(b+β)2δ2−

√
(b+β)4δ2(δ−2e)2

4(b+β)2δ2
,
(b+β)2δ2+

√
(b+β)4δ2(δ−2e)2

4(b+β)2δ2
;

√
(b+β)2δ2b2+3δ2b+3βδ2+

√
(b+β)2δ2(2e+δ)−β2

√
(b+β)2δ2

4(b+β)δ2
; 1
2

)
√
δ2(b+β)2

2F1

(
5b2δ2+5β2δ2+10bβδ2−

√
(b+β)4δ2(δ−2e)2

4(b+β)2δ2
,
5b2δ2+5β2δ2+10bβδ2+

√
(b+β)4δ2(δ−2e)2

4(b+β)2δ2
;

√
(b+β)2δ2b2+7δ2b+7βδ2+

√
(b+β)2δ2(2e+δ)−β2

√
(b+β)2δ2

4(b+β)δ2
; 1
2

) + β2b− bδ − βδ − 2be− 2βe

=
∞

K
k=1

e+ (−1)kkδ

b+ (−1)kβ
for (b, β, e, δ) ∈ C4

− δ(b+ β)2

−b3 + β3 + (b+ β) (b2 − β2 + 2δ)− βb2 +
(b+β)

(
b2
√
δ2(b+β)2−β2

√
δ2(b+β)2+δ

√
δ2(b+β)2+3bδ2+3βδ2

)
√
δ2(b+β)2

2F1

(
1, 2b

2δ2+2β2δ2+4bβδ2

4b2δ2+4β2δ2+8bβδ2
+1;

2b2δ2+2β2δ2+4bβδ2+3(4b2δ2+4β2δ2+8bβδ2)+(b3+βb2−β2b+δb−β3+βδ)
√

4b2δ2+4β2δ2+8bβδ2

2(4b2δ2+4β2δ2+8bβδ2)
; 1
2

) + β2b− bδ − βδ
=
∞

K
k=1

(−1)kkδ

b+ (−1)kβ
for (b, β, δ) ∈ C3

β(d− δ + e− ε)
(

3d3+δd

(
2ε

(√
d2

δ2
−1

)
−3δ

)
+d2

(
(δ−β2)

√
d2

δ2
+2e

)
+δ2

√
d2

δ2
(β2−δ−2e)

)
2F1

 d2β2−δ2β2+2deβ2−2δεβ2+

√
β4(d2−2εd−δ2+2eδ)2

4β2(d2−δ2)
,−
−d2β2+δ2β2−2deβ2+2δεβ2+

√
β4(d2−2εd−δ2+2eδ)2

4β2(d2−δ2)
;
3d3+

(
2e+

√
d2

δ2
(δ−β2)

)
d2+δ

(
2

(√
d2

δ2
−1

)
ε−3δ

)
d+(β2−2e−δ)

√
d2

δ2
δ2

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
√
d2

δ2
(d2−δ2) 2F1

 5d2β2−5δ2β2+2deβ2−2δεβ2+

√
β4(d2−2εd−δ2+2eδ)2

4β2(d2−δ2)
,−
−5d2β2+5δ2β2−2deβ2+2δεβ2+

√
β4(d2−2εd−δ2+2eδ)2

4β2(d2−δ2)
;
7d3+

(
2e+

√
d2

δ2
(δ−β2)

)
d2+δ

(
2

(√
d2

δ2
−1

)
ε−7δ

)
d+(β2−2e−δ)

√
d2

δ2
δ2

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
− d+ δ − e+ ε

=
∞

K
k=1

e+ dk + (−1)k(kδ + ε)

(−1)kβ
for (β, d, e, δ, ε) ∈ C5

β(d− δ − ε)
(
d3(δ−β2)+δd2

(
3δ
√
d2

δ2
+2ε

)
−δ3

√
d2

δ2
(3δ+2ε)+δ2d(β2−δ)

)
2F1

 d2β2−δ(δ+2ε)β2+

√
β4(−d2+2εd+δ2)2

4β2(d2−δ2)
,−
−d2β2+δ(δ+2ε)β2+

√
β4(−d2+2εd+δ2)2

4β2(d2−δ2)
;
3d3+

√
d2

δ2
(δ−β2)d2+δ

(
2

(√
d2

δ2
−1

)
ε−3δ

)
d+(β2−δ)

√
d2

δ2
δ2

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
d(d2−δ2) 2F1

 5d2β2−δ(5δ+2ε)β2+

√
β4(−d2+2εd+δ2)2

4β2(d2−δ2)
,−
−5d2β2+δ(5δ+2ε)β2+

√
β4(−d2+2εd+δ2)2

4β2(d2−δ2)
;
7d3+

√
d2

δ2
(δ−β2)d2+δ

(
2

(√
d2

δ2
−1

)
ε−7δ

)
d+(β2−δ)

√
d2

δ2
δ2

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
− d+ δ + ε

=
∞

K
k=1

dk + (−1)k(kδ + ε)

(−1)kβ
for (β, d, δ, ε) ∈ C4

β(d− δ + e)

(
3d3+d2

(
(δ−β2)

√
d2

δ2
+2e

)
+δ2

√
d2

δ2
(β2−δ−2e)−3δ2d

)
2F1

 d2β2−δ2β2+2deβ2+

√
β4(d2+(2e−δ)δ)2

4β2(d2−δ2)
,−
−d2β2+δ2β2−2deβ2+

√
β4(d2+(2e−δ)δ)2

4β2(d2−δ2)
;
3d3+

(
2e+

√
d2

δ2
(δ−β2)

)
d2−3δ2d+(β2−2e−δ)

√
d2

δ2
δ2

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
√
d2

δ2
(d2−δ2) 2F1

 5d2β2−5δ2β2+2deβ2+

√
β4(d2+(2e−δ)δ)2

4β2(d2−δ2)
,−
−5d2β2+5δ2β2−2deβ2+

√
β4(d2+(2e−δ)δ)2

4β2(d2−δ2)
;
7d3+

(
2e+

√
d2

δ2
(δ−β2)

)
d2−7δ2d+(β2−2e−δ)

√
d2

δ2
δ2

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
− d+ δ − e

=
∞

K
k=1

e+ dk + (−1)kkδ

(−1)kβ
for (β, d, e, δ) ∈ C4

−
βd(d− δ) 2F1

(
5d2β2−5δ2β2+

√
β4(d2−δ2)2

4β2(d2−δ2) ,−−5d2β2+5δ2β2+
√
β4(d2−δ2)2

4β2(d2−δ2) ;
7d+

√
d2

δ2
(δ−β2)

4d ; 1
2

(
1−

√
d2

δ2

))

−3δ2

√
d2

δ2 + d(d− δ) 2F1

(
5d2β2−5δ2β2+

√
β4(δ2−d2)2

4β2(d2−δ2) ,−−5d2β2+5δ2β2+
√
β4(δ2−d2)2

4β2(d2−δ2) ;
7d+

√
d2

δ2
(δ−β2)

4d ; 1
2

(
1−

√
d2

δ2

))
+ d (β2 − δ)

=
∞

K
k=1

dk + (−1)kkδ

(−1)kβ
for (β, d, δ) ∈ C3

β(−δ + e− ε)

δ −

(
β2
√
β2δ2−βδ(3δ+2ε)−

√
β2δ2(δ+2e)

)
2F1

(
β2δ(δ+2ε)−

√
β4δ2(δ−2e)2

4β2δ2
,
δ(δ+2ε)β2+

√
β4δ2(δ−2e)2

4β2δ2
;
3βδ2+2βεδ+

√
β2δ2(−β2+2e+δ)

4βδ2
; 1
2

)
√
β2δ2

2F1

(
β2δ(5δ+2ε)−

√
β4δ2(δ−2e)2

4β2δ2
,
δ(5δ+2ε)β2+

√
β4δ2(δ−2e)2

4β2δ2
;
7βδ2+2βεδ+

√
β2δ2(−β2+2e+δ)

4βδ2
; 1
2

) − e+ ε

=
∞

K
k=1

e+ (−1)k(kδ + ε)

(−1)kβ
for (β, e, δ, ε) ∈ C4
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β(−δ − ε)

δ −

(
β2
√
β2δ2−δ

√
β2δ2−βδ(3δ+2ε)

)
2F1

(
β2δ(δ+2ε)−

√
β4δ4

4β2δ2
,
δ(δ+2ε)β2+

√
β4δ4

4β2δ2
;
6δ2β2+4δεβ2−2

√
β2δ2(β3−βδ)

8β2δ2
; 1
2

)
√
β2δ2

2F1

(
1
4

(
− β2δ2√

β4δ4
+5+ 2ε

δ

)
,
δ(5δ+2ε)β2+

√
β4δ4

4β2δ2
;
14δ2β2+4δεβ2−2

√
β2δ2(β3−βδ)

8β2δ2
; 1
2

) + ε

=
∞

K
k=1

(−1)k(kδ + ε)

(−1)kβ
for (β, δ, ε) ∈ C3

β(e− δ)

δ −

(
β2
√
β2δ2−3βδ2−

√
β2δ2(δ+2e)

)
2F1

(
β2δ2−

√
β4δ2(δ−2e)2

4β2δ2
,
β2δ2+

√
β4δ2(δ−2e)2

4β2δ2
;
3βδ2+

√
β2δ2(−β2+2e+δ)

4βδ2
; 1
2

)
√
β2δ2

2F1

(
−
√
β4δ2(δ−2e)2−5β2δ2

4β2δ2
,
5β2δ2+

√
β4δ2(δ−2e)2

4β2δ2
;
7βδ2+

√
β2δ2(−β2+2e+δ)

4βδ2
; 1
2

) − e

=
∞

K
k=1

e+ (−1)kkδ

(−1)kβ
for (β, e, δ) ∈ C3

− β2δ

βδ +
−β3+3

√
β2δ2+βδ

2 2F1

(
1,
−β3+δβ+

√
β2δ2

4
√
β2δ2

;
−β3+δβ+7

√
β2δ2

4
√
β2δ2

;−1

) =
∞

K
k=1

(−1)kkδ

(−1)kβ
for (β, δ) ∈ C2

(b+ β)(d+ e)U

(
d(5d+2e)b2+2d(5d+2e)βb+5d2β2+2deβ2+

√
d4(b+β)4

4d2(b+β)2 ,
2b2d2+2β2d2+4bβd2+

√
d4(b+β)4

2d2(b+β)2 , b
2−β2

2d

)
2dU

(
d(d+2e)b2+2d(d+2e)βb+d2β2+2deβ2+

√
d4(b+β)4

4d2(b+β)2 ,
2b2d2+2β2d2+4bβd2+

√
d4(b+β)4

2d2(b+β)2 , b
2−β2

2d

)
− (d+ e)U

(
d(5d+2e)b2+2d(5d+2e)βb+5d2β2+2deβ2+

√
d4(b+β)4

4d2(b+β)2 ,
2b2d2+2β2d2+4bβd2+

√
d4(b+β)4

2d2(b+β)2 , b
2−β2

2d

) =
∞

K
k=1

e+ dk

b+ (−1)kβ
for (b, β, d, e) ∈ C4

β(d+ e)U

(
1
4

(
d2β2√
d4β4

+ 2e
d + 5

)
, d2β2

2
√
d4β4

+ 1,−β
2

2d

)
2dU

(
1
4

(
d2β2√
d4β4

+ 2e
d + 1

)
, d2β2

2
√
d4β4

+ 1,−β2

2d

)
− (d+ e)U

(
1
4

(
d2β2√
d4β4

+ 2e
d + 5

)
, d2β2

2
√
d4β4

+ 1,−β2

2d

) =
∞

K
k=1

e+ dk

(−1)kβ
for (β, d, e) ∈ C3

(b+ β)e
b2

2dE 3
2

(
b2−β2

2d

)
2e

β2

2d − e b
2

2dE 3
2

(
b2−β2

2d

) =
∞

K
k=1

dk

b+ (−1)kβ
for (b, β, d) ∈ C3

βE 3
2

(
−β

2

2d

)
2e

β2

2d − E 3
2

(
−β2

2d

) =
∞

K
k=1

dk

(−1)kβ
for (β, d) ∈ C2

b(d− δ + e− ε)
(
d2

(
(b2+δ)

√
d2

δ2
+2e

)
−δ2

√
d2

δ2
(b2+δ+2e)+3d3+δd

(
2ε

(√
d2

δ2
−1

)
−3δ

))
2F1

 d2b2−δ2b2+2deb2−2δεb2+

√
b4(d2−2εd−δ2+2eδ)2

4b2(d2−δ2)
,−
−d2b2+δ2b2−2deb2+2δεb2+

√
b4(d2−2εd−δ2+2eδ)2

4b2(d2−δ2)
;
3d3+

(
2e+

√
d2

δ2
(b2+δ)

)
d2+δ

(
2

(√
d2

δ2
−1

)
ε−3δ

)
d−

√
d2

δ2
δ2(b2+2e+δ)

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
√
d2

δ2
(d2−δ2) 2F1

 5d2b2−5δ2b2+2deb2−2δεb2+

√
b4(d2−2εd−δ2+2eδ)2

4b2(d2−δ2)
,−
−5d2b2+5δ2b2−2deb2+2δεb2+

√
b4(d2−2εd−δ2+2eδ)2

4b2(d2−δ2)
;
7d3+

(
2e+

√
d2

δ2
(b2+δ)

)
d2+δ

(
2

(√
d2

δ2
−1

)
ε−7δ

)
d−

√
d2

δ2
δ2(b2+2e+δ)

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
− d+ δ − e+ ε

=
∞

K
k=1

e+ dk + (−1)k(kδ + ε)

b
for (b, d, e, δ, ε) ∈ C5
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b(d− δ − ε)
(
d2(b2+δ)

√
d2

δ2
−δ2(b2+δ)

√
d2

δ2
+3d3+δd

(
2ε

(√
d2

δ2
−1

)
−3δ

))
2F1

 b2(d2−δ(δ+2ε))−
√
b4(−d2+2εd+δ2)2

4b2(d2−δ2)
,
(d2−δ(δ+2ε))b2+

√
b4(−d2+2εd+δ2)2

4b2(d2−δ2)
;
3d3+

√
d2

δ2
(b2+δ)d2+δ

(
2

(√
d2

δ2
−1

)
ε−3δ

)
d−

√
d2

δ2
δ2(b2+δ)

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
√
d2

δ2
(d2−δ2) 2F1

 b2(5d2−δ(5δ+2ε))−
√
b4(−d2+2εd+δ2)2

4b2(d2−δ2)
,
(5d2−δ(5δ+2ε))b2+

√
b4(−d2+2εd+δ2)2

4b2(d2−δ2)
;
7d3+

√
d2

δ2
(b2+δ)d2+δ

(
2

(√
d2

δ2
−1

)
ε−7δ

)
d−

√
d2

δ2
δ2(b2+δ)

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
− d+ δ + ε

=
∞

K
k=1

dk + (−1)k(kδ + ε)

b
for (b, d, δ, ε) ∈ C4

b(−δ + e− ε)

(b2
√
b2δ2+

√
b2δ2(δ+2e)+bδ(3δ+2ε)) 2F1

(
b2δ(δ+2ε)−

√
b4δ2(δ−2e)2

4b2δ2
,
δ(δ+2ε)b2+

√
b4δ2(δ−2e)2

4b2δ2
;
3bδ2+2bεδ+

√
b2δ2(b2+2e+δ)

4bδ2
; 1
2

)
√
b2δ2

2F1

(
b2δ(5δ+2ε)−

√
b4δ2(δ−2e)2

4b2δ2
,
δ(5δ+2ε)b2+

√
b4δ2(δ−2e)2

4b2δ2
;
7bδ2+2bεδ+

√
b2δ2(b2+2e+δ)

4bδ2
; 1
2

) + δ − e+ ε

=
∞

K
k=1

e+ (−1)k(kδ + ε)

b
for (b, e, δ, ε) ∈ C4

b(d− δ + e)

(
d2

(
(b2+δ)

√
d2

δ2
+2e

)
−δ2

√
d2

δ2
(b2+δ+2e)+3d3−3δ2d

)
2F1

 (d2+2ed−δ2)b2+

√
b4(d2+(2e−δ)δ)2

4b2(d2−δ2)
,
b2(d2+2ed−δ2)−

√
b4(d2−δ2+2eδ)2

4b2(d2−δ2)
;
3d3+

(
2e+

√
d2

δ2
(b2+δ)

)
d2−3δ2d−

√
d2

δ2
δ2(b2+2e+δ)

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
√
d2

δ2
(d2−δ2) 2F1

 (5d2+2ed−5δ2)b2+

√
b4(d2+(2e−δ)δ)2

4b2(d2−δ2)
,
b2(5d2+2ed−5δ2)−

√
b4(d2−δ2+2eδ)2

4b2(d2−δ2)
;
7d3+

(
2e+

√
d2

δ2
(b2+δ)

)
d2−7δ2d−

√
d2

δ2
δ2(b2+2e+δ)

4(d3−dδ2)
; 1
2

(
1−
√
d2

δ2

)
− d+ δ − e

=
∞

K
k=1

e+ dk + (−1)kkδ

b
for (b, d, e, δ) ∈ C4

b(−δ − ε)

(b2
√
b2δ2+δ

√
b2δ2+bδ(3δ+2ε)) 2F1

(
b2δ(δ+2ε)−

√
b4δ4

4b2δ2
,
δ(δ+2ε)b2+

√
b4δ4

4b2δ2
;
3bδ2+2bεδ+

√
b2δ2(b2+δ)

4bδ2
; 1
2

)
√
b2δ2

2F1

(
1
4

(
− b2δ2√

b4δ4
+5+ 2ε

δ

)
,
δ(5δ+2ε)b2+

√
b4δ4

4b2δ2
;
7bδ2+2bεδ+

√
b2δ2(b2+δ)

4bδ2
; 1
2

) + δ + ε

=
∞

K
k=1

(−1)kkδ + (−1)kε

b
for (b, δ, ε) ∈ C3

bd(d− δ) 2F1

(
−
√
b4(d2−δ2)2−5b2(d2−δ2)

4b2(d2−δ2) ,
5(d2−δ2)b2+

√
b4(d2−δ2)2

4b2(d2−δ2) ;
7d+

√
d2

δ2
(b2+δ)

4d ; 1
2

(
1−

√
d2

δ2

))

b2d+ d(δ − d) 2F1

(
−
√
b4(d2−δ2)2−5b2(d2−δ2)

4b2(d2−δ2) ,
5(d2−δ2)b2+

√
b4(d2−δ2)2

4b2(d2−δ2) ;
7d+

√
d2

δ2
(b2+δ)

4d ; 1
2

(
1−

√
d2

δ2

))
+ δ

(
3δ
√

d2

δ2 + d

) =
∞

K
k=1

dk + (−1)kkδ

b
for (b, d, δ) ∈ C3

b(e− δ)

(b2
√
b2δ2+

√
b2δ2(δ+2e)+3bδ2) 2F1

(
b2δ2−

√
b4δ2(δ−2e)2

4b2δ2
,
b2δ2+

√
b4δ2(δ−2e)2

4b2δ2
;
3bδ2+

√
b2δ2(b2+2e+δ)

4bδ2
; 1
2

)
√
b2δ2

2F1

(
−
√
b4δ2(δ−2e)2−5b2δ2

4b2δ2
,
5b2δ2+

√
b4δ2(δ−2e)2

4b2δ2
;
7bδ2+

√
b2δ2(b2+2e+δ)

4bδ2
; 1
2

) + δ − e

=
∞

K
k=1

e+ (−1)kkδ

b
for (b, e, δ) ∈ C3

− b2δ
b3+3

√
b2δ2+bδ

2 2F1

(
1,

√
b2δ2b2+δ2b+δ

√
b2δ2

4bδ2
; b

3+δb+7
√
b2δ2

4
√
b2δ2

;−1

) + bδ
=
∞

K
k=1

(−1)kkδ

b
for (b, δ) ∈ C2
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− (b+ β)2(d+ e− δ − ε)

b3 + 2ab2 + βb2 − β2b+ 3db+ 2eb+ 4aβb+ δb− β3 + 2aβ2 + 3dβ + 2eβ + βδ − (b+ β) (b2 − β2 + 2d+ e+ 2a(b+ β) + 2δ + ε)−
(b+β)

(
−3

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ4−dδ3−2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
εδ3+dβ2δ2−b2dδ2−2deδ2+3d2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ2+2de

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ2+d3δ+2d2εδ+b2d3−d3β2+a(b+β)

(
6

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
d3−d3−β2d2−2ed2+δd2+4e

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
d2+δ2d+4δεd−4δ

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
εd−6δ2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
d−δ3+β2δ2−2eδ2+b2(d2−δ2)

)
+a2(b+β)2

((
3

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−1

)
d2+2e

(√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−1

)
d+δ

(
−3

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ+δ−2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
ε+2ε

)))
2F1

 (d2+2ed−δ(δ+2ε))b2+2β(d2+2ed−δ(δ+2ε))b+d2β2+2deβ2−β2δ2−2β2δε−
√

(b+β)4(d2−2εd−δ2+2eδ)2

4(b+β)2(d2−δ2)
,
(d2+2ed−δ(δ+2ε))b2+2β(d2+2ed−δ(δ+2ε))b+d2β2+2deβ2−β2δ2−2β2δε+

√
(b+β)4(d2−2εd−δ2+2eδ)2

4(b+β)2(d2−δ2)
;−
−3d3−

(
2e+(b2−β2+δ)

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

)
d2+δ

(
3δ−2

(√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−1

)
ε

)
d+a(b+β)

((√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−3

)
d2+2e

(√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−1

)
d+δ

(
−

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ+3δ−2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
ε+2ε

))
+δ2(b2−β2+2e+δ)

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

4(d+a(b+β))(d2−δ2)
; 1
2

(
1−
√

(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

)
(d+a(b+β))(d2−δ2) 2F1

 (5d2+2ed−δ(5δ+2ε))b2+2β(5d2+2ed−δ(5δ+2ε))b+5d2β2+2deβ2−5β2δ2−2β2δε−
√

(b+β)4(d2−2εd−δ2+2eδ)2

4(b+β)2(d2−δ2)
,
(5d2+2ed−δ(5δ+2ε))b2+2β(5d2+2ed−δ(5δ+2ε))b+5d2β2+2deβ2−5β2δ2−2β2δε+

√
(b+β)4(d2−2εd−δ2+2eδ)2

4(b+β)2(d2−δ2)
;−
−7d3−

(
2e+(b2−β2+δ)

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

)
d2+δ

(
7δ−2

(√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−1

)
ε

)
d+a(b+β)

((√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−7

)
d2+2e

(√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−1

)
d+δ

(
−

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ+7δ−2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
ε+2ε

))
+δ2(b2−β2+2e+δ)

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

4(d+a(b+β))(d2−δ2)
; 1
2

(
1−
√

(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

)

=
∞

K
k=1

e+ dk + (−1)k(kδ + ε)

b+ ak + (−1)k(−ak + β)
for (a, b, β, d, e, δ, ε) ∈ C7

−b3 + βb2 + β2b− db− 2eb+ δb− β3 + dβ + 2eβ − βδ + (b− β)(d+ e− δ − ε) +

(b−β)

(
−
√

(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
δ4+dδ3−2

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
εδ3+dβ2δ2−b2dδ2−2deδ2+d2

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
δ2+2de

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
δ2−d3δ+2d2εδ+b2d3−d3β2+a(b−β)

(
2

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
d3−d3−β2d2−2ed2−δd2+4e

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
d2+δ2d+4δεd−4δ

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
εd−2δ2

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
d+δ3+β2δ2−2eδ2+b2(d2−δ2)

)
+a2(b−β)2

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−1

)
(d2+2ed−δ(δ+2ε))

)
2F1

 (−d2+2ed+δ(δ−2ε))b2+2β(d2−2ed−δ(δ−2ε))b−d2β2+2deβ2+β2δ2−2β2δε−
√

(b−β)4(d2+2εd−δ(2e+δ))2

4(b−β)2(d2−δ2)
,
(−d2+2ed+δ(δ−2ε))b2+2β(d2−2ed−δ(δ−2ε))b−d2β2+2deβ2+β2δ2−2β2δε+

√
(b−β)4(d2+2εd−δ(2e+δ))2

4(b−β)2(d2−δ2)
;
d3+

(
2e+(b2−β2−δ)

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

)
d2−δ

(
δ−2

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−1

)
ε

)
d−a(b−β)

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−1

)
(d2+2ed−δ(δ+2ε))+δ2(−b2+β2−2e+δ)

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

4(d+a(b−β))(d2−δ2)
; 1
2

(
1−
√

(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

)
(d+a(b−β))(d2−δ2) 2F1

 (3d2+2ed−δ(3δ+2ε))b2+2β(−3d2−2ed+δ(3δ+2ε))b+3d2β2+2deβ2−3β2δ2−2β2δε−
√

(b−β)4(d2+2εd−δ(2e+δ))2

4(b−β)2(d2−δ2)
,
(3d2+2ed−δ(3δ+2ε))b2+2β(−3d2−2ed+δ(3δ+2ε))b+3d2β2+2deβ2−3β2δ2−2β2δε+

√
(b−β)4(d2+2εd−δ(2e+δ))2

4(b−β)2(d2−δ2)
;
5d3+

(
2e+(b2−β2−δ)

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

)
d2−δ

(
5δ−2

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−1

)
ε

)
d−a(b−β)

((√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−5

)
d2+2e

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−1

)
d+δ

(
−

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
δ+5δ−2

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
ε+2ε

))
+δ2(−b2+β2−2e+δ)

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

4(d+a(b−β))(d2−δ2)
; 1
2

(
1−
√

(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

)
(b− β)2

=
∞

K
k=1

e+ dk + (−1)k(kδ + ε)

b+ ak + (−1)k(ak + β)
for (a, b, β, d, e, δ, ε) ∈ C7

β(d+ e− δ − ε)

−d− e+ δ + ε+

(
(δ−β2)d3+δ

(
3

√
(d+aβ)2

a2β2+2adβ+δ2
δ+2ε

)
d2+δ2

(
β2−δ+2e

(√
(d+aβ)2

a2β2+2adβ+δ2
−1

))
d−δ3

√
(d+aβ)2

a2β2+2adβ+δ2
(3δ+2ε)+a2β2

((
3

√
(d+aβ)2

a2β2+2adβ+δ2
−1

)
d2+2e

(√
(d+aβ)2

a2β2+2adβ+δ2
−1

)
d+δ

(
−3

√
(d+aβ)2

a2β2+2adβ+δ2
δ+δ−2

√
(d+aβ)2

a2β2+2adβ+δ2
ε+2ε

))
−aβ

((
1−6

√
(d+aβ)2

a2β2+2adβ+δ2

)
d3−

(
−β2−2e+δ+4e

√
(d+aβ)2

a2β2+2adβ+δ2

)
d2+δ

(
δ

(
6

√
(d+aβ)2

a2β2+2adβ+δ2
−1

)
+4

(√
(d+aβ)2

a2β2+2adβ+δ2
−1

)
ε

)
d+δ2(−β2+2e+δ)

))
2F1

 d2β2−δ2β2+2deβ2−2δεβ2+

√
β4(d2−2εd−δ2+2eδ)2

4β2(d2−δ2)
,−
−d2β2+δ2β2−2deβ2+2δεβ2+

√
β4(d2−2εd−δ2+2eδ)2

4β2(d2−δ2)
; 1
4

 d2+2ed−δ(δ+2ε)

d2−δ2
−

√
(d+aβ)2

a2β2+2adβ+δ2
((β2−δ)d2−2δεd+δ2(−β2+2e+δ)+aβ(d2+2ed−δ(δ+2ε)))

(d+aβ)(d2−δ2)
+2

; 1
2−

1
2

√
(d+aβ)2

a2β2+2adβ+δ2


(d+aβ)(d2−δ2) 2F1

 5d2β2−5δ2β2+2deβ2−2δεβ2+

√
β4(d2−2εd−δ2+2eδ)2

4β2(d2−δ2)
,−
−5d2β2+5δ2β2−2deβ2+2δεβ2+

√
β4(d2−2εd−δ2+2eδ)2

4β2(d2−δ2)
; 1
4

 d2+2ed−δ(δ+2ε)

d2−δ2
−

√
(d+aβ)2

a2β2+2adβ+δ2
((β2−δ)d2−2δεd+δ2(−β2+2e+δ)+aβ(d2+2ed−δ(δ+2ε)))

(d+aβ)(d2−δ2)
+6

; 1
2−

1
2

√
(d+aβ)2

a2β2+2adβ+δ2



=
∞

K
k=1

e+ dk + (−1)k(kδ + ε)

ak + (−1)k(−ak + β)
for (a, β, d, e, δ, ε) ∈ C6

−

2β3 − 2dβ − 4eβ + 2δβ + 2(d+ e− δ − ε)β +

2

(
−(β2+δ)d3+δ

(√
(d−aβ)2

a2β2−2adβ+δ2
δ+2ε

)
d2+δ2

(
β2+δ+2e

(√
(d−aβ)2

a2β2−2adβ+δ2
−1

))
d−δ3

√
(d−aβ)2

a2β2−2adβ+δ2
(δ+2ε)+a2β2

(√
(d−aβ)2

a2β2−2adβ+δ2
−1

)
(d2+2ed−δ(δ+2ε))−aβ

((
2

√
(d−aβ)2

a2β2−2adβ+δ2
−1

)
d3−

(
β2+2e+δ−4e

√
(d−aβ)2

a2β2−2adβ+δ2

)
d2−δ

(
δ

(
2

√
(d−aβ)2

a2β2−2adβ+δ2
−1

)
+4

(√
(d−aβ)2

a2β2−2adβ+δ2
−1

)
ε

)
d+δ2(β2−2e+δ)

))
2F1

−d2β2+δ2β2+2deβ2−2δεβ2+

√
β4(d2+2εd−δ(2e+δ))2

4β2(d2−δ2)
,−

d2β2−δ2β2−2deβ2+2δεβ2+

√
β4(d2+2εd−δ(2e+δ))2

4β2(d2−δ2)
; 1
2

−d2+2ed+δ(δ−2ε)

2(d2−δ2)
+

√
(d−aβ)2

a2β2−2adβ+δ2
(−(β2+δ)d2+2δεd+δ2(β2−2e+δ)+aβ(d2+2ed−δ(δ+2ε)))

2(d−aβ)(d2−δ2)
+1

; 1
2

(
1−
√

(d−aβ)2

a2β2−2adβ+δ2

)β
(d−aβ)(d2−δ2) 2F1

 3d2β2−3δ2β2+2deβ2−2δεβ2+

√
β4(d2+2εd−δ(2e+δ))2

4β2(d2−δ2)
,−
−3d2β2+3δ2β2−2deβ2+2δεβ2+

√
β4(d2+2εd−δ(2e+δ))2

4β2(d2−δ2)
; 1
2

−d2+2ed+δ(δ−2ε)

2(d2−δ2)
+

√
(d−aβ)2

a2β2−2adβ+δ2
(−(β2+δ)d2+2δεd+δ2(β2−2e+δ)+aβ(d2+2ed−δ(δ+2ε)))

2(d−aβ)(d2−δ2)
+3

; 1
2

(
1−
√

(d−aβ)2

a2β2−2adβ+δ2

)
2β2

=
∞

K
k=1

e+ dk + (−1)k(kδ + ε)

ak + (−1)k(ak + β)
for (a, β, d, e, δ, ε) ∈ C6

b(d+ e− δ − ε)

−d− e+ δ + ε+

(
(d3−dδ2)b2+a2

((
3

√
(ab+d)2

a2b2+2adb+δ2
−1

)
d2+2e

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
d+δ

(
−3

√
(ab+d)2

a2b2+2adb+δ2
δ+δ−2

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
ε

))
b2+a

((
6

√
(ab+d)2

a2b2+2adb+δ2
−1

)
d3+

(
4

√
(ab+d)2

a2b2+2adb+δ2
e−2e+δ

)
d2−δ

(
δ

(
6

√
(ab+d)2

a2b2+2adb+δ2
−1

)
+4

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
ε

)
d−δ2(2e+δ)+b2(d2−δ2)

)
b+δ

(
d3+

(
3

√
(ab+d)2

a2b2+2adb+δ2
δ+2ε

)
d2−δ

(
δ−2e

(√
(ab+d)2

a2b2+2adb+δ2
−1

))
d−δ2

√
(ab+d)2

a2b2+2adb+δ2
(3δ+2ε)

))
2F1

 d2b2−δ2b2+2deb2−2δεb2+

√
b4(d2−2εd−δ2+2eδ)2

4b2(d2−δ2)
,−
−d2b2+δ2b2−2deb2+2δεb2+

√
b4(d2−2εd−δ2+2eδ)2

4b2(d2−δ2)
; 1
4

 d2+2ed−δ(δ+2ε)

d2−δ2
−

√
(ab+d)2

a2b2+2adb+δ2
((δ2−d2)b2+a(d2+2ed−δ(δ+2ε))b+δ(−d2−2εd+δ2+2eδ))

(ab+d)(d2−δ2)
+2

; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2


(ab+d)(d2−δ2) 2F1

 5d2b2−5δ2b2+2deb2−2δεb2+

√
b4(d2−2εd−δ2+2eδ)2

4b2(d2−δ2)
,−
−5d2b2+5δ2b2−2deb2+2δεb2+

√
b4(d2−2εd−δ2+2eδ)2

4b2(d2−δ2)
; 1
4

 d2+2ed−δ(δ+2ε)

d2−δ2
−

√
(ab+d)2

a2b2+2adb+δ2
((δ2−d2)b2+a(d2+2ed−δ(δ+2ε))b+δ(−d2−2εd+δ2+2eδ))

(ab+d)(d2−δ2)
+6

; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2



=
∞

K
k=1

e+ dk + (−1)k(kδ + ε)

b− (−1 + (−1)k) ak
for (a, b, d, e, δ, ε) ∈ C6

−

b2 + e+ ε−

(
(d3−dδ2)b2+a2

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
(d2+2ed−δ(δ+2ε))b2+a

((
2

√
(ab+d)2

a2b2+2adb+δ2
−1

)
d3+

(
4

√
(ab+d)2

a2b2+2adb+δ2
e−2e−δ

)
d2−δ

(
δ

(
2

√
(ab+d)2

a2b2+2adb+δ2
−1

)
+4

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
ε

)
d+δ2(δ−2e)+b2(d2−δ2)

)
b+δ

(
−d3+

(√
(ab+d)2

a2b2+2adb+δ2
δ+2ε

)
d2+δ

(
δ+2e

(√
(ab+d)2

a2b2+2adb+δ2
−1

))
d−δ2

√
(ab+d)2

a2b2+2adb+δ2
(δ+2ε)

))
2F1

−d2b2+δ2b2+2deb2−2δεb2+

√
b4(d2+2εd−δ(2e+δ))2

4b2(d2−δ2)
,−

d2b2−δ2b2−2deb2+2δεb2+

√
b4(d2+2εd−δ(2e+δ))2

4b2(d2−δ2)
;
d3+

(
2e+(b2−δ)

√
(ab+d)2

a2b2+2adb+δ2

)
d2−δ

(
δ−2

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
ε

)
d−ab

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
(d2+2ed−δ(δ+2ε))+δ2(−b2−2e+δ)

√
(ab+d)2

a2b2+2adb+δ2

4(ab+d)(d2−δ2)
; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2


(ab+d)(d2−δ2) 2F1

 3d2b2−3δ2b2+2deb2−2δεb2+

√
b4(d2+2εd−δ(2e+δ))2

4b2(d2−δ2)
,−
−3d2b2+3δ2b2−2deb2+2δεb2+

√
b4(d2+2εd−δ(2e+δ))2

4b2(d2−δ2)
; 1
4

−d2+2ed+δ(δ−2ε)

d2−δ2
−

√
(ab+d)2

a2b2+2adb+δ2
((δ2−d2)b2+a(d2+2ed−δ(δ+2ε))b+δ(d2−2εd−δ2+2eδ))

(ab+d)(d2−δ2)
+6

; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2


b

=
∞

K
k=1

e+ dk + (−1)k(kδ + ε)

b+ (1 + (−1)k) ak
for (a, b, d, e, δ, ε) ∈ C6
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− (b+ β)2(d− δ − ε)

b3 + 2ab2 + βb2 − β2b+ 3db+ 4aβb+ δb− β3 + 2aβ2 + 3dβ + βδ − (b+ β) (b2 − β2 + 2d+ 2a(b+ β) + 2δ + ε)−
(b+β)

(
−3

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ4−dδ3−2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
εδ3+dβ2δ2−b2dδ2+3d2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ2+d3δ+2d2εδ+b2d3−d3β2+a(b+β)

(
6

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
d3−d3−β2d2+δd2+δ2d+4δεd−4δ

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
εd−6δ2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
d−δ3+β2δ2+b2(d2−δ2)

)
+a2(b+β)2

((
3

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−1

)
d2+δ

(
−3

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ+δ−2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
ε+2ε

)))
2F1

 (d2−δ(δ+2ε))b2+2β(d2−δ(δ+2ε))b+d2β2−β2δ2−2β2δε−
√

(b+β)4(−d2+2εd+δ2)2

4(b+β)2(d2−δ2)
,
(d2−δ(δ+2ε))b2+2β(d2−δ(δ+2ε))b+d2β2−β2δ2−2β2δε+

√
(b+β)4(−d2+2εd+δ2)2

4(b+β)2(d2−δ2)
;−
−3d3−(b2−β2+δ)

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
d2+δ

(
3δ−2

(√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−1

)
ε

)
d+a(b+β)

((√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−3

)
d2+δ

(
−

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ+3δ−2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
ε+2ε

))
+δ2(b2−β2+δ)

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

4(d+a(b+β))(d2−δ2)
; 1
2

(
1−
√

(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

)
(d+a(b+β))(d2−δ2) 2F1

 (5d2−δ(5δ+2ε))b2+2β(5d2−δ(5δ+2ε))b+5d2β2−5β2δ2−2β2δε−
√

(b+β)4(−d2+2εd+δ2)2

4(b+β)2(d2−δ2)
,
(5d2−δ(5δ+2ε))b2+2β(5d2−δ(5δ+2ε))b+5d2β2−5β2δ2−2β2δε+

√
(b+β)4(−d2+2εd+δ2)2

4(b+β)2(d2−δ2)
;−
−7d3−(b2−β2+δ)

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
d2+δ

(
7δ−2

(√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−1

)
ε

)
d+a(b+β)

((√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−7

)
d2+δ

(
−

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ+7δ−2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
ε+2ε

))
+δ2(b2−β2+δ)

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

4(d+a(b+β))(d2−δ2)
; 1
2

(
1−
√

(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

)

=
∞

K
k=1

dk + (−1)k(kδ + ε)

b+ ak + (−1)k(−ak + β)
for (a, b, β, d, δ, ε) ∈ C6

−2b3 + 2βb2 + 2β2b− 2db+ 2δb− 2β3 + 2dβ − 2βδ + 2(b− β)(d− δ − ε) +

2(b−β)

(
−
√

(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
δ4+dδ3−2

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
εδ3+dβ2δ2−b2dδ2+d2

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
δ2−d3δ+2d2εδ+b2d3−d3β2+a(b−β)

(
2

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
d3−d3−β2d2−δd2+δ2d+4δεd−4δ

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
εd−2δ2

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
d+δ3+β2δ2+b2(d2−δ2)

)
+a2(b−β)2

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−1

)
(d2−δ(δ+2ε))

)
2F1

 (δ(δ−2ε)−d2)b2+2β(d2−δ(δ−2ε))b−d2β2+β2δ2−2β2δε−
√

(b−β)4(d2+2εd−δ2)2

4(b−β)2(d2−δ2)
,
(δ(δ−2ε)−d2)b2+2β(d2−δ(δ−2ε))b−d2β2+β2δ2−2β2δε+

√
(b−β)4(d2+2εd−δ2)2

4(b−β)2(d2−δ2)
;
d3+(b2−β2−δ)

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
d2−δ

(
δ−2

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−1

)
ε

)
d−a(b−β)

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−1

)
(d2−δ(δ+2ε))+δ2(−b2+β2+δ)

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

4(d+a(b−β))(d2−δ2)
; 1
2

(
1−
√

(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

)
(d+a(b−β))(d2−δ2) 2F1

 (3d2−δ(3δ+2ε))b2+(2βδ(3δ+2ε)−6d2β)b+3d2β2−3β2δ2−2β2δε−
√

(b−β)4(d2+2εd−δ2)2

4(b−β)2(d2−δ2)
,
(3d2−δ(3δ+2ε))b2+(2βδ(3δ+2ε)−6d2β)b+3d2β2−3β2δ2−2β2δε+

√
(b−β)4(d2+2εd−δ2)2

4(b−β)2(d2−δ2)
;
5d3+(b2−β2−δ)

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
d2−δ

(
5δ−2

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−1

)
ε

)
d−a(b−β)

((√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−5

)
d2+δ

(
−

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
δ+5δ−2

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
ε+2ε

))
+δ2(−b2+β2+δ)

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

4(d+a(b−β))(d2−δ2)
; 1
2

(
1−
√

(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

)
2(b− β)2

=
∞

K
k=1

dk + (−1)k(kδ + ε)

b+ ak + (−1)k(ak + β)
for (a, b, β, d, δ, ε) ∈ C6

β(d− δ − ε)

−d+ δ + ε+

(
(δ−β2)d3+δ

(
3

√
(d+aβ)2

a2β2+2adβ+δ2
δ+2ε

)
d2+(β2−δ)δ2d−δ3

√
(d+aβ)2

a2β2+2adβ+δ2
(3δ+2ε)+a2β2

((
3

√
(d+aβ)2

a2β2+2adβ+δ2
−1

)
d2+δ

(
−3

√
(d+aβ)2

a2β2+2adβ+δ2
δ+δ−2

√
(d+aβ)2

a2β2+2adβ+δ2
ε+2ε

))
−aβ

((
1−6

√
(d+aβ)2

a2β2+2adβ+δ2

)
d3+(β2−δ)d2+δ

(
δ

(
6

√
(d+aβ)2

a2β2+2adβ+δ2
−1

)
+4

(√
(d+aβ)2

a2β2+2adβ+δ2
−1

)
ε

)
d+δ2(δ−β2)

))
2F1

 d2β2−δ(δ+2ε)β2+

√
β4(−d2+2εd+δ2)2

4β2(d2−δ2)
,−
−d2β2+δ(δ+2ε)β2+

√
β4(−d2+2εd+δ2)2

4β2(d2−δ2)
; 1
4

 d2−δ(δ+2ε)

d2−δ2
−

√
(d+aβ)2

a2β2+2adβ+δ2
((β2−δ)d2−2δεd+δ2(δ−β2)+aβ(d2−δ(δ+2ε)))

(d+aβ)(d2−δ2)
+2

; 1
2−

1
2

√
(d+aβ)2

a2β2+2adβ+δ2


(d+aβ)(d2−δ2) 2F1

 5d2β2−δ(5δ+2ε)β2+

√
β4(−d2+2εd+δ2)2

4β2(d2−δ2)
,−
−5d2β2+δ(5δ+2ε)β2+

√
β4(−d2+2εd+δ2)2

4β2(d2−δ2)
; 1
4

 d2−δ(δ+2ε)

d2−δ2
−

√
(d+aβ)2

a2β2+2adβ+δ2
((β2−δ)d2−2δεd+δ2(δ−β2)+aβ(d2−δ(δ+2ε)))

(d+aβ)(d2−δ2)
+6

; 1
2−

1
2

√
(d+aβ)2

a2β2+2adβ+δ2



=
∞

K
k=1

dk + (−1)k(kδ + ε)

ak + (−1)k(−ak + β)
for (a, β, d, δ, ε) ∈ C5

−

2β3 − 2dβ + 2δβ + 2(d− δ − ε)β +

2

(
−(β2+δ)d3+δ

(√
(d−aβ)2

a2β2−2adβ+δ2
δ+2ε

)
d2+δ2(β2+δ)d−δ3

√
(d−aβ)2

a2β2−2adβ+δ2
(δ+2ε)+a2β2

(√
(d−aβ)2

a2β2−2adβ+δ2
−1

)
(d2−δ(δ+2ε))−a

(
β

(
2

√
(d−aβ)2

a2β2−2adβ+δ2
−1

)
d3−β(β2+δ)d2−βδ

(
δ

(
2

√
(d−aβ)2

a2β2−2adβ+δ2
−1

)
+4

(√
(d−aβ)2

a2β2−2adβ+δ2
−1

)
ε

)
d+βδ2(β2+δ)

))
2F1

− d2β2−δ(δ−2ε)β2+

√
β4(d2+2εd−δ2)2

4β2(d2−δ2)
,
−d2β2+δ(δ−2ε)β2+

√
β4(d2+2εd−δ2)2

4β2(d2−δ2)
; 1
2

− d2−δ2+2δε

2d2−2δ2
+

√
(d−aβ)2

a2β2−2adβ+δ2
(−(β2+δ)d2+2δεd+δ2(β2+δ)+aβ(d2−δ(δ+2ε)))

2(d−aβ)(d2−δ2)
+1

; 1
2

(
1−
√

(d−aβ)2

a2β2−2adβ+δ2

)β
(d−aβ)(d2−δ2) 2F1

 3d2β2−δ(3δ+2ε)β2+

√
β4(d2+2εd−δ2)2

4β2(d2−δ2)
,−
−3d2β2+δ(3δ+2ε)β2+

√
β4(d2+2εd−δ2)2

4β2(d2−δ2)
; 1
2

− d2−δ2+2δε

2d2−2δ2
+

√
(d−aβ)2

a2β2−2adβ+δ2
(−(β2+δ)d2+2δεd+δ2(β2+δ)+aβ(d2−δ(δ+2ε)))

2(d−aβ)(d2−δ2)
+3

; 1
2

(
1−
√

(d−aβ)2

a2β2−2adβ+δ2

)
2β2

=
∞

K
k=1

dk + (−1)k(kδ + ε)

ak + (−1)k(ak + β)
for (a, β, d, δ, ε) ∈ C5

b(d− δ − ε)

−d+ δ + ε+

(
(d3−dδ2)b2+a2

((
3

√
(ab+d)2

a2b2+2adb+δ2
−1

)
d2+δ

(
−3

√
(ab+d)2

a2b2+2adb+δ2
δ+δ−2

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
ε

))
b2+a

((
6

√
(ab+d)2

a2b2+2adb+δ2
−1

)
d3+δd2−δ

(
δ

(
6

√
(ab+d)2

a2b2+2adb+δ2
−1

)
+4

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
ε

)
d−δ3+b2(d2−δ2)

)
b+δ

(
d3+

(
3

√
(ab+d)2

a2b2+2adb+δ2
δ+2ε

)
d2−δ2d−δ2

√
(ab+d)2

a2b2+2adb+δ2
(3δ+2ε)

))
2F1

 b2(d2−δ(δ+2ε))−
√
b4(−d2+2εd+δ2)2

4b2(d2−δ2)
,
(d2−δ(δ+2ε))b2+

√
b4(−d2+2εd+δ2)2

4b2(d2−δ2)
; 1
4

 d2−δ(δ+2ε)

d2−δ2
−

√
(ab+d)2

a2b2+2adb+δ2
(δ3−d2δ−2dεδ+b2(δ2−d2)+ab(d2−δ(δ+2ε)))

(ab+d)(d2−δ2)
+2

; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2


(ab+d)(d2−δ2) 2F1

 b2(5d2−δ(5δ+2ε))−
√
b4(−d2+2εd+δ2)2

4b2(d2−δ2)
,
(5d2−δ(5δ+2ε))b2+

√
b4(−d2+2εd+δ2)2

4b2(d2−δ2)
; 1
4

 d2−δ(δ+2ε)

d2−δ2
−

√
(ab+d)2

a2b2+2adb+δ2
(δ3−d2δ−2dεδ+b2(δ2−d2)+ab(d2−δ(δ+2ε)))

(ab+d)(d2−δ2)
+6

; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2



=
∞

K
k=1

dk + (−1)k(kδ + ε)

b− (−1 + (−1)k) ak
for (a, b, d, δ, ε) ∈ C5

−

b2 + ε−

(
(d3−dδ2)b2+a2

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
(d2−δ(δ+2ε))b2+a

((
2

√
(ab+d)2

a2b2+2adb+δ2
−1

)
d3−δd2−δ

(
δ

(
2

√
(ab+d)2

a2b2+2adb+δ2
−1

)
+4

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
ε

)
d+δ3+b2(d2−δ2)

)
b+δ

(
−d3+

(√
(ab+d)2

a2b2+2adb+δ2
δ+2ε

)
d2+δ2d−δ2

√
(ab+d)2

a2b2+2adb+δ2
(δ+2ε)

))
2F1

 b2(δ(δ−2ε)−d2)−
√
b4(d2+2εd−δ2)2

4b2(d2−δ2)
,
(δ(δ−2ε)−d2)b2+

√
b4(d2+2εd−δ2)2

4b2(d2−δ2)
;
d3+(b2−δ)

√
(ab+d)2

a2b2+2adb+δ2
d2−δ

(
δ−2

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
ε

)
d−ab

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
(d2−δ(δ+2ε))+δ2(δ−b2)

√
(ab+d)2

a2b2+2adb+δ2

4(ab+d)(d2−δ2)
; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2


(ab+d)(d2−δ2) 2F1

 b2(3d2−δ(3δ+2ε))−
√
b4(d2+2εd−δ2)2

4b2(d2−δ2)
,
(3d2−δ(3δ+2ε))b2+

√
b4(d2+2εd−δ2)2

4b2(d2−δ2)
; 1
2

− d2−δ2+2δε

2d2−2δ2
−

√
(ab+d)2

a2b2+2adb+δ2
((δ2−d2)b2+a(d2−δ(δ+2ε))b+δ(d2−2εd−δ2))

2(ab+d)(d2−δ2)
+3

; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2


b

=
∞

K
k=1

dk + (−1)k(kδ + ε)

b+ (1 + (−1)k) ak
for (a, b, d, δ, ε) ∈ C5
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− (b+ β)2(d+ e− δ)

b3 + 2ab2 + βb2 − β2b+ 3db+ 2eb+ 4aβb+ δb− β3 + 2aβ2 + 3dβ + 2eβ + βδ − (b+ β) (b2 − β2 + 2d+ e+ 2a(b+ β) + 2δ)−
(b+β)

(
−3

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ4−dδ3+dβ2δ2−b2dδ2−2deδ2+3d2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ2+2de

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
δ2+d3δ+b2d3−d3β2+a(b+β)

(
6

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
d3−d3−β2d2−2ed2+δd2+4e

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
d2+δ2d−6δ2

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
d−δ3+β2δ2−2eδ2+b2(d2−δ2)

)
+a2(b+β)2

((
3

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−1

)
d2+2e

(√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−1

)
d+δ2

(
1−3

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

)))
2F1

 (d2+2ed−δ2)b2+2β(d2+2ed−δ2)b+d2β2+2deβ2−β2δ2−
√

(b+β)4(d2−δ2+2eδ)2

4(b+β)2(d2−δ2)
,
(d2+2ed−δ2)b2+2β(d2+2ed−δ2)b+d2β2+2deβ2−β2δ2+

√
(b+β)4(d2−δ2+2eδ)2

4(b+β)2(d2−δ2)
;−
−3d3−

(
2e+(b2−β2+δ)

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

)
d2+3δ2d+a(b+β)

((√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−3

)
d2+2e

(√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−1

)
d−δ2

(√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−3

))
+δ2(b2−β2+2e+δ)

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

4(d+a(b+β))(d2−δ2)
; 1
2

(
1−
√

(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

)
(d+a(b+β))(d2−δ2) 2F1

 (5d2+2ed−5δ2)b2+2β(5d2+2ed−5δ2)b+5d2β2+2deβ2−5β2δ2−
√

(b+β)4(d2−δ2+2eδ)2

4(b+β)2(d2−δ2)
,
(5d2+2ed−5δ2)b2+2β(5d2+2ed−5δ2)b+5d2β2+2deβ2−5β2δ2+

√
(b+β)4(d2−δ2+2eδ)2

4(b+β)2(d2−δ2)
;−
−7d3−

(
2e+(b2−β2+δ)

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

)
d2+7δ2d+a(b+β)

((√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−7

)
d2+2e

(√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−1

)
d−δ2

(√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−7

))
+δ2(b2−β2+2e+δ)

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

4(d+a(b+β))(d2−δ2)
; 1
2

(
1−
√

(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

)

=
∞

K
k=1

e+ k
(
d+ (−1)kδ

)
b+ ak + (−1)k(−ak + β)

for (a, b, β, d, e, δ) ∈ C6

−2b3 + 2βb2 + 2β2b− 2db− 4eb+ 2δb− 2β3 + 2dβ + 4eβ + 2(b− β)(d+ e− δ)− 2βδ +

2(b−β)

(
−
√

(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
δ4+dδ3+dβ2δ2−b2dδ2−2deδ2+d2

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
δ2+2de

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
δ2−d3δ+b2d3−d3β2+a2(b−β)2(d2+2ed−δ2)

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−1

)
+a(b−β)

(
2

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
d3−d3−β2d2−2ed2−δd2+4e

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
d2+δ2d−2δ2

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
d+δ3+β2δ2−2eδ2+b2(d2−δ2)

))
2F1

 (−d2+2ed+δ2)b2+2β(d2−2ed−δ2)b−d2β2+2deβ2+β2δ2−
√

(b−β)4(d2−δ(2e+δ))2

4(b−β)2(d2−δ2)
,
(−d2+2ed+δ2)b2+2β(d2−2ed−δ2)b−d2β2+2deβ2+β2δ2+

√
(b−β)4(d2−δ(2e+δ))2

4(b−β)2(d2−δ2)
;
d3+

(
2e+(b2−β2−δ)

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

)
d2−δ2d−a(b−β)(d2+2ed−δ2)

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−1

)
+δ2(−b2+β2−2e+δ)

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

4(d+a(b−β))(d2−δ2)
; 1
2

(
1−
√

(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

)
(d+a(b−β))(d2−δ2) 2F1

 (3d2+2ed−3δ2)b2−2β(3d2+2ed−3δ2)b+3d2β2+2deβ2−3β2δ2−
√

(b−β)4(d2−δ(2e+δ))2

4(b−β)2(d2−δ2)
,
(3d2+2ed−3δ2)b2−2β(3d2+2ed−3δ2)b+3d2β2+2deβ2−3β2δ2+

√
(b−β)4(d2−δ(2e+δ))2

4(b−β)2(d2−δ2)
;
5d3+

(
2e+(b2−β2−δ)

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

)
d2−5δ2d−a(b−β)

((√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−5

)
d2+2e

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−1

)
d−δ2

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−5

))
+δ2(−b2+β2−2e+δ)

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

4(d+a(b−β))(d2−δ2)
; 1
2

(
1−
√

(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

)
2(b− β)2

=
∞

K
k=1

e+ k
(
d+ (−1)kδ

)
b+ ak + (−1)k(ak + β)

for (a, b, β, d, e, δ) ∈ C6

β(d+ e− δ)

−d− e+ δ +

(
−3

√
(d+aβ)2

a2β2+2adβ+δ2
δ4+d

(
β2−δ+2e

(√
(d+aβ)2

a2β2+2adβ+δ2
−1

))
δ2+3d2

√
(d+aβ)2

a2β2+2adβ+δ2
δ2+d3(δ−β2)+a2β2

((
3

√
(d+aβ)2

a2β2+2adβ+δ2
−1

)
d2+2e

(√
(d+aβ)2

a2β2+2adβ+δ2
−1

)
d+δ2

(
1−3

√
(d+aβ)2

a2β2+2adβ+δ2

))
−aβ

((
1−6

√
(d+aβ)2

a2β2+2adβ+δ2

)
d3−

(
−β2−2e+δ+4e

√
(d+aβ)2

a2β2+2adβ+δ2

)
d2+δ2

(
6

√
(d+aβ)2

a2β2+2adβ+δ2
−1

)
d+δ2(−β2+2e+δ)

))
2F1

 d2β2−δ2β2+2deβ2+

√
β4(d2+(2e−δ)δ)2

4β2(d2−δ2)
,−
−d2β2+δ2β2−2deβ2+

√
β4(d2+(2e−δ)δ)2

4β2(d2−δ2)
; 1
2

 d2+2ed−δ2
2d2−2δ2

−

√
(d+aβ)2

a2β2+2adβ+δ2
((β2−δ)d2+δ2(−β2+2e+δ)+aβ(d2+2ed−δ2))

2(d+aβ)(d2−δ2)
+1

; 1
2−

1
2

√
(d+aβ)2

a2β2+2adβ+δ2


(d+aβ)(d2−δ2) 2F1

 5d2β2−5δ2β2+2deβ2+

√
β4(d2+(2e−δ)δ)2

4β2(d2−δ2)
,−
−5d2β2+5δ2β2−2deβ2+

√
β4(d2+(2e−δ)δ)2

4β2(d2−δ2)
; 1
2

 d2+2ed−δ2
2d2−2δ2

−

√
(d+aβ)2

a2β2+2adβ+δ2
((β2−δ)d2+δ2(−β2+2e+δ)+aβ(d2+2ed−δ2))

2(d+aβ)(d2−δ2)
+3

; 1
2−

1
2

√
(d+aβ)2

a2β2+2adβ+δ2



=
∞

K
k=1

e+ k
(
d+ (−1)kδ

)
ak + (−1)k(−ak + β)

for (a, β, d, e, δ) ∈ C5

−

2β3 − 2dβ − 4eβ + 2(d+ e− δ)β + 2δβ +

2

(
−
√

(d−aβ)2

a2β2−2adβ+δ2
δ4+d

(
β2+δ+2e

(√
(d−aβ)2

a2β2−2adβ+δ2
−1

))
δ2+d2

√
(d−aβ)2

a2β2−2adβ+δ2
δ2−d3(β2+δ)+a2β2(d2+2ed−δ2)

(√
(d−aβ)2

a2β2−2adβ+δ2
−1

)
−aβ

((
2

√
(d−aβ)2

a2β2−2adβ+δ2
−1

)
d3−

(
β2+2e+δ−4e

√
(d−aβ)2

a2β2−2adβ+δ2

)
d2−δ2

(
2

√
(d−aβ)2

a2β2−2adβ+δ2
−1

)
d+δ2(β2−2e+δ)

))
2F1

− d2β2−δ2β2−2deβ2+

√
β4(d2−δ(2e+δ))2

4β2(d2−δ2)
,
−d2β2+δ2β2+2deβ2+

√
β4(d2−δ(2e+δ))2

4β2(d2−δ2)
; 1
2

−d2+2ed+δ2

2(d2−δ2)
+

√
(d−aβ)2

a2β2−2adβ+δ2
(−(β2+δ)d2+δ2(β2−2e+δ)+aβ(d2+2ed−δ2))

2(d−aβ)(d2−δ2)
+1

; 1
2

(
1−
√

(d−aβ)2

a2β2−2adβ+δ2

)β
(d−aβ)(d2−δ2) 2F1

 3d2β2−3δ2β2+2deβ2+

√
β4(d2−δ(2e+δ))2

4β2(d2−δ2)
,−
−3d2β2+3δ2β2−2deβ2+

√
β4(d2−δ(2e+δ))2

4β2(d2−δ2)
; 1
2

−d2+2ed+δ2

2(d2−δ2)
+

√
(d−aβ)2

a2β2−2adβ+δ2
(−(β2+δ)d2+δ2(β2−2e+δ)+aβ(d2+2ed−δ2))

2(d−aβ)(d2−δ2)
+3

; 1
2

(
1−
√

(d−aβ)2

a2β2−2adβ+δ2

)
2β2

=
∞

K
k=1

e+ k
(
d+ (−1)kδ

)
ak + (−1)k(ak + β)

for (a, β, d, e, δ) ∈ C5

b(d+ e− δ)

−d− e+ δ +

(
(d3−dδ2)b2+a2

((
3

√
(ab+d)2

a2b2+2adb+δ2
−1

)
d2+2e

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
d+δ2

(
1−3

√
(ab+d)2

a2b2+2adb+δ2

))
b2+a

((
6

√
(ab+d)2

a2b2+2adb+δ2
−1

)
d3+

(
4

√
(ab+d)2

a2b2+2adb+δ2
e−2e+δ

)
d2−δ2

(
6

√
(ab+d)2

a2b2+2adb+δ2
−1

)
d−δ2(2e+δ)+b2(d2−δ2)

)
b+δ

(
d3+3δ

√
(ab+d)2

a2b2+2adb+δ2
d2−δ

(
δ−2e

(√
(ab+d)2

a2b2+2adb+δ2
−1

))
d−3δ3

√
(ab+d)2

a2b2+2adb+δ2

))
2F1

 (d2+2ed−δ2)b2+

√
b4(d2+(2e−δ)δ)2

4b2(d2−δ2)
,
b2(d2+2ed−δ2)−

√
b4(d2−δ2+2eδ)2

4b2(d2−δ2)
; 1
2

 d2+2ed−δ2
2d2−2δ2

−

√
(ab+d)2

a2b2+2adb+δ2
((δ2−d2)b2+a(d2+2ed−δ2)b+δ(−d2+δ2+2eδ))

2(ab+d)(d2−δ2)
+1

; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2


(ab+d)(d2−δ2) 2F1

 (5d2+2ed−5δ2)b2+

√
b4(d2+(2e−δ)δ)2

4b2(d2−δ2)
,
b2(5d2+2ed−5δ2)−

√
b4(d2−δ2+2eδ)2

4b2(d2−δ2)
; 1
2

 d2+2ed−δ2
2d2−2δ2

−

√
(ab+d)2

a2b2+2adb+δ2
((δ2−d2)b2+a(d2+2ed−δ2)b+δ(−d2+δ2+2eδ))

2(ab+d)(d2−δ2)
+3

; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2



=
∞

K
k=1

e+ k
(
d+ (−1)kδ

)
b− (−1 + (−1)k) ak

for (a, b, d, e, δ) ∈ C5

−

b2 + e−

(
(d3−dδ2)b2+a2(d2+2ed−δ2)

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
b2+a

((
2

√
(ab+d)2

a2b2+2adb+δ2
−1

)
d3+

(
4

√
(ab+d)2

a2b2+2adb+δ2
e−2e−δ

)
d2−δ2

(
2

√
(ab+d)2

a2b2+2adb+δ2
−1

)
d+δ2(δ−2e)+b2(d2−δ2)

)
b+δ

(
−d3+δ

√
(ab+d)2

a2b2+2adb+δ2
d2+δ

(
δ+2e

(√
(ab+d)2

a2b2+2adb+δ2
−1

))
d−δ3

√
(ab+d)2

a2b2+2adb+δ2

))
2F1

 b2(−d2+2ed+δ2)−
√
b4(d2−δ(2e+δ))2

4b2(d2−δ2)
,
(−d2+2ed+δ2)b2+

√
b4(d2−δ(2e+δ))2

4b2(d2−δ2)
;
d3+

(
2e+(b2−δ)

√
(ab+d)2

a2b2+2adb+δ2

)
d2−δ2d−ab(d2+2ed−δ2)

(√
(ab+d)2

a2b2+2adb+δ2
−1

)
+δ2(−b2−2e+δ)

√
(ab+d)2

a2b2+2adb+δ2

4(ab+d)(d2−δ2)
; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2


(ab+d)(d2−δ2) 2F1

 b2(3d2+2ed−3δ2)−
√
b4(d2−δ(2e+δ))2

4b2(d2−δ2)
,
(3d2+2ed−3δ2)b2+

√
b4(d2−δ(2e+δ))2

4b2(d2−δ2)
; 1
4

−d2+2ed+δ2

d2−δ2
−

√
(ab+d)2

a2b2+2adb+δ2
((δ2−d2)b2+a(d2+2ed−δ2)b+δ(d2−δ2+2eδ))

(ab+d)(d2−δ2)
+6

; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2


b

=
∞

K
k=1

e+ k
(
d+ (−1)kδ

)
b+ (1 + (−1)k) ak

for (a, b, d, e, δ) ∈ C5
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− (b+ β)2(e− δ − ε)

b3 + 2ab2 + βb2 − β2b+ 2eb+ 4aβb+ δb− β3 + 2aβ2 + 2eβ + βδ − (b+ β) (b2 − β2 + e+ 2a(b+ β) + 2δ + ε)−

(
a2

(
δ

(
3

√
a2(b+β)2

a2(b+β)2+δ2
−1

)
+2

(√
a2(b+β)2

a2(b+β)2+δ2
−1

)
ε

)
(b+β)2+aδ(b2−β2+2e+δ)(b+β)+δ2

√
a2(b+β)2

a2(b+β)2+δ2
(3δ+2ε)

)
2F1

 δ(δ+2ε)b2+2βδ(δ+2ε)b+β2δ(δ+2ε)−
√

(b+β)4δ2(δ−2e)2

4(b+β)2δ2
,
δ(δ+2ε)b2+2βδ(δ+2ε)b+β2δ(δ+2ε)+

√
(b+β)4δ2(δ−2e)2

4(b+β)2δ2
;
δ(b2−β2+2e+δ)

√
a2(b+β)2

a2(b+β)2+δ2
−a(b+β)

(
δ

(√
a2(b+β)2

a2(b+β)2+δ2
−3

)
+2

(√
a2(b+β)2

a2(b+β)2+δ2
−1

)
ε

)
4a(b+β)δ

; 1
2

(
1−
√

a2(b+β)2

a2(b+β)2+δ2

)
aδ 2F1

 δ(5δ+2ε)b2+2βδ(5δ+2ε)b+β2δ(5δ+2ε)−
√

(b+β)4δ2(δ−2e)2

4(b+β)2δ2
,
δ(5δ+2ε)b2+2βδ(5δ+2ε)b+β2δ(5δ+2ε)+

√
(b+β)4δ2(δ−2e)2

4(b+β)2δ2
;
δ(b2−β2+2e+δ)

√
a2(b+β)2

a2(b+β)2+δ2
−a(b+β)

(
δ

(√
a2(b+β)2

a2(b+β)2+δ2
−7

)
+2

(√
a2(b+β)2

a2(b+β)2+δ2
−1

)
ε

)
4a(b+β)δ

; 1
2

(
1−
√

a2(b+β)2

a2(b+β)2+δ2

)

=
∞

K
k=1

e+ (−1)k(kδ + ε)

b+ ak + (−1)k(−ak + β)
for (a, b, β, e, δ, ε) ∈ C6

−b3 + βb2 + β2b− 2eb+ δb− β3 + 2eβ − βδ + (b− β)(e− δ − ε) +

(
a2

(√
a2(b−β)2

a2(b−β)2+δ2
−1

)
(δ+2ε)(b−β)2+a(b2−β2+2e−δ)δ(b−β)+δ2

√
a2(b−β)2

a2(b−β)2+δ2
(δ+2ε)

)
2F1

−δ(δ−2ε)b2+2βδ(δ−2ε)b−β2δ(δ−2ε)+
√

(b−β)4δ2(2e+δ)2

4(b−β)2δ2
,− δ(δ−2ε)b2−2βδ(δ−2ε)b+β2δ(δ−2ε)+

√
(b−β)4δ2(2e+δ)2

4(b−β)2δ2
;
(b2−β2+2e−δ)δ

√
a2(b−β)2

a2(b−β)2+δ2
−a(b−β)

(√
a2(b−β)2

a2(b−β)2+δ2
−1

)
(δ+2ε)

4a(b−β)δ
; 1
2

(
1−
√

a2(b−β)2

a2(b−β)2+δ2

)
aδ 2F1

 δ(3δ+2ε)b2−2βδ(3δ+2ε)b+β2δ(3δ+2ε)−
√

(b−β)4δ2(2e+δ)2

4(b−β)2δ2
,
δ(3δ+2ε)b2−2βδ(3δ+2ε)b+β2δ(3δ+2ε)+

√
(b−β)4δ2(2e+δ)2

4(b−β)2δ2
;
(b2−β2+2e−δ)δ

√
a2(b−β)2

a2(b−β)2+δ2
−a(b−β)

(
δ

(√
a2(b−β)2

a2(b−β)2+δ2
−5

)
+2

(√
a2(b−β)2

a2(b−β)2+δ2
−1

)
ε

)
4a(b−β)δ

; 1
2

(
1−
√

a2(b−β)2

a2(b−β)2+δ2

)
(b− β)2

=
∞

K
k=1

e+ (−1)k(kδ + ε)

b+ ak + (−1)k(ak + β)
for (a, b, β, e, δ, ε) ∈ C6

β2(−δ + e− ε)
(
a2β2

(
2ε

(√
a2β2

a2β2+δ2
−1

)
+δ

(
3

√
a2β2

a2β2+δ2
−1

))
+δ2(3δ+2ε)

√
a2β2

a2β2+δ2
+aβδ(−β2+δ+2e)

)
2F1

 β2δ(δ+2ε)−
√
β4δ2(δ−2e)2

4β2δ2
,
δ(δ+2ε)β2+

√
β4δ2(δ−2e)2

4β2δ2
;
δ

√
a2β2

a2β2+δ2
(−β2+2e+δ)+aβ

(
−δ
(√

a2β2

a2β2+δ2
−3

)
−2

(√
a2β2

a2β2+δ2
−1

)
ε

)
4aβδ ; 1

2

(
1−
√

a2β2

a2β2+δ2

)
aδ 2F1

 β2δ(5δ+2ε)−
√
β4δ2(δ−2e)2

4β2δ2
,
δ(5δ+2ε)β2+

√
β4δ2(δ−2e)2

4β2δ2
;
δ

√
a2β2

a2β2+δ2
(−β2+2e+δ)+aβ

(
−δ
(√

a2β2

a2β2+δ2
−7

)
−2

(√
a2β2

a2β2+δ2
−1

)
ε

)
4aβδ ; 1

2

(
1−
√

a2β2

a2β2+δ2

)
− 2aβ2 + β (2aβ − β2 + 2δ + e+ ε) + β3 − βδ − 2βe

=
∞

K
k=1

e+ (−1)k(kδ + ε)

ak + (−1)k(−ak + β)
for (a, β, e, δ, ε) ∈ C5

(
a2β2(δ+2ε)

(√
a2β2

a2β2+δ2
−1

)
+δ2(δ+2ε)

√
a2β2

a2β2+δ2
+aβδ(β2+δ−2e)

)
2F1

√β4δ2(2e+δ)2−β2δ(δ−2ε)

4β2δ2
,− δ(δ−2ε)β2+

√
β4δ2(2e+δ)2

4β2δ2
;
δ(β2−2e+δ)

√
a2β2

a2β2+δ2
−aβ

(√
a2β2

a2β2+δ2
−1

)
(δ+2ε)

4aβδ ; 1
2

(
1−
√

a2β2

a2β2+δ2

)
aδ 2F1

 β2δ(3δ+2ε)−
√
β4δ2(2e+δ)2

4β2δ2
,
δ(3δ+2ε)β2+

√
β4δ2(2e+δ)2

4β2δ2
;
δ

√
a2β2

a2β2+δ2
(β2−2e+δ)+aβ

(
−δ
(√

a2β2

a2β2+δ2
−5

)
−2

(√
a2β2

a2β2+δ2
−1

)
ε

)
4aβδ ; 1

2

(
1−
√

a2β2

a2β2+δ2

)
− β3 − βδ + β(δ − e+ ε) + 2βe

β2
=
∞

K
k=1

e+ (−1)k(kδ + ε)

ak + (−1)k(ak + β)
for (a, β, e, δ, ε) ∈ C5

− b2(−δ + e− ε)

−

(
a2b2

(
2ε
(√

a2b2

a2b2+δ2
−1
)

+δ
(

3
√

a2b2

a2b2+δ2
−1
))

+δ2(3δ+2ε)
√

a2b2

a2b2+δ2
+abδ(b2+δ+2e)

)
2F1

 b2δ(δ+2ε)−
√
b4δ2(δ−2e)2

4b2δ2
,
δ(δ+2ε)b2+

√
b4δ2(δ−2e)2

4b2δ2
;
δ

√
a2b2

a2b2+δ2
(b2+2e+δ)+ab

(
−δ
(√

a2b2

a2b2+δ2
−3

)
−2

(√
a2b2

a2b2+δ2
−1

)
ε

)
4abδ ; 1

2

(
1−
√

a2b2

a2b2+δ2

)
aδ 2F1

 b2δ(5δ+2ε)−
√
b4δ2(δ−2e)2

4b2δ2
,
δ(5δ+2ε)b2+

√
b4δ2(δ−2e)2

4b2δ2
;
δ

√
a2b2

a2b2+δ2
(b2+2e+δ)+ab

(
−δ
(√

a2b2

a2b2+δ2
−7

)
−2

(√
a2b2

a2b2+δ2
−1

)
ε

)
4abδ ; 1

2

(
1−
√

a2b2

a2b2+δ2

) − b (2ab+ b2 + 2δ + e+ ε) + 2ab2 + b3 + bδ + 2be

=
∞

K
k=1

e+ (−1)k(kδ + ε)

b− (−1 + (−1)k) ak
for (a, b, e, δ, ε) ∈ C5

(
a2b2(δ+2ε)

(√
a2b2

a2b2+δ2
−1
)

+δ2(δ+2ε)
√

a2b2

a2b2+δ2
+abδ(b2−δ+2e)

)
2F1

√b4δ2(2e+δ)2−b2δ(δ−2ε)

4b2δ2
,− δ(δ−2ε)b2+

√
b4δ2(2e+δ)2

4b2δ2
;
(b2+2e−δ)δ

√
a2b2

a2b2+δ2
−ab

(√
a2b2

a2b2+δ2
−1

)
(δ+2ε)

4abδ ; 1
2

(
1−
√

a2b2

a2b2+δ2

)
aδ 2F1

 b2δ(3δ+2ε)−
√
b4δ2(2e+δ)2

4b2δ2
,
δ(3δ+2ε)b2+

√
b4δ2(2e+δ)2

4b2δ2
;
(b2+2e−δ)

√
a2b2

a2b2+δ2
δ+ab

(
−δ
(√

a2b2

a2b2+δ2
−5

)
−2

(√
a2b2

a2b2+δ2
−1

)
ε

)
4abδ ; 1

2

(
1−
√

a2b2

a2b2+δ2

) − b3 + bδ + b(−δ + e− ε)− 2be

b2
=
∞

K
k=1

e+ (−1)k(kδ + ε)

b+ (1 + (−1)k) ak
for (a, b, e, δ, ε) ∈ C5
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− (b+ β)2(d− δ)

−
(b+β)

(
a(b+β)

(
6d

√
(a(b+β)+d)2

a2(b+β)2+2ad(b+β)+δ2
+b2−β2−d+δ

)
+a2(b+β)2

(
3

√
(a(b+β)+d)2

a2(b+β)2+2ad(b+β)+δ2
−1

)
+3δ2

√
(a(b+β)+d)2

a2(b+β)2+2ad(b+β)+δ2
+b2d−β2d+dδ

)

(a(b+β)+d) 2F1

 5(d2−δ2)b2+10β(d2−δ2)b+5d2β2−5β2δ2−
√

(b+β)4(δ2−d2)2

4(b+β)2(d2−δ2)
,
5(d2−δ2)b2+10β(d2−δ2)b+5d2β2−5β2δ2+

√
(b+β)4(δ2−d2)2

4(b+β)2(d2−δ2)
;
7d−a(b+β)

(√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2
−7

)
+(b2−β2+δ)

√
(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

4(d+a(b+β))
; 1
2

(
1−
√

(d+a(b+β))2

a2(b+β)2+2ad(b+β)+δ2

)
− (b+ β) (2a(b+ β) + b2 − β2 + 2d+ 2δ) + 2ab2 + 2aβ2 + 4aβb+ b3 − β3 + βb2 − β2b+ 3bd+ bδ + βδ + 3βd

=
∞

K
k=1

k
(
d+ (−1)kδ

)
b+ ak + (−1)k(−ak + β)

for (a, b, β, d, δ) ∈ C5

2(b−β)

(
a(b−β)

(
2d

√
(a(b−β)+d)2

a2(b−β)2+2ad(b−β)+δ2
+b2−β2−d−δ

)
+a2(b−β)2

(√
(a(b−β)+d)2

a2(b−β)2+2ad(b−β)+δ2
−1

)
+δ2

√
(a(b−β)+d)2

a2(b−β)2+2ad(b−β)+δ2
+b2d−β2d−dδ

)

(a(b−β)+d) 2F1

 3(d2−δ2)b2+6β(δ2−d2)b+3d2β2−3β2δ2−
√

(β−b)4(δ2−d2)2

4(b−β)2(d2−δ2)
,
3(d2−δ2)b2+6β(δ2−d2)b+3d2β2−3β2δ2+

√
(β−b)4(δ2−d2)2

4(b−β)2(d2−δ2)
;
5d−a(b−β)

(√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2
−5

)
+(b2−β2−δ)

√
(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

4(d+a(b−β))
; 1
2

(
1−
√

(d+a(b−β))2

a2(b−β)2+2ad(b−β)+δ2

)
− 2b3 − 2β3 + 2βb2 + 2β2b+ 2(b− β)(d− δ)− 2bd+ 2bδ − 2βδ + 2βd

2(b− β)2
=
∞

K
k=1

k
(
d+ (−1)kδ

)
b+ ak + (−1)k(ak + β)

for (a, b, β, d, δ) ∈ C5

β(d− δ)
a2β2

(
3

√
(aβ+d)2

a2β2+2aβd+δ2
−1

)
−aβ

(
−6d

√
(aβ+d)2

a2β2+2aβd+δ2
+β2+d−δ

)
+3δ2

√
(aβ+d)2

a2β2+2aβd+δ2
+d(δ−β2)

(aβ+d) 2F1

 5d2β2−5δ2β2+

√
β4(d2−δ2)2

4β2(d2−δ2)
,−
−5d2β2+5δ2β2+

√
β4(d2−δ2)2

4β2(d2−δ2)
;
7d−aβ

(√
(d+aβ)2

a2β2+2adβ+δ2
−7

)
+(δ−β2)

√
(d+aβ)2

a2β2+2adβ+δ2

4(d+aβ)
; 1
2−

1
2

√
(d+aβ)2

a2β2+2adβ+δ2


− d+ δ

=
∞

K
k=1

k
(
d+ (−1)kδ

)
ak + (−1)k(−ak + β)

for (a, β, d, δ) ∈ C4

−

a2β2

(√
(d−aβ)2

a2β2−2aβd+δ2
−1

)
+aβ

(
−2d

√
(d−aβ)2

a2β2−2aβd+δ2
+β2+d+δ

)
+δ2

√
(d−aβ)2

a2β2−2aβd+δ2
−d(β2+δ)

(d−aβ) 2F1

 3d2β2−3δ2β2+

√
β4(d2−δ2)2

4β2(d2−δ2)
,−
−3d2β2+3δ2β2+

√
β4(d2−δ2)2

4β2(d2−δ2)
;
5d+aβ

(√
(d−aβ)2

a2β2−2adβ+δ2
−5

)
−(β2+δ)

√
(d−aβ)2

a2β2−2adβ+δ2

4(d−aβ)
; 1
2

(
1−
√

(d−aβ)2

a2β2−2adβ+δ2

)
+ β2

β
=
∞

K
k=1

k
(
d+ (−1)kδ

)
ak + (−1)k(ak + β)

for (a, β, d, δ) ∈ C4

b(d− δ)

a2b2

(
3

√
(ab+d)2

a2b2+2abd+δ2
−1

)
+ab

(
6d

√
(ab+d)2

a2b2+2abd+δ2
+b2−d+δ

)
+δ

(
3δ

√
(ab+d)2

a2b2+2abd+δ2
+d

)
+b2d

(ab+d) 2F1

−√b4(d2−δ2)2−5b2(d2−δ2)
4b2(d2−δ2)

,
5(d2−δ2)b2+

√
b4(d2−δ2)2

4b2(d2−δ2)
;
7d−ab

(√
(ab+d)2

a2b2+2adb+δ2
−7

)
+(b2+δ)

√
(ab+d)2

a2b2+2adb+δ2

4(ab+d)
; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2


+ 2(d+ δ)− 3d− δ

=
∞

K
k=1

dk + (−1)kkδ

b− (−1 + (−1)k) ak
for (a, b, d, δ) ∈ C4

a2b2

(√
(ab+d)2

a2b2+2abd+δ2
−1

)
+ab

(
2d

√
(ab+d)2

a2b2+2abd+δ2
+b2−d−δ

)
+δ

(
δ

√
(ab+d)2

a2b2+2abd+δ2
−d
)

+b2d

(ab+d) 2F1

−√b4(d2−δ2)2−3b2(d2−δ2)
4b2(d2−δ2)

,
3(d2−δ2)b2+

√
b4(d2−δ2)2

4b2(d2−δ2)
;
5d−ab

(√
(ab+d)2

a2b2+2adb+δ2
−5

)
+(b2−δ)

√
(ab+d)2

a2b2+2adb+δ2

4(ab+d)
; 1
2−

1
2

√
(ab+d)2

a2b2+2adb+δ2


− b2

b
=
∞

K
k=1

dk + (−1)kkδ

b+ (1 + (−1)k) ak
for (a, b, d, δ) ∈ C4
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− (b+ β)2(−δ − ε)

b3 + 2ab2 + βb2 − β2b+ 4aβb+ δb− β3 + 2aβ2 + βδ − (b+ β) (b2 − β2 + 2a(b+ β) + 2δ + ε)−

(
a2

(
δ

(
3

√
a2(b+β)2

a2(b+β)2+δ2
−1

)
+2

(√
a2(b+β)2

a2(b+β)2+δ2
−1

)
ε

)
(b+β)2+aδ(b2−β2+δ)(b+β)+δ2

√
a2(b+β)2

a2(b+β)2+δ2
(3δ+2ε)

)
2F1

 δ(δ+2ε)b2+2βδ(δ+2ε)b+β2δ2+2β2δε−
√

(b+β)4δ4

4(b+β)2δ2
,
δ(δ+2ε)b2+2βδ(δ+2ε)b+β2δ2+2β2δε+

√
(b+β)4δ4

4(b+β)2δ2
;
δ(b2−β2+δ)

√
a2(b+β)2

a2(b+β)2+δ2
−a(b+β)

(
δ

(√
a2(b+β)2

a2(b+β)2+δ2
−3

)
+2

(√
a2(b+β)2

a2(b+β)2+δ2
−1

)
ε

)
4a(b+β)δ

; 1
2

(
1−
√

a2(b+β)2

a2(b+β)2+δ2

)
aδ 2F1

 δ(5δ+2ε)b2+2βδ(5δ+2ε)b+5β2δ2+2β2δε−
√

(b+β)4δ4

4(b+β)2δ2
,
δ(5δ+2ε)b2+2βδ(5δ+2ε)b+5β2δ2+2β2δε+

√
(b+β)4δ4

4(b+β)2δ2
;
δ(b2−β2+δ)

√
a2(b+β)2

a2(b+β)2+δ2
−a(b+β)

(
δ

(√
a2(b+β)2

a2(b+β)2+δ2
−7

)
+2

(√
a2(b+β)2

a2(b+β)2+δ2
−1

)
ε

)
4a(b+β)δ

; 1
2

(
1−
√

a2(b+β)2

a2(b+β)2+δ2

)

=
∞

K
k=1

(−1)k(kδ + ε)

b+ ak + (−1)k(−ak + β)
for (a, b, β, δ, ε) ∈ C5

(
a2(b−β)2(δ+2ε)

(√
a2(b−β)2

a2(b−β)2+δ2
−1

)
+δ2(δ+2ε)

√
a2(b−β)2

a2(b−β)2+δ2
+aδ(b−β)(b2−β2−δ)

)
2F1

− δ(δ−2ε)b2−2βδ(δ−2ε)b+β2δ(δ−2ε)+
√

(b−β)4δ4

4(b−β)2δ2
,
−δ(δ−2ε)b2+2βδ(δ−2ε)b−β2δ2+2β2δε+

√
(β−b)4δ4

4(b−β)2δ2
;
(b2−β2−δ)δ

√
a2(b−β)2

a2(b−β)2+δ2
−a(b−β)

(√
a2(b−β)2

a2(b−β)2+δ2
−1

)
(δ+2ε)

4a(b−β)δ
; 1
2

(
1−
√

a2(b−β)2

a2(b−β)2+δ2

)
aδ 2F1

 δ(3δ+2ε)b2−2βδ(3δ+2ε)b+3β2δ2+2β2δε+
√

(β−b)4δ4

4(b−β)2δ2
,
δ(3δ+2ε)b2−2βδ(3δ+2ε)b+β2δ(3δ+2ε)−

√
(b−β)4δ4

4(b−β)2δ2
;
(b2−β2−δ)δ

√
a2(b−β)2

a2(b−β)2+δ2
−a(b−β)

(
δ

(√
a2(b−β)2

a2(b−β)2+δ2
−5

)
+2

(√
a2(b−β)2

a2(b−β)2+δ2
−1

)
ε

)
4a(b−β)δ

; 1
2

(
1−
√

a2(b−β)2

a2(b−β)2+δ2

)
− b3 − β3 + βb2 + β2b− (b− β)(δ + ε) + bδ − βδ

(b− β)2
=
∞

K
k=1

(−1)k(kδ + ε)

b+ ak + (−1)k(ak + β)
for (a, b, β, δ, ε) ∈ C5

β2(−δ − ε)
(
a2β2

(
2ε

(√
a2β2

a2β2+δ2
−1

)
+δ

(
3

√
a2β2

a2β2+δ2
−1

))
+δ2(3δ+2ε)

√
a2β2

a2β2+δ2
+aβδ(δ−β2)

)
2F1

 β2δ(δ+2ε)−
√
β4δ4

4β2δ2
,
δ(δ+2ε)β2+

√
β4δ4

4β2δ2
;
δ

√
a2β2

a2β2+δ2
(δ−β2)+aβ

(
−δ
(√

a2β2

a2β2+δ2
−3

)
−2

(√
a2β2

a2β2+δ2
−1

)
ε

)
4aβδ ; 1

2

(
1−
√

a2β2

a2β2+δ2

)
aδ 2F1

 1
4

(
− β2δ2√

β4δ4
+5+ 2ε

δ

)
,
δ(5δ+2ε)β2+

√
β4δ4

4β2δ2
;
δ

√
a2β2

a2β2+δ2
(δ−β2)+aβ

(
−δ
(√

a2β2

a2β2+δ2
−7

)
−2

(√
a2β2

a2β2+δ2
−1

)
ε

)
4aβδ ; 1

2

(
1−
√

a2β2

a2β2+δ2

)
+ β (2aβ − β2 + 2δ + ε)− 2aβ2 + β3 − βδ

=
∞

K
k=1

(−1)k(kδ + ε)

ak + (−1)k(−ak + β)
for (a, β, δ, ε) ∈ C4

(
a2β2(δ+2ε)

(√
a2β2

a2β2+δ2
−1

)
+δ2(δ+2ε)

√
a2β2

a2β2+δ2
+aβδ(β2+δ)

)
2F1

√β4δ4−β2δ(δ−2ε)

4β2δ2
, 14

(
− β2δ2√

β4δ4
−1+ 2ε

δ

)
;
δ(β2+δ)

√
a2β2

a2β2+δ2
−aβ

(√
a2β2

a2β2+δ2
−1

)
(δ+2ε)

4aβδ ; 1
2

(
1−
√

a2β2

a2β2+δ2

)
aδ 2F1

 1
4

(
− β2δ2√

β4δ4
+3+ 2ε

δ

)
,
δ(3δ+2ε)β2+

√
β4δ4

4β2δ2
;
δ

√
a2β2

a2β2+δ2
(β2+δ)+aβ

(
−δ
(√

a2β2

a2β2+δ2
−5

)
−2

(√
a2β2

a2β2+δ2
−1

)
ε

)
4aβδ ; 1

2

(
1−
√

a2β2

a2β2+δ2

)
− β3 + β(δ + ε)− βδ

β2
=
∞

K
k=1

(−1)k(kδ + ε)

ak + (−1)k(ak + β)
for (a, β, δ, ε) ∈ C4

b2(−δ − ε)(
a2b2

(
2ε
(√

a2b2

a2b2+δ2
−1
)

+δ
(

3
√

a2b2

a2b2+δ2
−1
))

+δ2(3δ+2ε)
√

a2b2

a2b2+δ2
+abδ(b2+δ)

)
2F1

 b2δ(δ+2ε)−
√
b4δ4

4b2δ2
,
δ(δ+2ε)b2+

√
b4δ4

4b2δ2
;
δ

√
a2b2

a2b2+δ2
(b2+δ)+ab

(
−δ
(√

a2b2

a2b2+δ2
−3

)
−2

(√
a2b2

a2b2+δ2
−1

)
ε

)
4abδ ; 1

2

(
1−
√

a2b2

a2b2+δ2

)
aδ 2F1

 1
4

(
− b2δ2√

b4δ4
+5+ 2ε

δ

)
,
δ(5δ+2ε)b2+

√
b4δ4

4b2δ2
;
δ

√
a2b2

a2b2+δ2
(b2+δ)+ab

(
−δ
(√

a2b2

a2b2+δ2
−7

)
−2

(√
a2b2

a2b2+δ2
−1

)
ε

)
4abδ ; 1

2

(
1−
√

a2b2

a2b2+δ2

) + b (2ab+ b2 + 2δ + ε)− 2ab2 − b3 − bδ

=
∞

K
k=1

(−1)k(kδ + ε)

b− (−1 + (−1)k) ak
for (a, b, δ, ε) ∈ C4

(
a2b2(δ+2ε)

(√
a2b2

a2b2+δ2
−1
)

+δ2(δ+2ε)
√

a2b2

a2b2+δ2
+abδ(b2−δ)

)
2F1

√b4δ4−b2δ(δ−2ε)

4b2δ2
, 14

(
− b2δ2√

b4δ4
−1+ 2ε

δ

)
;
(b2−δ)δ

√
a2b2

a2b2+δ2
−ab

(√
a2b2

a2b2+δ2
−1

)
(δ+2ε)

4abδ ; 1
2

(
1−
√

a2b2

a2b2+δ2

)
aδ 2F1

 1
4

(
− b2δ2√

b4δ4
+3+ 2ε

δ

)
,
δ(3δ+2ε)b2+

√
b4δ4

4b2δ2
;
(b2−δ)

√
a2b2

a2b2+δ2
δ+ab

(
−δ
(√

a2b2

a2b2+δ2
−5

)
−2

(√
a2b2

a2b2+δ2
−1

)
ε

)
4abδ ; 1

2

(
1−
√

a2b2

a2b2+δ2

) − b3 − b(δ + ε) + bδ

b2
=
∞

K
k=1

(−1)k(kδ + ε)

b+ (1 + (−1)k) ak
for (a, b, δ, ε) ∈ C4
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− (b+ β)2(e− δ)

−

(
a2(b+β)2

(
3

√
a2(b+β)2

a2(b+β)2+δ2
−1

)
+3δ2

√
a2(b+β)2

a2(b+β)2+δ2
+a(b+β)(b2−β2+δ+2e)

)
2F1

 b2δ2+β2δ2+2bβδ2−
√

(b+β)4δ2(δ−2e)2

4(b+β)2δ2
,
b2δ2+β2δ2+2bβδ2+

√
(b+β)4δ2(δ−2e)2

4(b+β)2δ2
;
(b2−β2+2e+δ)

√
a2(b+β)2

a2(b+β)2+δ2
−a(b+β)

(√
a2(b+β)2

a2(b+β)2+δ2
−3

)
4a(b+β)

; 1
2

(
1−
√

a2(b+β)2

a2(b+β)2+δ2

)
a 2F1

 5b2δ2+5β2δ2+10bβδ2−
√

(b+β)4δ2(δ−2e)2

4(b+β)2δ2
,
5b2δ2+5β2δ2+10bβδ2+

√
(b+β)4δ2(δ−2e)2

4(b+β)2δ2
;
(b2−β2+2e+δ)

√
a2(b+β)2

a2(b+β)2+δ2
−a(b+β)

(√
a2(b+β)2

a2(b+β)2+δ2
−7

)
4a(b+β)

; 1
2

(
1−
√

a2(b+β)2

a2(b+β)2+δ2

)
− (b+ β) (2a(b+ β) + b2 − β2 + 2δ + e) + 2ab2 + 2aβ2 + 4aβb+ b3 − β3 + βb2 − β2b+ bδ + βδ + 2be+ 2βe

=
∞

K
k=1

e+ (−1)kkδ

b+ ak + (−1)k(−ak + β)
for (a, b, β, e, δ) ∈ C5

(
a2(b−β)2

(√
a2(b−β)2

a2(b−β)2+δ2
−1

)
+δ2

√
a2(b−β)2

a2(b−β)2+δ2
+a(b−β)(b2−β2−δ+2e)

)
2F1

−b2δ2−β2δ2+2bβδ2+
√

(b−β)4δ2(2e+δ)2

4(b−β)2δ2
,− b

2δ2+β2δ2−2bβδ2+
√

(b−β)4δ2(2e+δ)2

4(b−β)2δ2
;
(b2−β2+2e−δ)

√
a2(b−β)2

a2(b−β)2+δ2
−a(b−β)

(√
a2(b−β)2

a2(b−β)2+δ2
−1

)
4a(b−β)

; 1
2

(
1−
√

a2(b−β)2

a2(b−β)2+δ2

)
a 2F1

−−3b2δ2−3β2δ2+6bβδ2+
√

(b−β)4δ2(2e+δ)2

4(b−β)2δ2
,
3b2δ2+3β2δ2−6bβδ2+

√
(b−β)4δ2(2e+δ)2

4(b−β)2δ2
;
(b2−β2+2e−δ)

√
a2(b−β)2

a2(b−β)2+δ2
−a(b−β)

(√
a2(b−β)2

a2(b−β)2+δ2
−5

)
4a(b−β)

; 1
2

(
1−
√

a2(b−β)2

a2(b−β)2+δ2

)
− b3 − β3 + βb2 + β2b+ bδ − βδ + (b− β)(e− δ)− 2be+ 2βe

(b− β)2
=
∞

K
k=1

e+ (−1)kkδ

b+ ak + (−1)k(ak + β)
for (a, b, β, e, δ) ∈ C5

β2(e− δ)
(
a2β2

(
3

√
a2β2

a2β2+δ2
−1

)
+3δ2

√
a2β2

a2β2+δ2
+aβ(−β2+δ+2e)

)
2F1

 β2δ2−
√
β4δ2(δ−2e)2

4β2δ2
,
β2δ2+

√
β4δ2(δ−2e)2

4β2δ2
;
(−β2+2e+δ)

√
a2β2

a2β2+δ2
−aβ

(√
a2β2

a2β2+δ2
−3

)
4aβ ; 1

2

(
1−
√

a2β2

a2β2+δ2

)
a 2F1

−√β4δ2(δ−2e)2−5β2δ2

4β2δ2
,
5β2δ2+

√
β4δ2(δ−2e)2

4β2δ2
;
(−β2+2e+δ)

√
a2β2

a2β2+δ2
−aβ

(√
a2β2

a2β2+δ2
−7

)
4aβ ; 1

2

(
1−
√

a2β2

a2β2+δ2

)
− 2aβ2 + β (2aβ − β2 + 2δ + e) + β3 − βδ − 2βe

=
∞

K
k=1

e+ (−1)kkδ

ak + (−1)k(−ak + β)
for (a, β, e, δ) ∈ C4

(
a2β2

(√
a2β2

a2β2+δ2
−1

)
+δ2

√
a2β2

a2β2+δ2
+aβ(β2+δ−2e)

)
2F1

√β4δ2(2e+δ)2−β2δ2

4β2δ2
,− β

2δ2+
√
β4δ2(2e+δ)2

4β2δ2
;

√
a2β2

a2β2+δ2
(β2−2e+δ)+a

(
β−β

√
a2β2

a2β2+δ2

)
4aβ ; 1

2

(
1−
√

a2β2

a2β2+δ2

)
a 2F1

−√β4δ2(2e+δ)2−3β2δ2

4β2δ2
,
3β2δ2+

√
β4δ2(2e+δ)2

4β2δ2
;
(β2−2e+δ)

√
a2β2

a2β2+δ2
−aβ

(√
a2β2

a2β2+δ2
−5

)
4aβ ; 1

2

(
1−
√

a2β2

a2β2+δ2

)
− β3 − βδ + β(δ − e) + 2βe

β2
=
∞

K
k=1

e+ (−1)kkδ

ak + (−1)k(ak + β)
for (a, β, e, δ) ∈ C4

− b2(e− δ)

−

(
a2b2

(
3
√

a2b2

a2b2+δ2
−1
)

+3δ2
√

a2b2

a2b2+δ2
+ab(b2+δ+2e)

)
2F1

 b2δ2−
√
b4δ2(δ−2e)2

4b2δ2
,
b2δ2+

√
b4δ2(δ−2e)2

4b2δ2
;
(b2+2e+δ)

√
a2b2

a2b2+δ2
−ab

(√
a2b2

a2b2+δ2
−3

)
4ab ; 1

2

(
1−
√

a2b2

a2b2+δ2

)
a 2F1

−√b4δ2(δ−2e)2−5b2δ2

4b2δ2
,
5b2δ2+

√
b4δ2(δ−2e)2

4b2δ2
;
(b2+2e+δ)

√
a2b2

a2b2+δ2
−ab

(√
a2b2

a2b2+δ2
−7

)
4ab ; 1

2

(
1−
√

a2b2

a2b2+δ2

) − b (2ab+ b2 + 2δ + e) + 2ab2 + b3 + bδ + 2be

=
∞

K
k=1

e+ (−1)kkδ

b− (−1 + (−1)k) ak
for (a, b, e, δ) ∈ C4

(
a2b2

(√
a2b2

a2b2+δ2
−1
)

+δ2
√

a2b2

a2b2+δ2
+ab(b2−δ+2e)

)
2F1

√b4δ2(2e+δ)2−b2δ2

4b2δ2
,− b

2δ2+
√
b4δ2(2e+δ)2

4b2δ2
;

√
a2b2

a2b2+δ2
(b2+2e−δ)+a

(
b−b

√
a2b2

a2b2+δ2

)
4ab ; 1

2

(
1−
√

a2b2

a2b2+δ2

)
a 2F1

−√b4δ2(2e+δ)2−3b2δ2

4b2δ2
,
3b2δ2+

√
b4δ2(2e+δ)2

4b2δ2
;
(b2+2e−δ)

√
a2b2

a2b2+δ2
−ab

(√
a2b2

a2b2+δ2
−5

)
4ab ; 1

2

(
1−
√

a2b2

a2b2+δ2

) − b3 + bδ + b(e− δ)− 2be

b2
=
∞

K
k=1

e+ (−1)kkδ

b+ (1 + (−1)k) ak
for (a, b, e, δ) ∈ C4

101



δ(b+ β)2

−
a2(b+β)2

(
3

√
a2(b+β)2

a2(b+β)2+δ2
−1

)
+3δ2

√
a2(b+β)2

a2(b+β)2+δ2
+a(b+β)(b2−β2+δ)

a 2F1

 5b2δ2+5β2δ2+10bβδ2−
√

(b+β)4δ4

4(b+β)2δ2
,
5b2δ2+5β2δ2+10bβδ2+

√
(b+β)4δ4

4(b+β)2δ2
;
(b2−β2+δ)

√
a2(b+β)2

a2(b+β)2+δ2
−a(b+β)

(√
a2(b+β)2

a2(b+β)2+δ2
−7

)
4a(b+β)

; 1
2

(
1−
√

a2(b+β)2

a2(b+β)2+δ2

)
− (b+ β) (2a(b+ β) + b2 − β2 + 2δ) + 2ab2 + 2aβ2 + 4aβb+ b3 − β3 + βb2 − β2b+ bδ + βδ

=
∞

K
k=1

(−1)kkδ

b+ ak + (−1)k(−ak + β)
for (a, b, β, δ) ∈ C4

a2(b−β)2

(√
a2(b−β)2

a2(b−β)2+δ2
−1

)
+δ2

√
a2(b−β)2

a2(b−β)2+δ2
+a(b−β)(b2−β2−δ)

a 2F1

−−3b2δ2−3β2δ2+6bβδ2+
√

(β−b)4δ4

4(b−β)2δ2
,
3b2δ2+3β2δ2−6bβδ2+

√
(β−b)4δ4

4(b−β)2δ2
;
(b2−β2−δ)

√
a2(b−β)2

a2(b−β)2+δ2
−a(b−β)

(√
a2(b−β)2

a2(b−β)2+δ2
−5

)
4a(b−β)

; 1
2

(
1−
√

a2(b−β)2

a2(b−β)2+δ2

)
− b3 − β3 + βb2 + β2b+ δ(β − b) + bδ − βδ

(b− β)2
=
∞

K
k=1

(−1)kkδ

b+ ak + (−1)k(ak + β)
for (a, b, β, δ) ∈ C4

− β2δ

a2β2

(
3

√
a2β2

a2β2+δ2
−1

)
+3δ2

√
a2β2

a2β2+δ2
+a(βδ−β3)

a 2F1

 5
4−

β2δ2

4
√
β4δ4

, 14

(
β2δ2√
β4δ4

+5

)
;
(δ−β2)

√
a2β2

a2β2+δ2
−aβ

(√
a2β2

a2β2+δ2
−7

)
4aβ ; 1

2

(
1−
√

a2β2

a2β2+δ2

)
+ β (2aβ − β2 + 2δ)− 2aβ2 + β3 − βδ

=
∞

K
k=1

(−1)kkδ

ak + (−1)k(−ak + β)
for (a, β, δ) ∈ C3

8β2

(
a2β2

(√
a2β2

a2β2+δ2
−1

)
+δ2

√
a2β2

a2β2+δ2
+aβ(β2+δ)

)

a 2F1

 3
4−

β2δ2

4
√
β4δ4

, 14

(
β2δ2√
β4δ4

+3

)
;
(β2+δ)

√
a2β2

a2β2+δ2
−aβ

(√
a2β2

a2β2+δ2
−5

)
4aβ ; 1

2

(
1−
√

a2β2

a2β2+δ2

)
− 8β5

8β4
=
∞

K
k=1

(−1)kkδ

ak + (−1)k(ak + β)
for (a, β, δ) ∈ C3

− b2δ

a2b2
(

3
√

a2b2

a2b2+δ2
−1
)

+3δ2
√

a2b2

a2b2+δ2
+ab(b2+δ)

a 2F1

 5
4−

b2δ2

4
√
b4δ4

, 14

(
b2δ2√
b4δ4

+5

)
;
(b2+δ)

√
a2b2

a2b2+δ2
−ab

(√
a2b2

a2b2+δ2
−7

)
4ab ; 1

2

(
1−
√

a2b2

a2b2+δ2

) + b (2ab+ b2 + 2δ)− 2ab2 − b3 − bδ
=
∞

K
k=1

(−1)kkδ

b− (−1 + (−1)k) ak
for (a, b, δ) ∈ C3

8b2
(
a2b2

(√
a2b2

a2b2+δ2
−1
)

+δ2
√

a2b2

a2b2+δ2
+a(b3−bδ)

)
a 2F1

 3
4−

b2δ2

4
√
b4δ4

, 14

(
b2δ2√
b4δ4

+3

)
;
(b2−δ)

√
a2b2

a2b2+δ2
−ab

(√
a2b2

a2b2+δ2
−5

)
4ab ; 1

2

(
1−
√

a2b2

a2b2+δ2

) − 8b5

8b4
=
∞

K
k=1

(−1)kkδ

b+ (1 + (−1)k) ak
for (a, b, δ) ∈ C3

b
√

d
b2H− ed

(
1√

2
√

d
b2

)
√

2H− d+e
d

(
1√

2
√

d
b2

) − b =
∞

K
k=1

e+ dk

b
for (b, d, e) ∈ C3
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√
2
π b
√

d
b2 e
− b22d

erfc

(
1√

2
√

d
b2

) − b =
∞

K
k=1

dk

b
for (b, d) ∈ C2

(ab+ d) 1F1

(
e
d ; ab+da2 ; d

a2

)
a 1F1

(
e
d + 1; ab+da2 + 1; d

a2

) − b =
∞

K
k=1

e+ dk

b+ ak
for (a, b, d, e) ∈ C4

d 1F1

(
e
d ; d

a2 ; d
a2

)
a 1F1

(
d+e
d ; d

a2 + 1; d
a2

) =
∞

K
k=1

e+ dk

ak
for (a, d, e) ∈ C3

ae−
d
a2
(
d
a2

) ab+d
a2

Γ
(
ab+d
a2 , 0, da2

) − b =
∞

K
k=1

dk

b+ ak
for (a, b, d) ∈ C3

a
(
d
a2

) d
a2 e−

d
a2

Γ
(
d
a2 , 0,

d
a2

) =
∞

K
k=1

dk

ak
for (a, d) ∈ C2

− 2(d+ e)(b+ β)2

2b3 + 4ab2 + 2βb2 − 2β2b+ 6db+ 4eb+ 8aβb− 2β3 + 4aβ2 + 6dβ + 4eβ − 2(b+ β) (b2 − β2 + 2d+ e+ 2a(b+ β))−

2(b+β)2

(
(b+β)

(
2e

(√
(d+a(b+β))2

a(b+β)(2d+a(b+β))
−1

)
+d

(
3

√
(d+a(b+β))2

a(b+β)(2d+a(b+β))
−1

))
a2+d

(
b2−β2−d−2e+6d

√
(d+a(b+β))2

a(b+β)(2d+a(b+β))
+4e

√
(d+a(b+β))2

a(b+β)(2d+a(b+β))

)
a+d2(b−β)

)
2F1

 d(d+2e)b2+2d(d+2e)βb+d2β2+2deβ2−
√
d4(b+β)4

4d2(b+β)2
,
d(d+2e)b2+2d(d+2e)βb+d2β2+2deβ2+

√
d4(b+β)4

4d2(b+β)2
;

d

3d+2e+(b2−β2)

√
(d+a(b+β))2

a(b+β)(2d+a(b+β))

−a(b+β)

d
√ (d+a(b+β))2

a(b+β)(2d+a(b+β))
−3

+2e

√ (d+a(b+β))2

a(b+β)(2d+a(b+β))
−1


4d(d+a(b+β))

; 1
2

(
1−
√

(d+a(b+β))2

a(b+β)(2d+a(b+β))

)

d(d+a(b+β)) 2F1

 d(5d+2e)b2+2d(5d+2e)βb+5d2β2+2deβ2−
√
d4(b+β)4

4d2(b+β)2
,
d(5d+2e)b2+2d(5d+2e)βb+5d2β2+2deβ2+

√
d4(b+β)4

4d2(b+β)2
;

d

7d+2e+(b2−β2)

√
(d+a(b+β))2

a(b+β)(2d+a(b+β))

−a(b+β)

d
√ (d+a(b+β))2

a(b+β)(2d+a(b+β))
−7

+2e

√ (d+a(b+β))2

a(b+β)(2d+a(b+β))
−1


4d(d+a(b+β))

; 1
2

(
1−
√

(d+a(b+β))2

a(b+β)(2d+a(b+β))

)

=
∞

K
k=1

e+ dk

b+ ak + (−1)k(−ak + β)
for (a, b, β, d, e) ∈ C5

−b3 + βb2 + β2b− db− 2eb− β3 + (d+ e)(b− β) + dβ + 2eβ +

(b−β)2

(
(d+2e)(b−β)

(√
(ab+d−aβ)2

a(b−β)(ab+2d−aβ)
−1

)
a2+d

(
b2−β2−2e+d

(
2

√
(ab+d−aβ)2

a(b−β)(ab+2d−aβ)
−1

)
+4e

√
(ab+d−aβ)2

a(b−β)(ab+2d−aβ)

)
a+d2(b+β)

)
2F1

− d(d−2e)b2−2d(d−2e)βb+d2β2−2deβ2+
√
d4(b−β)4

4d2(b−β)2
,
−d(d−2e)b2+2d(d−2e)βb−d2β2+2deβ2+

√
d4(b−β)4

4d2(b−β)2
;

d

d+2e+

√
(d+a(b−β))2

a(2d+a(b−β))(b−β) (b2−β2)
−a(d+2e)(b−β)

√ (ab+d−aβ)2

a(b−β)(ab+2d−aβ)
−1


4d(d+a(b−β))

; 1
2−

1
2

√
(ab+d−aβ)2

a(b−β)(ab+2d−aβ)



d(d+a(b−β)) 2F1

 d(3d+2e)b2−2d(3d+2e)βb+3d2β2+2deβ2−
√
d4(b−β)4

4d2(b−β)2
,
d(3d+2e)b2−2d(3d+2e)βb+3d2β2+2deβ2+

√
d4(b−β)4

4d2(b−β)2
;

d

5d+2e+

√
(d+a(b−β))2

a(2d+a(b−β))(b−β) (b2−β2)

−a(b−β)

d
√ (ab+d−aβ)2

a(b−β)(ab+2d−aβ)
−5

+2e

√ (ab+d−aβ)2

a(b−β)(ab+2d−aβ)
−1


4d(d+a(b−β))

; 1
2−

1
2

√
(ab+d−aβ)2

a(b−β)(ab+2d−aβ)


(b− β)2

=
∞

K
k=1

e+ dk

b+ ak + (−1)k(ak + β)
for (a, b, β, d, e) ∈ C5

− β(d+ e)

β

(
a2(−β)

(
d

(
3

√
(aβ+d)2

aβ(aβ+2d)
−1

)
+2e

(√
(aβ+d)2

aβ(aβ+2d)
−1

))
−ad

(
d

(
6

√
(aβ+d)2

aβ(aβ+2d)
−1

)
+4e

√
(aβ+d)2

aβ(aβ+2d)
−β2−2e

)
+βd2

)
2F1

 1
4

(
− d2β2√

d4β4
+ 2e
d +1

)
, 14

(
d2β2√
d4β4

+ 2e
d +1

)
;

3d2+

2e−β

√ (d+aβ)2

aβ(2d+aβ)
β+a

√ (d+aβ)2

aβ(2d+aβ)
−3

d−2aeβ

√ (d+aβ)2

aβ(2d+aβ)
−1


4d(d+aβ)

; 1
2−

1
2

√
(d+aβ)2

aβ(2d+aβ)



d(aβ+d) 2F1

 1
4

(
− d2β2√

d4β4
+ 2e
d +5

)
, 14

(
d2β2√
d4β4

+ 2e
d +5

)
;

7d2+

2e−β

√ (d+aβ)2

aβ(2d+aβ)
β+a

√ (d+aβ)2

aβ(2d+aβ)
−7

d−2aeβ

√ (d+aβ)2

aβ(2d+aβ)
−1


4d(d+aβ)

; 1
2−

1
2

√
(d+aβ)2

aβ(2d+aβ)


+ 2aβ + β(β − 2a)− β2 + d+ e

=
∞

K
k=1

e+ dk

ak + (−1)k(−ak + β)
for (a, β, d, e) ∈ C4
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−

β

(
a2β(d+2e)

(√
(d−aβ)2

aβ(aβ−2d)
−1

)
+ad

(
−2d

√
(d−aβ)2

aβ(aβ−2d)
−4e

√
(d−aβ)2

aβ(aβ−2d)
+β2+d+2e

)
−βd2

)
2F1

 1
4

(
− d2β2√

d4β4
+ 2e
d −1

)
, 14

(
d2β2√
d4β4

+ 2e
d −1

)
;

d2+

2e−β

−√ (d−aβ)2

aβ(aβ−2d)
a+a+β

√
(d−aβ)2

aβ(aβ−2d)

d+2aeβ

√ (d−aβ)2

aβ(aβ−2d)
−1


4d(d−aβ)

; 1
2

(
1−
√

(d−aβ)2

aβ(aβ−2d)

)

d(d−aβ) 2F1

 1
4

(
− d2β2√

d4β4
+ 2e
d +3

)
, 14

(
d2β2√
d4β4

+ 2e
d +3

)
;

5d2+

2e+β

a
√ (d−aβ)2

aβ(aβ−2d)
−5

−β√ (d−aβ)2

aβ(aβ−2d)

d+2aeβ

√ (d−aβ)2

aβ(aβ−2d)
−1


4d(d−aβ)

; 1
2

(
1−
√

(d−aβ)2

aβ(aβ−2d)

)
− β2 + e

β
=
∞

K
k=1

e+ dk

ak + (−1)k(ak + β)
for (a, β, d, e) ∈ C4

− 2d(b+ β)2

−
2(b+β)2

(
a2(b+β)

(
3

√
(a(b+β)+d)2

a(b+β)(a(b+β)+2d)
−1

)
+a

(
6d

√
(a(b+β)+d)2

a(b+β)(a(b+β)+2d)
+b2−β2−d

)
+d(b−β)

)

(a(b+β)+d) 2F1

 5b2d2+5β2d2+10bβd2−
√
d4(b+β)4

4d2(b+β)2
,
5b2d2+5β2d2+10bβd2+

√
d4(b+β)4

4d2(b+β)2
;

7d−a(b+β)

√ (d+a(b+β))2

a(b+β)(2d+a(b+β))
−7

+(b2−β2)

√
(d+a(b+β))2

a(b+β)(2d+a(b+β))

4(d+a(b+β))
; 1
2

(
1−
√

(d+a(b+β))2

a(b+β)(2d+a(b+β))

)
− 2(b+ β) (2a(b+ β) + b2 − β2 + 2d) + 4ab2 + 4aβ2 + 8aβb+ 2b3 − 2β3 + 2βb2 − 2β2b+ 6bd+ 6βd

=
∞

K
k=1

dk

b+ ak + (−1)k(−ak + β)
for (a, b, β, d) ∈ C4

(b−β)2

(
a2(b−β)

(√
(ab−aβ+d)2

a(b−β)(ab−aβ+2d)
−1

)
+a

(
d

(
2

√
(ab−aβ+d)2

a(b−β)(ab−aβ+2d)
−1

)
+b2−β2

)
+d(b+β)

)

(a(b−β)+d) 2F1

−−3b2d2−3β2d2+6bβd2+
√
d4(b−β)4

4d2(b−β)2
,
3b2d2+3β2d2−6bβd2+

√
d4(b−β)4

4d2(b−β)2
;

5d+

√
(d+a(b−β))2

a(2d+a(b−β))(b−β) (b2−β2)−a(b−β)

√ (ab+d−aβ)2

a(b−β)(ab+2d−aβ)
−5


4(d+a(b−β))

; 1
2−

1
2

√
(ab+d−aβ)2

a(b−β)(ab+2d−aβ)


− b3 − β3 + βb2 + β2b+ d(b− β)− bd+ βd

(b− β)2
=
∞

K
k=1

dk

b+ ak + (−1)k(ak + β)
for (a, b, β, d) ∈ C4

− b(d+ e)

−

b

(
a2b

(
2e

(√
(ab+d)2

ab(ab+2d)
−1

)
+d

(
3

√
(ab+d)2

ab(ab+2d)
−1

))
+ad

(
4e

√
(ab+d)2

ab(ab+2d)
+6d

√
(ab+d)2

ab(ab+2d)
+b2−d−2e

)
+bd2

)
2F1

 b2d(d+2e)−
√
b4d4

4b2d2 ,
d(d+2e)b2+

√
b4d4

4b2d2 ;

d

√ (ab+d)2

ab(ab+2d)
b2+3d+2e

−ab
d
√ (ab+d)2

ab(ab+2d)
−3

+2

√ (ab+d)2

ab(ab+2d)
−1

e


4d(ab+d)
; 1
2−

1
2

√
(ab+d)2

ab(ab+2d)



d(ab+d) 2F1

 1
4

(
− b2d2√

b4d4
+5+ 2e

d

)
,
d(5d+2e)b2+

√
b4d4

4b2d2 ;

d

√ (ab+d)2

ab(ab+2d)
b2+7d+2e

−ab
d
√ (ab+d)2

ab(ab+2d)
−7

+2

√ (ab+d)2

ab(ab+2d)
−1

e


4d(ab+d)
; 1
2−

1
2

√
(ab+d)2

ab(ab+2d)


+ d+ e

=
∞

K
k=1

e+ dk

b− (−1 + (−1)k) ak
for (a, b, d, e) ∈ C4

−

−

b

(
a2b(d+2e)

(√
(ab+d)2

ab(ab+2d)
−1

)
+ad

(
(d+2e)

(
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ψ(1)(z) =
1

K
∞

k=1

k4

4(−1+2k)(1+2k)

− 1
2 +z

+ z − 1
2

for z ∈ C ∧ <(z) >
1

2

ψ(1)(z) =
2

K
∞

k=1

k4

(1+2k)(−1+2z) + 2z − 1
for z ∈ C ∧ <(z) >

1

2

ψ(1)(z) =
2

K
∞

k=1

k4

(1+2k)(1+2z) + 2z + 1
+

1

z2
for z ∈ C ∧ <(z) > −1

2

ψ(1)(z) =
1

6z

(
K
∞

k=1

k(1+k)2(2+k)

4(3+8k+4k2)
1
2 (1−(−1)k+(1+(−1)k)z2)

+ z2

)+
1

2z2
+

1

z
for z ∈ C∧<(z) > 0

ψ(1)(z+1) =
z + 1

2

K
∞

k=1

b 1+k
2 c2(−1+2b 1+k

2 c)2

1
2 (1−(−1)k)(1+2k)+ 1

2 (1+(−1)k)(1+2k)(z+z2)
+ z2 + z

for z ∈ C∧<(z) > −1

2
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ψ(1)

(
z +

1

2

)
=

8

(1− 4z2)
(
K
∞

k=1

k2(2+k)2

2(3+2k)z + 6z
)+

4z

4z2 − 1
for z ∈ C∧<(z) > 0

ψ(1)

(
z +

1

2

)
=

2

K
∞

k=1

k4

2(1+2k)z + 2z
for z ∈ C ∧ <(z) > 0

ψ(2)(z) =
1

z


K
∞

k=1

{

(1+k)2

2(17+2k+k2) ((1 + k) mod 4) = 0

− 20+4k+k2

8k ((2 + k) mod 4) = 0
17−2k+k2

8+8k ((3 + k) mod 4) = 0

− k2

32+2k2 (k mod 4) = 0
z

1 + 1



−1

z
for z ∈ C∧<(z) > 1

ψ(2)(z) = − 1

(z − 1)z

(
K
∞

k=1

1
32 (1+(−1)k)k4+ 1

32 (1−(−1)k)(1+k)4

(−1+z)z

1+k + 1

) for z ∈ C∧¬
(
z ∈ R ∧ 1

2
< z < 1

)
∧<(z) >

1

2

ψ(2)(z) = − 1

2z3

(
K
∞

k=1

(1+(−1)k)k(2+k)2

32(1+k)
+

(1−(−1)k)(1+k)2(3+k)

32(2+k)

z + z

)− 1

z3
− 1

z2
for z ∈ C∧<(z) > 0

ψ(2)(z) = − 1

z3
(
K
∞

k=1

1
32 (1+(−1)k)k(2+k)3+ 1

32 (1−(−1)k)(1+k)3(3+k)

(2+k)z + 2z
)− 1

z3
− 1

z2
for z ∈ C∧<(z) > 0

ψ(2)(z) = − 1

z

(
K
∞

k=1

( 1
32 (1+(−1)k)k4+ 1

32 (1−(−1)k)(1+k)4)(−1+z)

z

(1+k)(−1+z) + z − 1

) for z ∈ C∧¬
(
z ∈ R ∧ 1

2
< z < 1

)
∧<(z) >

1

2

ψ(2)(z) = − 2

K
∞

k=1

b 1+k
2 c3

1
2 (1−(−1)k)+(1+(−1)k)(1+k)(−1+z)z

+ 2(z − 1)z

for z ∈ C∧<(z) >
1

2
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ψ(2)(z) = − 1

2z2

(
K
∞

k=1

(1+(−1)k)k(2+k)2

32(1+k)
+

(1−(−1)k)(1+k)2(3+k)

32(2+k)
1
2 (1−(−1)k)+ 1

2 (1+(−1)k)z2 + z2

)− 1

z3
− 1

z2
for z ∈ C∧<(z) > 0

ψ(2)

(
z +

1

2

)
= − 4

(2z + 1)

(
K
∞

k=1

(1+(−1)k)k4(−1+2z)

8(1+2z)
+

(1−(−1)k)(1+k)4(−1+2z)

8(1+2z)

(1+k)(−1+2z) + 2z − 1

) for z ∈ C∧¬
(
z ∈ R ∧ 0 < z <

1

2

)
∧<(z) > 0

ψ(2)

(
z +

1

2

)
= − 4

K
∞

k=1

2b 1+k
2 c3

((1+k)(−1+4z2))
1
2 (1+(−1)k)

+ 4z2 − 1

for z ∈ C∧¬
(
z ∈ R ∧ 0 < z <

1

2

)
∧<(z) > 0

ψ(ν)(z) =
π2z1−ν

6Γ(2− ν)

(
K
∞

k=1

(1+k)zζ(2+k)
(1+k−ν)ζ(1+k)

1− (1+k)zζ(2+k)
(1+k−ν)ζ(1+k)

+ 1

)− γz−ν

Γ(1− ν)
+
z−ν−1(ψ(0)(−ν)− log(z) + γ)

Γ(−ν)
for (ν, z) ∈ C2∧ν /∈ Z∧|z| < 1

ψ(m)(z) =
(−1)m+1m!ζ(m+ 1)

K
∞

k=1

(k+m)zζ(1+k+m)
kζ(k+m)

1− (k+m)zζ(1+k+m)
kζ(k+m)

+ 1

+(−1)m−1m!z−m−1 for m ∈ Z∧z ∈ C∧m > 0∧|z| < 1

ψ(1)(a)−ψ(1)(b) =
4(b− a)

K
∞

k=1

−4k4(−(−a+b)2+k2)
(1+2k)(2−2b+a(−2+4b)+2k(1+k)) + a(4b− 2)− 2b+ 2

for (a, b) ∈ C2∧<(a+b) > 1

ψ(1)(a)−ψ(1)(b) =
4(b− a)

K
∞

k=1

1
8 (1+(−1)k)k3+ 1

2 (1−(−1)k)(1+k)(−(−a+b)2+ 1
4 (1+k)2)

1
2 (1−(−1)k)+ 1

2 (1+(−1)k)((−a+b)2+(−1+(−1+a+b)2)(1+k))
+ 2((a− 1)a+ (b− 1)b)

for (a, b) ∈ C2∧<(a+b) > 1

ψ(1)

(
z +

1

2

)
−ψ(1)(z) =

2

z
− 2

z


K
∞

k=1

{

(1+k)2

16(− 1
2 + 1+k

4 )
((1 + k) mod 4) = 0

1
2 + 1

4 (−2− k) ((2 + k) mod 4) = 0
− 1

2 + 1
4 (−1 + k) ((3 + k) mod 4) = 0

− k2

16(− 1
2 + k

4 )
(k mod 4) = 0

2z

1 + 1



for z ∈ C∧¬
(
z ∈ R ∧ 0 < z <

1

2

)
∧<(z) >

1

4
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ψ(1)

(
z +

1

2

)
−ψ(1)(z) = − 1

z(2z − 1)

K∞

k=1

b 1+k
2 c2

2z(−1+2z)

1 + 1

 for z ∈ C∧¬(z ∈ R∧0 < z < 1)∧<(z) >
1

2

ψ(1)

(
z + 3

4

)
−ψ(1)

(
z + 1

4

)
= − 8

K
∞

k=1

4b 1+k
2 c2

(−1+z2)
1
2 (1+(−1)k)

+ z2 − 1

for z ∈ C∧<(z) > −1

ψ(0)(a)−ψ(0)(b) =
2(a− b)

K
∞

k=1

k2(−(a−b)2+k2)
(−1+a+b)(1+2k) + a+ b− 1

for (a, b) ∈ C2∧<(a+b) > 1

ψ(0)(a)−ψ(0)(b) =
a− b

K
∞

k=1

k2(a−b+k)(−a+b+k)

4(−1+4k2)
1
2 (−1+a+b)

+ 1
2 (a+ b− 1)

for (a, b) ∈ C2∧<(a) > 1∧<(b) > 1

ψ(0)

(
z +

1

2

)
− ψ(0)(z) =

1

2z

(
K
∞

k=1

(−1)kb 1+k
2 c

4z

1 + 1

) for z ∈ C ∧ <(z) >
1

4

ψ(0)

(
z +

1

2

)
−ψ(0)(z) =

1

z
− 1

2z

(
K
∞

k=1

(−1)−1+kb 1+k
2 c

4z

1 + 1

) for z ∈ C∧<(z) > 0

ψ(0)

(
z +

1

2

)
− ψ(0)(z) =

1

K
∞

k=1

k(1+k)
4z +4z

+ 1

2z
for z ∈ C ∧ <(z) > 0

ψ(0)

(
z +

1

2

)
− ψ(0)(z) =

2

K
∞

k=1

k2

−1+4z + 4z − 1
for z ∈ C ∧ <(z) >

1

4

ψ(0)

(
z +

1

2

)
−ψ(0)(z) =

2

K
∞

k=1

k(1+k)

41+(−1)kz1+(−1)k
+ 16z2

+
1

2z
for z ∈ C∧<(z) > 0

ψ(0)

(
z + 3

4

)
− ψ(0)

(
z + 1

4

)
=

2

K
∞

k=1

k2

z + z
for z ∈ C ∧ <(z) > 0
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ψ(0)(z+1)−ψ(0)
(z

3
+ 1
)

=
2

3
(
K
∞

k=1

3
16 (1+(−1)k)k(2+3k)(4+3k)+ 3

16 (1−(−1)k)(1+k)(−1+9k2)

3(1−(−1)k)+ 1
2 (1+(−1)k)(1+k)z2 + z2

)−1

z
+log(3) for z ∈ C∧<(z) > 0

−ψ(0)

(
z

2(a+ b)

)
+ψ(0)

(
2a+ z

2(a+ b)

)
+ψ(0)

(
2b+ z

2(a+ b)

)
−ψ(0)

(
z

2(a+ b)
+ 1

)
=

4

z

K
∞

k=1

(−1)k



1−(−1)
b 1+k

2 c
(a+ 1

2
(a+b)(−1+b 1+k

2 c))(b+ 1
2

(a+b)(−1+b 1+k
2 c))

2b 1+k
2 c

+ 1
2

1+(−1)
b 1+k

2 c
b 1+k

2 c


z

1 + 1



−4

z
for (a, b, z) ∈ C3∧<(z) > 0

−ψ(0)

(
z

2(a+ b)

)
+ψ(0)

(
2a+ z

2(a+ b)

)
+ψ(0)

(
2b+ z

2(a+ b)

)
−ψ(0)

(
z

2(a+ b)
+ 1

)
=

4ab

z

(
K
∞

k=1

1
2 (1+(−1)k)k2(a+ 1

2 (a+b)k)(b+ 1
2 (a+b)k)+ 1

2 (1−(−1)k)(1+k)2(−a+ 1
2 (a+b)(1+k))(−b+ 1

2 (a+b)(1+k))
(1+k)z + z

) for (a, b, z) ∈ C3∧<(z) > 0

−ψ(0)

(
z

2(a+ b)

)
+ψ(0)

(
2a+ z

2(a+ b)

)
+ψ(0)

(
2b+ z

2(a+ b)

)
−ψ(0)

(
z

2(a+ b)
+ 1

)
=

4ab

K
∞

k=1

− 2k2(−a2+(a+b)2k2)(−b2+(a+b)2k2)
−1+4k2

−a2−b2+(a+b)2(1−2(1+k)+2(1+k)2)+z2 + 2ab+ z2

for (a, b, z) ∈ C3∧<(z) > 0

−ψ(0)

(
−a+ b+ z

4b

)
−ψ(0)

(
a+ b+ z

4b

)
+ψ(0)

(
−a+ b+ z

4b
+

1

2

)
+ψ(0)

(
a+ b+ z

4b
+

1

2

)
=

4b

K
∞

k=1

1
2 (1+(−1)k)b2k2+ 1

2 (1−(−1)k)(−a2+b2k2)

z + z
for (a, b, z) ∈ C3∧<(−a+b+z) > 0∧<(a+b+z) > 0∧<(b) > 0

−ψ(0)

(
1

2
(−a− b+ z + 1)

)
+ψ(0)

(
1

2
(a− b+ z + 1)

)
+ψ(0)

(
1

2
(−a+ b+ z + 1)

)
−ψ(0)

(
1

2
(a+ b+ z + 1)

)
=

4ab

K
∞

k=1

1
2 (1+(−1)k)k

(
−a2+ k2

4

)
+ 1

2 (1−(−1)k)(1+k)(−b2+ 1
4 (1+k)2)

1
2 (1−(−1)k)+ 1

2 (1+(−1)k)(−a2+b2+(1+k)(−1+z2))
− a2 + b2 + z2 − 1

for (a, b, z) ∈ C3∧<(z) > 0

−ψ(0)

(
1

4
(−a+ z + 1)

)
+ψ(0)

(
1

4
(−a+ z + 3)

)
+ψ(0)

(
1

4
(a+ z + 1)

)
−ψ(0)

(
1

4
(a+ z + 3)

)
=

4a

K
∞

k=1

− 1
2 (1−(−1)k)a2+4b 1+k

2 c2

(−1+z2)
1
2 (1+(−1)k)

+ z2 − 1

for (a, z) ∈ C2∧<(z−a) > −1∧<(a+z) > −1

Liν(z) =
z

K
∞

k=1

−( k
1+k )

ν
z

1+( k
1+k )

ν
z

+ 1
for (ν, z) ∈ C2 ∧ |z| < 1

Lim(z) =
(−1)m−1

z

(
K
∞

k=1

− k
m(1+k)−m

z

1+
km(1+k)−m

z

+ 1

)− (2iπ)mBm

(
1
2 −

i log(−z)
2π

)
m!

for m ∈ Z∧z ∈ C∧m > 0∧|z| > 1
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Sν,p(z) =
p−νzp

p!

K∞

k=1

(1− 1
k+p )

ν
zS

(p)
k+p

(k+p)S
(p)
−1+k+p

1− (1− 1
k+p )

ν
zS

(p)
k+p

(k+p)S
(p)
−1+k+p

+ 1


for p ∈ Z∧(ν, z) ∈ C2∧p > 0∧|z| < 1

za =
1

K
∞

k=1

− a(−1+k)! log(z)
k!

1+
a(−1+k)! log(z)

k!

+ 1
for (a, z) ∈ C2 ∧ |arg(z)| < π

(z+1)a =
az

K
∞

k=1

(
(1+(−1)k)(a+ k

2 )
4(1+k)

+
(1−(−1)k)(−a+ 1+k

2 )
4k

)
z

1 + 1

+1 for z ∈ C∧|arg(z + 1)| < π

(z + 1)a =
1

K
∞

k=1

(−1−a+k)z
k

1− (−1−a+k)z
k

+ 1
for (a, z) ∈ C2 ∧ |z| < 1

(z + 1)a =
za

K
∞

k=1

−1−a+k
kz

1−−1−a+k
kz

+ 1
for (a, z) ∈ C2 ∧ |z| > 1

(z+1)a =
1

1− az

K
∞

k=1

 (1+(−1)k)(−a+ k
2 )

4(1+k)
+

(1−(−1)k)(a+ 1+k
2 )

4k

z
1 +1

for z ∈ C∧|arg(z + 1)| < π

(z+1)a =
1

1− az

(z+1)

K
∞

k=1

 (1−(−1)k)(a+ 1
2

(−1−k))
4k

+
(1+(−1)k)(−a− k2 )

4(1+k)

z
1+z

1 +1



for z ∈ C∧|arg(z + 1)| < π

(z+1)a =
az

K
∞

k=1

k(1+k)

(
(1+(−1)k)(a+ k

2 )
4(1+k)

+
(1−(−1)k)(−a+ 1+k

2 )
4k

)
z

1+k + 1

+1 for z ∈ C∧|arg(z + 1)| < π

(z + 1)a =
∞

K
k=1

z
(
−(−1)ka+

⌊
k
2

⌋)
1 + (−1)k + 1

2 (1− (−1)k) k
+ 1 for z ∈ C ∧ |arg(z + 1)| < π
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(z+1)a =
1

1− az

K
∞

k=1

k(1+k)

 (1+(−1)k)(−a+ k
2 )

4(1+k)
+

(1−(−1)k)(a+ 1+k
2 )

4k

z
1+k +1

for z ∈ C∧|arg(z + 1)| < π

(z + 1)a =
1

K
∞

k=1

z((−1)ka+b k2 c)
1+(−1)k+ 1

2 (1−(−1)k)k
+ 1

for z ∈ C ∧ |arg(z + 1)| < π

(z + 1)a =
az

K
∞

k=1

(−a+k)z
1+k

1− (−a+k)z
1+k

+ 1

+ 1 for z ∈ C ∧ |z| < 1

(z + 1)a =
1

K
∞

k=1

z((−1)ka−b k2 c)
1+(−1)k+ 1

2 (1−(−1)k)k(1+z)
+ 1

for z ∈ C ∧ |arg(z + 1)| < π

(z + 1)a =
1

1− az

K
∞

k=1

−k(a+k)z(1+z)
1+k+(1+a+2k)z

+(a+1)z+1

for z ∈ C ∧ <(z) > −1

2

(z + 1)a =
1

1− az

K
∞

k=1

k(−a+k)z
1+k−(−a+k)z

+az+1

for z ∈ C ∧ |z| < 1

(z+1)a =
2az

K
∞

k=1

(a2−k2)z2

(1+2k)(2+z) + (1− a)z + 2
+1 for (a, z) ∈ C2∧|arg(z + 1)| < π

1

z + 1
= 1− z

K
∞

k=1

z
1−z + 1

for z ∈ C ∧ |z| < 1

(
z + 1

z − 1

)a
=

2a

K
∞

k=1

a2−k2

(1+2k)z − a+ z
+1 for (a, z) ∈ C2∧¬(z ∈ R∧0 < z < 1)∧−π

2
< arg(z) ≤ π

2

(
az + 1

bz + 1

)ν
=

2νz(a− b)

K
∞

k=1

−(a−b)2z2(k2−ν2)
(1+2k)(2+(a+b)z) + z(−ν(a− b) + a+ b) + 2

+1 for (a, b, z, ν) ∈ C4∧|az| < 1∧|bz| < 1

(xp + y)
m/p

=
my

K
∞

k=1

y((−1)km+pb 1+k
2 c)

(1−(−1)k)xm+ 1
2 (1+(−1)k)(1+k)px−m+p + pxp−m

+xm for (m, p) ∈ Z2∧(x, y) ∈ C2∧m > 0∧p > 0

117



(
az2 + bz + c

)r
=

cr

K
∞

k=1

−
2az(−1+k)! 2F1

(
−k,−r;1−k+r;

b−
√
b2−4ac

b+
√
b2−4ac

)
(−r)k

(−b+
√
b2−4ac)k! 2F1

(
1−k,−r;2−k+r;

b−
√
b2−4ac

b+
√
b2−4ac

)
(−r)−1+k

1+
2az(−1+k)! 2F1

(
−k,−r;1−k+r;

b−
√
b2−4ac

b+
√
b2−4ac

)
(−r)k

(−b+
√
b2−4ac)k! 2F1

(
1−k,−r;2−k+r;

b−
√
b2−4ac

b+
√
b2−4ac

)
(−r)−1+k

+ 1

for (a, b, c, r, z) ∈ C5

(z + 1)a − (1− z)a

(1− z)a + (z + 1)a
=

az

K
∞

k=1

(a2−k2)z2

1+2k + 1
for a ∈ C∧z ∈ C∧¬(z ∈ R∧(−∞ < z ≤ −1∨1 ≤ z <∞))

(z − 1)a + (z + 1)a

(z + 1)a − (z − 1)a
= K

∞

k=1

a2−k2

(1+2k)z + z

a
for a ∈ C∧z ∈ C∧−π

2
< arg(z) ≤ π

2

z
1
z =

z − 1

K
∞

k=1

(−1+z)((−1)k+zb 1+k
2 c)

1−(−1)k+ 1
2 (1+(−1)k)(1+k)z

+ z
+ 1 for z ∈ C ∧ |arg(z)| < π

z
1
z =

2(z − 1)

K
∞

k=1

(−1+z)2(1−k2z2)
(1+2k)z(1+z) + z2 + 1

+ 1 for z ∈ C ∧ |arg(z)| < π

∏∞
k=0

(
1 + 4a2

(1+2k+z)2

)
− Γ( z+1

2 )
2

Γ( 1
2 (−2a+z+1))Γ( 1

2 (2a+z+1))∏∞
k=0

(
1 + 4a2

(1+2k+z)2

)
+

Γ( z+1
2 )

2

Γ( 1
2 (−2a+z+1))Γ( 1

2 (2a+z+1))

= K
∞

k=1

4a4+(−1+k)4

(−1+2k)z

2a2
for (a, z) ∈ C2∧<(z) > 2 |<(a)|+1

∏∞
k=1

(
1 + a3

(k+z)3

)
−
∏∞
k=1

(
1− a3

(k+z)3

)
∏∞
k=1

(
1− a3

(k+z)3

)
+
∏∞
k=1

(
1 + a3

(k+z)3

) = K
∞

k=1

a6−(−1+k)6

(−1+2k)((−1+k)2+k+2z+2z2)

a3
for (a, z) ∈ C2

W (z) =
z

K
∞

k=1

(1+ 1
k )
k
kz

1+k

1− (1+ 1
k )
k
kz

1+k

+ 1

for z ∈ C ∧ |z| < 1

e

1

(−q; q)∞ (q2; q2)∞
−1 =

∞

K
k=1

− 1
2

(
1− (−1)k

)
qk + 1

2

(
1 + (−1)k

)
qk/2

(
1− qk/2

)
1

for q ∈ C∧0 < |q| < 1
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(
−q; q2

)
∞

(−q2; q2)∞
−1 =

∞

K
k=1

1
2

(
1− (−1)k

)
qk + 1

2

(
1 + (−1)k

)
qk/2

(
1 + qk/2

)
1

for q ∈ C∧0 < |q| < 1

(
−q; q4

)
∞

(−q3; q4)∞
−1 =

∞

K
k=1

1
2

(
1− (−1)k

)
q−1+2k + 1

2

(
1 + (−1)k

)
qk
(
1 + q−1+k

)
1

for q ∈ C∧0 < |q| < 1

(
q3; q8

)
∞
(
q5; q8

)
∞

(q; q8)∞ (q7; q8)∞
−1 =

∞

K
k=1

1
2

(
1 + (−1)k

)
q2k + 1

2

(
1− (−1)k

) (
qk + q2k

)
1

for q ∈ C∧0 < |q| < 1

(
b2v2 + cq

) (
(−v; q)∞

(
− cq
b2v ; q

)
∞ + (v; q)∞

(
cq
b2v ; q

)
∞
)

bv
(
(−v; q)∞

(
− cq
b2v ; q

)
∞ − (v; q)∞

(
cq
b2v ; q

)
∞
) +bq−b =

∞

K
k=1

cqk + cq3k + b2q2k
(
c2q
b4v2 + v2

q

)
b− bq1+2k

for (b, c, v, q) ∈ C4∧0 < |q| < 1

2bq
(
((−q; q)∞) 2 + ((q; q)∞) 2

)
((−q; q)∞) 2 − ((q; q)∞) 2

+bq−b =
∞

K
k=1

b2q1+k + 2b2q1+2k + b2q1+3k

b− bq1+2k
for (b, q) ∈ C2∧0 < |q| < 1

(
1− q2σ5z2

) (
1− q3σ5z2

) (
q10σ52

(
−z5

)
+ q6σ1σ5z3 − q4σ4z2 + 1

) (
q2z; q

)
∞
(
qz
a1 ; q

)
∞

(
qz
a2 ; q

)
∞

(
qz
a3 ; q

)
∞

(
qz
a4 ; q

)
∞

(
qz
a5 ; q

)
∞ 8φ7

(
z, q
√
z,−q

√
z, a1, a2, a3, a4, a5;

√
z,−
√
z, qza1 ,

qz
a2 ,

qz
a3 ,

qz
a4 ,

qz
a5 ; q, q2z2σ5

)
(qz; q)∞

(
q2z
a1 ; q

)
∞

(
q2z
a2 ; q

)
∞

(
q2z
a3 ; q

)
∞

(
q2z
a4 ; q

)
∞

(
q2z
a5 ; q

)
∞ 8φ7

(
qz, q
√
qz,−q√qz, a1, a2, a3, a4, a5;

√
qz,−√qz, q2z

a1 ,
q2z
a2 ,

q2z
a3 ,

q2z
a4 ,

q2z
a5 ; q, q4z2σ5

) +
qz
(
q3σ5z2 − 1

) (
q10σ52z5 − q6σ1σ5z3 + q4σ4z2 − 1

) (
qz
(
q2σ5z2(qσ4z − σ2) + σ3

)
− σ1

)
+
(
q5σ52z5 − q3σ1σ5z3 + q2σ4z2 − 1

) (
q14σ53

(
−z8

)
+ q11σ5z6(σ1σ5− σ2) + q10σ52z5(σ1z + 1) + q9(σ1− 1)σ4σ5z5 − q8σ4σ5z5 + q7z4

(
σ5
(
−σ12 + σ2 + σ3

)
− σ42

)
− q6σ1σ5z3 + q5σ1z3(σ4− σ5) + q4z2(σ4 + σ5z) + q3z2(σ4− σ3)− 1

)
(q2σ5z2 − 1) (q3σ5z2 − 1)

(
q10σ52z5 − q6σ1σ5z3 + q4σ4z2 − 1

)
 =

∞

K
k=1

c1qk + c2q2k + c3q3k + c4q4k + c5q5k + c6q6k + c7q7k + c8q8k + c9q9k + c10q10k + c11q11k + c12q12k + c13q13k + c14q14k + c15q15k + c16q16k + c17q17k + c18q18k + c19q19k + c20q20k + c21q21k + c22q22k + c23q23k + c24q24k + c25q25k

d0 + d1qk + d2q2k + d3q3k + d4q4k + d5q5k + d6q6k + d7q7k + d8q8k + d9q9k + d10q10k + d11q11k + d12q12k + d13q13k
for c1 = z∧c2 = −qσ2z2∧c3 = −z3

(
q4σ4 + q3σ5 + q2(−σ1σ3 + σ4 + σ5) + σ4

)
∧c4 = z4

(
q6σ1σ5 + q5σ2σ4 + q4σ2σ5 + q3

(
σ12(−σ4) + σ1σ5 + 2σ2σ4 + σ2σ5− σ32

)
+ qσ2σ4 + σ1σ5

)
∧c5 = qz5

(
q6σ5(σ4− σ1σ2) + q5σ4(−σ1σ3 + σ4 + σ5) + q4σ5(−σ1σ3 + σ4 + σ5) + q3

(
σ13σ5 + σ1(−3σ2σ5 + σ3σ4− σ3σ5) + σ5(σ3 + σ4)

)
+ q2σ4σ5 + qσ4(−σ1σ3 + σ4 + σ5)− σ1σ2σ5

)
∧c6 = z6

(
q10
(
−σ52

)
− q9σ1σ52 − q8σ5

(
σ12(−σ3) + σ1(σ4 + σ5) + σ2σ4

)
+ q7σ4

(
σ12σ4− σ1σ5− σ2(2σ4 + σ5) + σ32

)
− q6σ5

(
σ12(−σ4) + σ1(σ4 + σ5) + σ2(2σ4 + σ5)− σ32

)
+ q5

(
σ5
(
σ12(σ4− σ3) + σ1(2σ4− σ5) + σ32 − 2σ5

)
− 2σ2

(
−σ3σ5 + σ42 + σ4σ5

))
− q4σ4σ5(σ1 + σ2) + q3

(
σ12σ42 − σ1σ5(σ4 + σ5)− σ2σ4(2σ4 + σ5) + σ32σ4

)
+ q2σ1σ5(σ1σ3− σ4− σ5)− σ52

)
∧c7 = qz7

(
q10σ2σ52 + q9σ1σ2σ52 + q8σ5

(
σ13(−σ4) + σ12σ5 + σ1

(
2σ2σ4 + σ2σ5− σ32 + σ3σ4

)
− σ4(σ4 + σ5)

)
+ q7σ4

(
σ13(−σ5) + σ1(3σ2σ5− σ3σ4 + σ3σ5)− σ3σ5 + σ42 − σ4σ5

)
− q6σ5

(
σ13σ5− σ1(σ2σ4 + 3σ2σ5− σ3σ4 + σ3σ5) + σ5(σ3 + σ4)

)
+ q5

(
σ13

(
−σ52

)
+ σ1(σ2σ5(σ4 + 3σ5) + σ3σ4(σ4− σ5)) + σ5(σ2σ5− σ3(3σ4 + σ5))

)
− q4σ4σ5(−σ1(σ2 + σ3) + σ4 + σ5) + q3

(
σ13(−σ4)σ5 + σ1(σ2σ5(3σ4 + σ5) + σ3σ4(σ5− σ4)) + σ4

(
−σ3σ5 + σ42 − σ4σ5

))
+ q2σ1σ5

(
σ12(−σ4) + σ1σ5 + 2σ2σ4 + σ2σ5− σ32

)
+ σ2σ52

)
∧c8 = q2z8

(
q11σ53 + q10σ52(−σ1σ3 + σ4 + σ5) + q9σ1σ52(−σ1σ3 + σ4 + σ5) + q8σ5

(
σ14σ5− σ12

(
3σ2σ5 + σ3(σ5− σ4) + σ42

)
+ σ1

(
σ3σ5− σ42 + 2σ4σ5

)
+ σ4

(
2σ2σ4 + σ2σ5− σ32 + σ5

))
+ q7σ4

(
σ5
(
σ12(σ3− σ4)− 2σ1(σ4− σ5)− σ32 + 2σ5

)
+ σ2

(
−2σ3σ5 + σ42 + 2σ4σ5

))
+ q6σ5

(
σ12(−(σ3(σ4− σ5) + σ4σ5)) + σ1

(
σ42 − σ4σ5 + σ52

)
+ 2σ2

(
−σ3σ5 + σ42 + σ4σ5

)
+ σ5

(
2σ5− σ32

))
− q5

(
−σ3σ52

(
σ12 + 2σ1− 2σ2

)
+ σ12

(
σ2σ52 + σ43

)
+ σ1σ4σ52 + σ22σ52 − 2σ2σ43 − 2σ2σ42σ5 + σ32σ42 − σ4σ52 − 2σ53

)
+ q4σ4σ5

(
σ12(−(σ3 + σ4)) + σ1(σ4 + 2σ5) + σ2(2σ4 + σ5)− σ32

)
+ q3

(
σ5
(
σ12

(
−
(
σ3(σ5− σ4) + σ42

))
+ σ1

(
−2σ42 + 2σ4σ5 + σ52

)
− σ4

(
σ32 − 2σ5

))
+ σ2σ4

(
−2σ3σ5 + σ42 + 2σ4σ5

))
+ q2σ5

(
σ14σ5 + σ12(σ3(σ4− σ5)− 3σ2σ5) + σ1

(
σ3σ5− σ42 + σ4σ5

)
+ σ4σ5

)
+ qσ53 + σ52(−σ1σ3 + σ4 + σ5)

)
∧c9 = q3z9

(
q11(−σ2)σ53 + q10σ52

(
σ12σ4− σ1σ5− σ2(2σ4 + σ5) + σ32

)
+ q9σ1σ52

(
σ12σ4− σ1σ5− σ2(2σ4 + σ5) + σ32

)
− q8σ5

(
σ13σ5(σ3− 2σ4) + σ12σ5(σ5− 2σ4) + σ1

(
σ2
(
−2σ3σ5 + σ42 + 5σ4σ5

)
+ σ32(−σ5) + σ3σ4(σ5− σ4) + 2σ52

)
+ σ4

(
σ5(σ2− σ3) + σ42 − σ4σ5

))
− q7

(
−σ4σ52

(
σ13 + σ12 − 4σ1σ2− σ2 + σ3

)
+ σ42σ5(σ1(σ2− σ3)− 3σ3) + σ1σ53 + σ44 + σ43σ5

)
+ q6σ5

(
σ13

(
σ42 + σ52

)
− σ12σ4σ5 + σ1

(
−σ2

(
2σ42 + 2σ4σ5 + 3σ52

)
+ σ32σ4 + σ3σ4(σ5− σ4)

)
+ σ5(σ3(3σ4 + σ5)− σ2σ5)

)
+ q5

(
σ13σ5

(
σ3σ5 + σ42

)
− σ12σ4σ52 + σ1

(
σ3σ42(σ4− σ5)− σ5

(
σ2σ4(3σ4 + 2σ5) + σ52

))
+ σ4σ52(σ2 + 3σ3)− σ2σ53 + σ3σ42σ5− σ44

)
+ q4σ4σ5

(
σ13(σ4 + σ5)− σ12σ5 + σ1

(
−2σ2(σ4 + 2σ5) + σ32 + σ3(σ4− σ5)

)
+ σ3σ5− σ42 + σ4σ5

)
− q3

(
−σ4σ52

(
2σ13 + σ12 − 5σ1σ2− σ2 + σ3

)
+ σ1σ52

(
σ5(σ1 + σ2 + 1)− σ32

)
+ σ42σ5(σ1(σ2− σ3)− 3σ3) + σ44 + σ43σ5

)
− q2σ5

(
σ13σ5(σ3− σ4) + σ12σ5(σ5− 2σ4) + σ1

(
σ2
(
−2σ3σ5 + σ42 + 2σ4σ5

)
+ σ5

(
2σ5− σ32

))
+ σ2σ4σ5

)
− qσ2σ53 + σ52

(
σ12σ4− σ1σ5− σ2(2σ4 + σ5) + σ32

))
∧c10 = q4z10

(
(σ1σ3− σ4− σ5)σ53q11 − σ52

(
σ5σ13 + (σ3(σ4− σ5)− 3σ2σ5)σ1− σ42 + σ3σ5 + σ4σ5

)
q10 − σ52

(
σ5σ14 + (σ3(σ4− σ5)− 3σ2σ5)σ12 +

(
−σ42 + σ5σ4 + σ3σ5

)
σ1 + σ4σ5

)
q9 − σ5

(
σ52σ14 + σ52σ13 − σ5(σ4(σ4− 2σ3) + σ2(σ4 + 3σ5))σ12 +

(
−σ43 − 3σ5σ42 + σ5(2σ3 + σ5)σ4 + (σ3− σ2)σ52

)
σ1 + σ4

(
σ5
(
−σ32 + σ4 + 3σ5

)
+ σ2

(
σ42 + 2σ5σ4− 2σ3σ5

)))
q8 + σ5

(
σ1
(
σ43 + σ5σ42 − σ5(2σ3 + σ5)σ4 + σ2σ52

)
− σ4

(
−σ5σ22 +

(
σ42 − 2σ3σ5

)
σ2 + σ5(σ4 + 2σ5)

))
q7 + σ5

(
−σ4σ5σ14 +

(
σ43 + 3σ2σ5σ4 + σ2σ52 − σ3

(
σ42 − σ5σ4 + σ52

))
σ12 +

(
σ43 − σ5σ42 + σ5(2σ5− σ3)σ4− 2σ3σ52

)
σ1− 2σ2σ43 − 2σ53 + σ32σ42 + σ22σ52 + 2σ2σ3σ52 − σ4σ52 − 2σ2σ42σ5

)
q6 +

(
σ22σ53 +

(
−σ4σ5σ14 + σ52σ13 − (σ3− σ4)

(
σ42 + σ3σ5

)
σ12 +

(
2σ43 − σ5σ42 − σ52σ4− 2σ3σ52

)
σ1 + σ32σ42 − σ3σ52 − σ4σ5(2σ4 + σ5)

)
σ5 + σ2

(
−σ44 − 2σ5σ43 + 2σ3σ5σ42 + 2σ12σ52σ4 + σ12σ53

))
q5 − σ4σ5

(
σ5σ14 + (σ3σ4− (3σ2 + σ4)σ5)σ12 +

(
−σ42 − σ5σ4 + σ5(σ3 + σ5)

)
σ1 + σ5

(
2σ5− σ32

)
+ σ2

(
σ42 + 2σ5σ4− 2σ3σ5

))
q4 − σ5

(
σ52σ14 − σ5(3σ2σ5 + σ3(σ5− 2σ4))σ12 +

(
−σ43 − 3σ5σ42 + σ5(2σ3 + σ5)σ4 + (σ3− σ2)σ52

)
σ1 + σ4

(
−σ5σ22 +

(
σ42 − 2σ3σ5

)
σ2 + σ5(σ4 + 3σ5)

))
q3 − σ5

(
σ52σ14 + σ52σ13 + σ5(σ3σ4− σ2(σ4 + 3σ5))σ12 −

(
σ43 + σ5σ42 − 2σ3σ5σ4 + (σ2− σ3)σ52

)
σ1 + σ4σ5(σ4 + σ5)

)
q2 + (σ1σ3− σ4− σ5)σ53q − σ52

(
σ5σ13 + (σ3(σ4− σ5)− 3σ2σ5)σ1− σ42 + σ3σ5 + σ4σ5

))
∧c11 = q5z11

(
σ53

(
−σ4σ12 + σ5σ1− σ32 + σ2(2σ4 + σ5)

)
q11 + σ52

(
σ2
(
σ42 + 2σ5σ4− 2σ3σ5

)
+ σ5

(
(σ3− σ4)σ12 + (σ5− 2σ4)σ1− σ32 + 2σ5

))
q10 + σ52

(
(σ3− σ4)σ5σ13 + σ5(σ5− 2σ4)σ12 +

(
σ5
(
2σ5− σ32

)
+ σ2

(
σ42 + 2σ5σ4− 2σ3σ5

))
σ1 + σ2σ4σ5

)
q9 + σ5

(
σ44 + σ5σ43 −

(
2σ12 + (σ3− 2σ2)σ1− 2σ2 + 3σ3

)
σ5σ42 − σ5

(
σ32 + σ5σ3 +

(
σ13 + 3σ12 − 3σ2σ1− 2σ1− 2σ2

)
σ5
)
σ4 + σ1σ52

(
σ3σ12 + 2σ3σ1− σ22 − 2σ2σ3 + 3σ5

))
q8 + σ5

(
σ44 −

(
σ13 − 3σ2σ1 + σ2 + 3σ3

)
σ5σ42 + σ5

(
σ2σ5 + σ1

(
(σ2 + 2)σ5− σ32

))
σ4 + σ1σ52(σ5− σ1σ3)

)
q7 + σ5

(
σ44 − σ3σ5σ42 − (σ2 + 3σ3)σ52σ4 + 2σ12σ5(σ5− σ4)σ4 + σ2σ53 + σ13

(
σ3(σ4− σ5)− 2σ42

)
σ5 + σ1

(
−σ4σ5σ32 + σ42(σ5− σ4)σ3 + σ52(2σ4 + σ5) + σ2σ4

(
σ42 + 5σ5σ4 + σ5(σ5− 2σ3)

)))
q6 +

(
σ45 + σ5σ44 + (σ1(σ2− σ3)− 3σ3)σ5σ43 +

(
−2σ13 − 2σ12 + 5σ2σ1 + σ2− σ3

)
σ52σ42 + σ52

(
σ3σ13 + 2σ5σ12 − σ32σ1 + σ2σ5σ1− σ2σ5

)
σ4 + σ53

(
σ15 − (3σ2 + σ3)σ13 + σ3σ12 + σ5σ1 + 2σ5

))
q5 + σ5

(
−σ4σ5(−σ3 + σ4 + σ5)σ13 − 2σ42σ5σ12 +

(
σ5
(
−σ4σ32 − σ42σ3 + σ52 + 2σ4σ5

)
+ σ2σ4

(
σ42 + 3σ5σ4 + 3σ52 − 2σ3σ5

))
σ1 + σ4

(
σ43 + σ5σ42 − 3σ3σ5σ4 + (σ2− σ3)σ52

))
q4 + σ5

(
σ44 + ((2σ1− 1)σ2− 3σ3)σ5σ42 +

(
−σ13 − 3σ12 + 2(σ2 + 1)σ1 + 2σ2

)
σ52σ4 + σ1σ52

(
σ3σ12 + (σ5− σ3)σ1− σ32 − 2σ2σ3 + 3σ5

))
q3 + σ52

(
−2σ4(σ4 + σ5)σ12 +

(
σ12 + 2σ1− 2σ2

)
σ3σ5σ1 +

(
−σ5σ22 + σ42σ2 + 2σ5(σ4 + σ5)

)
σ1− σ32σ4 + σ2σ4(2σ4 + σ5)

)
q2 + σ53

(
−σ4σ12 + σ5σ1− σ32 + σ2(2σ4 + σ5)

)
q + σ52

(
σ2
(
σ42 + 2σ5σ4− 2σ3σ5

)
+ σ5

(
(σ3− σ4)σ12 + (σ5− 2σ4)σ1− σ32 + 2σ5

)))
∧c12 = q6z12σ5

(
σ52

(
σ5σ13 + (σ3(σ4− σ5)− 3σ2σ5)σ1− σ42 + σ3σ5 + σ4σ5

)
q11 + σ5

(
−σ43 − σ5σ42 + (3σ3 + σ1(σ3− σ2))σ5σ4 +

(
σ13 + σ12 − 3σ2σ1− σ2 + σ3

)
σ52
)
q10 + σ5

(
σ52σ14 + σ52σ13 + σ5(σ3σ4− σ2(σ4 + 3σ5))σ12 −

(
σ43 + σ5σ42 − 2σ3σ5σ4 + (σ2− σ3)σ52

)
σ1 + σ4σ5(σ4 + σ5)

)
q9 + σ5

(
σ5(σ4 + σ5)σ13 − σ5(σ2σ4− σ3σ4 + σ5)σ12 +

(
σ3σ4(σ4 + 4σ5)− 2(σ4 + σ5)

(
σ42 + σ2σ5

))
σ1 + σ4

(
(σ2− 1)σ42 + 2σ5σ4 + σ5

(
−σ22 − 2σ3σ2 + σ3 + 2σ5

)))
q8 + σ5

(
σ4σ5σ14 + σ4σ5σ13 + (σ3σ4(σ4− σ5)− σ5(3σ2σ4 + σ5))σ12 +

(
−2σ43 + σ5σ42 + (3σ3σ5− 2σ2σ5)σ4 + σ5

(
σ32 − σ2σ5

))
σ1 + σ4

(
−σ22 + σ3 + σ4

)
σ5
)
q7 +

(
2σ4σ52σ14 + (σ4− σ5)σ52σ13 − σ5

(
σ43 − 2σ3σ42 − σ32σ5 + σ2

(
σ42 + 5σ5σ4 + σ52

))
σ12 −

(
σ44 + 3σ5σ43 − 3σ3σ5σ42 + (σ2− σ3)σ52σ4− 2σ3σ53

)
σ1− σ22σ53 + σ2σ42

(
σ42 + 2σ5σ4− 2σ3σ5

)
+ σ5

(
−σ32σ42 + σ5(2σ4 + σ5)σ4 + σ3σ52

))
q6 +

(
−(σ3− 2σ4)σ52σ14 + (2σ4− σ5)σ52σ13 − σ5

(
−σ5σ32 + σ4(σ5− 2σ4)σ3 + 2σ52 + σ2

(
σ42 + 5σ5σ4− 2σ3σ5

))
σ12 + σ4

(
−σ43 − 3σ5σ42 + σ5(2σ3 + σ5)σ4 + σ3σ52

)
σ1− σ22σ42σ5 + σ5

(
σ43 + 2σ5σ42 + σ3σ52

)
+ σ2

(
σ44 − 2σ3σ5σ42 − σ53

))
q5 +

(
σ4σ52σ14 + σ4σ52σ13 + σ4σ5(σ3(σ4 + σ5)− σ2(σ4 + 3σ5))σ12 −

(
σ44 + 2σ5σ43 + σ5(2σ5− 3σ3)σ42 + (σ2− 3σ3)σ52σ4 + σ2σ53

)
σ1 + σ4σ5

(
−σ5σ22 +

(
σ42 − 2σ3σ5

)
σ2 + σ5(σ4 + 2σ5)

))
q4 + σ5

(
σ52σ14 + σ5(σ4 + σ5)σ13 − σ5(−σ3σ4 + σ5 + σ2(σ4 + 3σ5))σ12 +

(
−2σ43 − σ5σ42 − 2(σ2− 2σ3)σ5σ4 + σ5

(
σ32 + σ5σ3− 2σ2σ5

))
σ1 + σ4σ5

(
−σ22 + σ3 + 2σ4 + σ5

))
q3 + σ5

(
σ5(σ4 + σ5)σ13 − σ5(σ2σ4 + σ5)σ12 +

(
−σ43 − 2σ2σ5σ4 + σ3(σ4 + 2σ5)σ4− σ2σ52

)
σ1 + σ4

(
−σ42 + σ5σ4 + σ3σ5

))
q2 + σ52

(
σ5σ13 + (σ3(σ4− σ5)− 3σ2σ5)σ1− σ42 + σ3σ5 + σ4σ5

)
q + σ5

(
−σ43 − σ5σ42 + (3σ3 + σ1(σ3− σ2))σ5σ4 +

(
σ13 + σ12 − 3σ2σ1− σ2 + σ3

)
σ52
))
∧c13 = q7z13σ5

(
−σ52

(
σ2
(
σ42 + 2σ5σ4− 2σ3σ5

)
+ σ5

(
(σ3− σ4)σ12 + (σ5− 2σ4)σ1− σ32 + 2σ5

))
q11 − σ52

(
σ3σ5σ12 −

(
σ42 + 2σ5σ4− 2σ3σ5

)
σ1− σ22σ5 + σ5(σ4 + 2σ5) + σ2

(
σ42 − 2σ3σ5

))
q10 − σ52

(
−2σ4(σ4 + σ5)σ12 +

(
σ12 + 2σ1− 2σ2

)
σ3σ5σ1 +

(
−σ5σ22 + σ42σ2 + 2σ5(σ4 + σ5)

)
σ1− σ32σ4 + σ2σ4(2σ4 + σ5)

)
q9 − σ5

(
σ44 −

(
2σ12 + 2σ1 + 3σ3

)
σ5σ42 + σ5

(
(σ3− σ5)σ12 + 4σ5σ1− σ32 + 2σ5

)
σ4 + σ2

(
σ42 + (σ1 + 1)σ5σ4 + σ5(σ5− 2σ3)

)
σ4− σ1σ22σ52 + σ1σ52(σ1σ3 + σ3 + σ5)

)
q8 − σ5

(
σ52σ14 + (σ3− σ4)σ4σ5σ13 + σ5

(
−2σ42 + σ5σ4 + σ3(σ4− σ5)− 3σ2σ5

)
σ12 +

(
σ2σ4

(
σ42 + 2σ5σ4− 2σ3σ5

)
+ σ5

(
−σ4σ32 + σ5σ3− σ42 + 4σ4σ5

))
σ1 + σ4σ5(σ5− σ2σ4)

)
q7 −

(
σ45 + σ5σ44 −

(
σ12 + (σ3− 2σ2)σ1 + 3σ3

)
σ5σ43 +

(
−σ13 − 4σ12 + 3σ2σ1 + σ1 + σ2− σ3

)
σ52σ42 + σ52

(
2σ3σ13 + (2σ3 + σ5)σ12 −

(
σ22 + 2σ3σ2− 2σ5

)
σ1− σ2σ5

)
σ4 + σ53

(
σ15 − (3σ2 + σ3)σ13 + σ3σ12 + σ5σ1 + 2σ5

))
q6 −

(
σ45 −

(
σ12 − 2σ2σ1 + σ2 + 3σ3

)
σ5σ43 +

(
−σ13 − 4σ12 + 2σ2σ1 + σ1 + σ2

)
σ52σ42 + σ52

(
−(σ2− 2σ3)σ13 + (3σ3 + σ5)σ12 −

(
σ32 + 2σ2σ3− 2σ5

)
σ1 + σ5

)
σ4 + σ53

(
σ15 + σ14 − 3σ2σ13 + (σ3− σ2)σ12 − σ3σ1 + 2σ5

))
q5 − σ5

(
σ3σ4σ5σ13 −

(
σ43 + 2σ5σ42 + σ5(σ5− 2σ3)σ4 + σ3σ52

)
σ12 +

(
−σ4σ5σ22 + σ4

(
σ42 + σ5σ4− 2σ3σ5

)
σ2 + σ5

(
σ42 + 4σ5σ4 + σ52

))
σ1 + σ4

(
σ43 − (σ2 + 3σ3)σ5σ4 + σ2σ52

))
q4 − σ52

(
σ5σ14 + σ3σ5σ13 +

(
−2σ42 − 2σ5σ4− 3σ2σ5 + σ3(σ4 + σ5)

)
σ12 +

(
(σ2− 1)σ42 + 4σ5σ4 + σ5

(
−σ22 − 2σ3σ2 + σ3 + 2σ5

))
σ1 + σ4

(
−σ32 + σ5 + σ2(σ4 + σ5)

))
q3 + σ5

(
σ1σ22σ52 −

((
−2σ42 + σ3σ4 + 2σ3σ5

)
σ12 +

(
−2σ42 + 2σ5σ4 + σ3σ5

)
σ1− σ4

(
σ32 − 2σ5

))
σ5− σ2σ4

(
σ42 + 2σ5σ4− 2σ3σ5

))
q2 − σ52

(
σ2
(
σ42 + 2σ5σ4− 2σ3σ5

)
+ σ5

(
(σ3− σ4)σ12 + (σ5− 2σ4)σ1− σ32 + 2σ5

))
q − σ52

(
σ3σ5σ12 −

(
σ42 + 2σ5σ4− 2σ3σ5

)
σ1− σ22σ5 + σ5(σ4 + 2σ5) + σ2

(
σ42 − 2σ3σ5

)))
∧c14 = q8z14σ52

(
σ5
(
σ43 + σ5σ42 + (σ1(σ2− σ3)− 3σ3)σ5σ4−

(
σ13 + σ12 − 3σ2σ1− σ2 + σ3

)
σ52
)
q11 + σ5

(
σ43 + ((σ1− 1)σ2− 3σ3)σ5σ4 +

(
−σ12 + σ1 + σ2

)
σ52
)
q10 + σ5

(
−σ5(σ4 + σ5)σ13 + σ5(σ2σ4 + σ5)σ12 +

(
σ43 + 2σ2σ5σ4− σ3(σ4 + 2σ5)σ4 + σ2σ52

)
σ1 + σ4

(
σ42 − σ5σ4− σ3σ5

))
q9 +

(
σ44 + (σ1 + 1)σ5σ43 + (σ1(σ2− σ3)− 3σ3− σ5)σ5σ42 +

(
−2σ13 − σ12 + 4σ2σ1− 2σ3σ1 + σ22 + σ2− 2σ3

)
σ52σ4 + σ1σ52

(
(2σ1 + σ2 + 1)σ5− σ32

))
q8 +

(
−σ4σ52σ14 + (σ3− 2σ4)σ52σ13 + σ5

(
−σ3σ42 − 2σ5σ4 + σ2(σ4 + 3σ5)σ4 + σ52

)
σ12 +

(
σ44 + σ5σ43 + (σ2− 3σ3)σ5σ42 + (3σ2− σ3)σ52σ4 + σ52

(
−σ32 − 2σ2σ3 + 2σ5

))
σ1− σ3σ4σ52

)
q7 +

(
(σ3− σ4)σ52σ14 + σ52(σ5− 3σ4)σ13 + σ5

(
−σ5σ32 − σ42σ3 + σ5(σ4 + 2σ5) + 2σ2

(
σ42 + σ5σ4− σ3σ5

))
σ12 + σ4

(
2σ43 + 2σ5σ42 − (σ2 + 5σ3)σ5σ4 + σ2σ52

)
σ1 + σ22σ42σ5− σ5

(
σ43 + 2σ5σ42 + σ3σ52

)
+ σ2

(
−σ44 + 2σ3σ5σ42 + σ53

))
q6 +

(
(σ3− σ4)σ52σ14 − σ5

(
σ42 + 3σ5σ4− 2σ3σ5

)
σ13 + σ5

(
−σ5σ22 +

(
2σ42 + 3σ5σ4− 2σ3σ5

)
σ2− σ3σ42 + 2σ52

)
σ12 +

(
2σ44 + σ5σ43 − 5σ3σ5σ42 + (σ2− σ3)σ52σ4 + σ53

)
σ1 + σ5

(
−σ43 + σ22σ42 − σ3σ42 − σ32σ5 + σ2σ5(2σ4 + σ5)

))
q5 +

(
−2σ4σ52σ13 + σ5

(
σ2σ42 + σ5(σ4 + σ5)

)
σ12 +

(
σ44 + σ5σ43 − (σ2 + 3σ3)σ5σ42 + (3σ2− 2σ3)σ52σ4 + σ52

(
σ2σ5− σ32

))
σ1 +

(
σ22 − σ3− σ4

)
σ4σ52

)
q4 + σ5

(
(σ3− 2σ4− σ5)σ5σ13 + σ5((σ2− 2)σ4 + 2σ5)σ12 +

(
σ43 − σ3(σ4 + 2σ5)σ4 + 2σ52 − σ32σ5 + σ2

(
σ42 + 4σ5σ4 + σ5(σ5− 2σ3)

))
σ1 + σ4

(
σ42 − σ5σ4− 2σ3σ5

))
q3 +

(
σ44 + σ5σ43 + (σ1(σ2− σ3)− 3σ3)σ5σ42 −

(
σ13 + σ12 − 2σ2σ1− σ2 + σ3

)
σ52σ4 + σ1(σ1 + 1)σ53

)
q2 + σ5

(
σ43 + σ5σ42 + (σ1(σ2− σ3)− 3σ3)σ5σ4−

(
σ13 + σ12 − 3σ2σ1− σ2 + σ3

)
σ52
)
q + σ5

(
σ43 + ((σ1− 1)σ2− 3σ3)σ5σ4 +

(
−σ12 + σ1 + σ2

)
σ52
))
∧c15 = q9z15σ52

(
σ52

(
σ3σ5σ12 −

(
σ42 + 2σ5σ4− 2σ3σ5

)
σ1− σ22σ5 + σ5(σ4 + 2σ5) + σ2

(
σ42 − 2σ3σ5

))
q11 + σ52

((
−σ22 + σ3 + σ4

)
σ5− σ1

(
σ42 − 2σ3σ5

))
q10 + σ5

(
−σ1σ22σ52 +

((
−2σ42 + σ3σ4 + 2σ3σ5

)
σ12 +

(
−2σ42 + 2σ5σ4 + σ3σ5

)
σ1− σ4

(
σ32 − 2σ5

))
σ5 + σ2σ4

(
σ42 + 2σ5σ4− 2σ3σ5

))
q9 + σ5

(
σ52σ14 − σ5(3σ2σ5 + σ3(σ5− 2σ4))σ12 +

(
−σ43 − 3σ5σ42 + 2σ5(σ3 + σ5)σ4 + 2σ3σ52

)
σ1 + σ4

(
−σ5σ22 +

(
σ42 − σ5σ4− 2σ3σ5

)
σ2 + σ5(σ4 + 3σ5)

))
q8 + σ5

(
σ52σ14 + σ5(σ3σ4 + σ5)σ13 −

(
σ43 + 2σ5σ42 + (σ2− 3σ3)σ5σ4 + 3σ2σ52

)
σ12 +

(
(σ2− 1)σ43 + σ5

(
−σ22 − 2σ3σ2 + 3σ3 + 2σ5

)
σ4 + (σ3− σ2)σ52

)
σ1 + σ4σ52

)
q7 +

(
σ45 −

(
2σ12 − σ2σ1 + σ2 + 3σ3

)
σ5σ43 +

(
−2σ12 + 2σ1 + σ2

)
σ52σ42 + σ52

(
(σ3− σ2)σ13 + 5σ3σ12 +

(
σ3− σ22

)
σ1 + σ5

)
σ4 + σ53

(
σ15 + σ14 − 3σ2σ13 + (σ3− σ2)σ12 − σ3σ1 + 2σ5

))
q6 + σ5

(
σ52σ14 + (σ3− σ2)σ4σ5σ13 +

(
−2σ43 − 2σ5σ42 + (σ2 + 5σ3)σ5σ4− σ2σ52

)
σ12 +

(
−σ4σ5σ22 +

(
σ43 − 2σ3σ5σ4− 3σ52

)
σ2 + σ5(σ3(σ4− σ5) + 2σ4(σ4 + σ5))

)
σ1− σ2σ43 + (σ3 + σ4)σ52

)
q5 + σ5

(
σ52σ14 −

(
σ43 − 3σ3σ5σ4 + (3σ2 + σ3)σ52

)
σ12 + σ5

(
−σ4σ22 + 2σ4σ5 + σ3(σ4 + σ5)

)
σ1 + σ4σ5(σ5− σ2σ4)

)
q4 + σ5

(
σ52σ14 + σ52σ13 − σ5

(
2σ42 + σ2σ4− 2σ3σ4 + 3σ2σ5− 2σ3σ5

)
σ12 −

(
σ43 + 3σ5σ42 − σ5(3σ3 + 2σ5)σ4 +

(
σ22 + σ2− 2σ3

)
σ52
)
σ1 + σ4

(
σ5
(
3σ5− σ32

)
+ σ2

(
σ42 + 2σ5σ4− 2σ3σ5

)))
q3 + σ5

(
σ3σ4σ5σ12 +

(
−σ43 − 2σ5σ42 + 2σ3σ5σ4 + σ3σ52

)
σ1 + σ4

(
−σ5σ22 +

(
σ42 − 2σ3σ5

)
σ2 + σ5(σ4 + 2σ5)

))
q2 + σ52

(
σ3σ5σ12 −

(
σ42 + 2σ5σ4− 2σ3σ5

)
σ1− σ22σ5 + σ5(σ4 + 2σ5) + σ2

(
σ42 − 2σ3σ5

))
q + σ52

((
−σ22 + σ3 + σ4

)
σ5− σ1

(
σ42 − 2σ3σ5

)))
∧c16 = q10σ53z16

(
q11(−σ5)

(
σ52

(
−σ12 + σ1 + σ2

)
+ σ4σ5((σ1− 1)σ2− 3σ3) + σ43

)
− q10σ52(σ1σ5− σ2σ4 + σ5)− q9

(
−σ4σ52

(
σ13 + σ12 − 2σ1σ2− σ2 + σ3

)
+ σ42σ5(σ1σ2− σ1σ3− 3σ3) + σ1(σ1 + 1)σ53 + σ44 + σ43σ5

)
− q8

(
σ1σ52

(
σ12σ3 + σ1σ5− 2σ2σ3− σ32 + 3σ5

)
+ σ4σ52

(
−σ13 − 3σ12 + 2σ1σ2 + σ1 + σ2− σ3

)
+ σ42σ5(2σ1σ2− σ2− 3σ3) + σ44

)
+ q7σ1

(
σ52

(
σ12(−σ3)− 2σ1σ3 + σ22 + 2σ2σ3− 2σ5

)
+ σ4σ52

(
σ12 + σ1− σ2− 1

)
+ σ42σ5(σ1(−σ2) + σ1 + 3σ3)− σ44

)
− q6

(
σ14σ3σ52 − σ13σ5

(
−2σ3σ5 + σ42 + 2σ4σ5

)
+ σ12σ5

(
σ22(−σ5) + σ2

(
σ42 − 2σ3σ5

)
+ σ5(σ4 + 2σ5)

)
+ σ1

(
−σ42σ5(σ2 + 2σ3) + σ44 + σ4σ52 + σ53

)
+ σ5

(
σ22σ42 + σ2σ5(2σ4 + σ5)− σ32σ5− σ3σ42 − σ43

))
+ q5

(
σ13σ5

(
−2σ3σ5 + σ42 + σ4σ5

)
+ σ12σ5

(
σ22σ5− σ2σ42 − σ5(2σ3 + σ4)

)
− σ1

(
−σ42σ5(σ2 + 3σ3) + (σ2− 2)σ4σ52 + σ44 + σ53

)
+ σ5

(
−σ2

(
−2σ3σ5 + σ42 + 2σ4σ5

)
+ σ32σ5 + σ3σ42 − 2σ52

))
+ q4σ52

(
σ13(σ4− σ3) + σ12(σ4− σ5) + σ1

(
2σ2σ3− 2σ2σ4 + σ32 − σ4− 2σ5

)
+ σ3σ4

)
− q3

(
σ1σ52

(
σ12σ3 + 2σ1σ3 + σ1σ5− σ22 − 2σ2σ3 + 3σ5

)
− σ42σ5

(
σ12 − 2σ1σ2 + σ1σ3 + 3σ3

)
+ σ4σ52

(
−σ13 − 3σ12 + 2σ1σ2 + σ1 + σ2− σ3

)
+ σ44 + σ43σ5

)
− q2

(
σ4σ52

(
−σ12 + σ1 + σ2

)
+ σ42σ5((σ1− 1)σ2− 3σ3) + σ1σ53 + σ44

)
− qσ5

(
σ52

(
−σ12 + σ1 + σ2

)
+ σ4σ5((σ1− 1)σ2− 3σ3) + σ43

)
− σ52(σ1σ5− σ2σ4 + σ5)

)
∧c17 = q11σ54z17

(
q11σ5

(
σ1
(
σ42 − 2σ3σ5

)
+ σ5

(
σ22 − σ3− σ4

))
− q10σ3σ52 − q9

(
σ12σ3σ4σ5 + σ1

(
2σ3σ4σ5 + σ3σ52 − σ43 − 2σ42σ5

)
+ σ4

(
σ22(−σ5) + σ2

(
σ42 − 2σ3σ5

)
+ σ5(σ4 + 2σ5)

))
− q8

(
σ14σ52 + σ13σ52 + σ12σ5(σ3σ4− σ2(σ4 + 3σ5))− σ1

(
σ52(σ2− σ3)− 5σ3σ4σ5 + 2σ43 + σ42σ5

)
+ σ4σ5

(
−σ22 + σ3 + σ4 + σ5

))
+ q7σ1

(
σ52

(
−σ12 + σ1 + σ2

)
+ σ4σ5

(
(σ1− 1)σ2− 2(σ1 + 2)σ3 + σ22

)
+ (σ1 + 1)σ43 − σ42σ5

)
+ q6

(
σ14

(
−σ52

)
+ σ13σ2σ4σ5 + σ12

(
−σ4σ5(σ2 + 3σ3) + σ2σ52 + σ43

)
+ σ1σ5

(
3σ2σ5 + σ3(σ5− 2σ4)− σ42

)
+ σ2σ43 − σ52(σ3 + σ4)

)
+ q5

(
σ4σ5

(
σ12(−(σ2 + 2σ3)) + σ1

(
σ22 + σ2− 2σ3

)
− 3σ3

)
+
(
σ12 + 1

)
σ43 + σ52(3σ1σ2 + σ2− σ3)− σ1σ42σ5

)
− q4

(
σ14σ52 + σ13σ52 + σ12σ5(σ3σ4− σ2(σ4 + 3σ5))− σ1

(
σ52(σ2− σ3)− 4σ3σ4σ5 + σ43 + σ42σ5

)
+ σ4σ52

)
− q3

(
σ13σ52 − σ12σ5(σ2σ4− σ3σ4 + σ5) + σ1

(
σ4σ5(σ2 + 5σ3) + σ52(σ3− σ2)− 2σ43 − 2σ42σ5

)
+ σ4

(
σ22(−σ5) + σ2

(
σ42 − 2σ3σ5

)
+ σ5(σ4 + 2σ5)

))
+ q2σ4

(
σ1
(
σ42 − 2σ3σ5

)
+ σ5

(
σ22 − σ3− σ4

))
+ qσ5

(
σ1
(
σ42 − 2σ3σ5

)
+ σ5

(
σ22 − σ3− σ4

))
− σ3σ52

)
∧c18 = q12σ54z18

(
q11σ52(σ1σ5− σ2σ4 + σ5) + q10σ53 + q9

(
σ4σ52

(
−σ12 + σ1 + σ2

)
+ σ42σ5((σ1− 1)σ2− 3σ3) + σ1σ53 + σ44

)
+ q8σ5

(
σ13σ3σ5− σ12

(
−2σ3σ5 + σ42 + 2σ4σ5

)
+ σ1

(
σ22(−σ5) + σ2

(
σ42 − 2σ3σ5

)
+ 2σ5(σ4 + σ5)

)
+ σ4(σ5− σ2σ4)

)
+ q7σ1σ5

(
σ1
(
2σ3σ5− σ42 + σ4σ5

)
+ σ22(−σ5)− σ2σ42 + σ5(σ3 + 2σ4)

)
− q6σ5

(
σ13

(
σ42 − 2σ3σ5

)
+ σ12σ5

(
σ22 − 2σ3

)
+ σ1σ5(σ4− σ5)− σ2

(
−2σ3σ5 + σ42 + 2σ4σ5

)
+ σ32σ5 + σ3σ42 − 2σ52

)
+ q5σ5

(
σ12σ5(2σ3 + σ4)− σ1

(
(σ2 + 1)σ42 − 2σ3σ5 + σ4σ5

)
− σ22σ5 + σ2

(
σ42 − 2σ3σ5

)
+ σ5(σ4 + 2σ5)

)
+ q4σ1σ5

(
σ12σ3σ5− σ1

(
−2σ3σ5 + σ42 + 2σ4σ5

)
− σ22σ5 + σ2

(
σ42 − 2σ3σ5

)
+ 2σ5(σ4 + σ5)

)
+ q3

(
−σ42σ5

(
σ12 − σ1σ2 + σ2 + 3σ3

)
+ σ4σ52

(
−σ12 + 2σ1 + σ2

)
+ σ1σ52

(
2σ1σ3− σ22 + σ3 + σ5

)
+ σ44

)
+ q2σ4σ5(σ1σ5− σ2σ4 + σ5) + qσ52(σ1σ5− σ2σ4 + σ5) + σ53

)
∧c19 = q14σ55z19

(
q10σ3σ52 + q8σ4

(
σ5
(
−σ22 + σ3 + σ4

)
− σ1

(
σ42 − 2σ3σ5

))
+ q7

(
σ13σ52 − σ12σ5(σ2σ4 + σ5)− σ1

(
−σ4σ5(σ2 + 3σ3) + σ2σ52 + σ43

)
+ σ3σ4σ5

)
+ q6σ1σ5(−(σ1 + 1)σ5 + σ2σ4 + σ3σ4) + q5

(
σ4σ5

(
σ12σ2 + σ1(σ3− σ2) + 3σ3

)
+ σ52((−3σ1− 1)σ2 + σ3)− σ43

)
− q4

(
σ4σ5((σ1− 1)σ2− (σ1 + 3)σ3) + σ52(σ1 + σ2) + σ43

)
+ q3σ1

(
σ52

(
σ12 − σ1− σ2

)
+ σ4σ5(−σ1σ2 + σ2 + 3σ3)− σ43

)
+ q2

(
−σ12σ52 − σ1

(
−σ4σ5(σ2 + 2σ3) + σ43 + σ52

)
+ σ4σ5

(
−σ22 + σ3 + σ4

))
+ qσ3σ4σ5 + σ3σ52

)
∧c20 = q15σ56z20

(
q10
(
−σ52

)
+ q8σ4(σ2σ4− (σ1 + 1)σ5) + q7

(
σ12

(
σ42 − 2σ3σ5

)
+ σ1σ5

(
σ22 − σ3− σ4

)
− σ4σ5

)
− q6σ1σ5(σ3 + σ4) + q5

(
−2σ12σ3σ5 + σ1

(
−2σ3σ5 + σ42 + 2σ4σ5

)
+ σ22σ5− σ2

(
σ42 − 2σ3σ5

)
− σ5(σ4 + 2σ5)

)
+ q4

(
σ1
(
−2σ3σ5 + σ42 − σ4σ5

)
+ σ5

(
σ22 − σ3− σ4

))
+ q3σ1

(
σ1
(
σ42 − 2σ3σ5

)
+ σ5

(
σ22 − σ3− σ4

))
+ q2

(
σ2σ42 − σ5(σ1(σ3 + σ4) + σ4)

)
− qσ4σ5− σ52

)
∧c21 = q18σ56z21

(
q6(−σ3)σ4σ5 + q5σ1σ5(σ1σ5− σ2σ4 + σ5) + q4σ1σ52 + q3

(
σ4σ5((σ1− 1)σ2− 3σ3) + σ52(σ1 + σ2) + σ43

)
+ q2σ5(σ1σ5− σ2σ4 + σ5) + qσ1σ5(σ1σ5− σ2σ4 + σ5) + σ5(σ1σ5− σ3σ4)

)
∧c22 = q19σ57z22

(
q6σ4σ5 + q5σ1σ3σ5 + q3

(
σ5
(
−σ22 + σ3 + σ4

)
− σ1

(
σ42 − 2σ3σ5

))
+ q2σ3σ5 + qσ1σ3σ5 + σ4σ5

)
∧c23 = −q21σ58z23

(
q4σ1σ5 + q2(σ1σ5− σ2σ4 + σ5) + qσ5 + σ1σ5

)
∧c24 = −q24σ3σ59z24∧c25 = q25σ510z25∧d0 = 1∧d1 = −qσ1z∧d2 = q3

(
−z2

)
(qσ4−σ3+σ4)+q2σ3z2−q2σ4z2∧d3 = q5σ1σ4z3+q4σ1σ5z3+q3σ1σ5z3−q4z3

(
q2(−σ1)σ5 + qσ1(σ4− σ5) + σ5

)
∧d4 = −q7z4

(
σ5
(
−σ12 + σ2 + σ3

)
− σ42

)
+q7σ12σ5

(
−z4

)
−q6σ3σ4z4+q5σ4z4(qσ4−σ3+σ4)−q5σ3σ5z4−q4σ2σ5z4∧d5 = q8σ1σ3σ5z5−q8σ1σ4σ5z5−q6σ1σ5z5(qσ4−σ3+σ4)+q5σ4σ5z5−q5σ52z5−q8σ5z5

(
q2σ5 + σ4(q(σ1− 1)− 1)

)
+q6σ4z5

(
q2(−σ1)σ5 + qσ1(σ4− σ5) + σ5

)
∧d6 = q11σ1σ52z6+q10σ12σ52z6−q10σ5z6(qσ1σ5−qσ2+σ1σ5)+q9σ4z6

(
σ5
(
−σ12 + σ2 + σ3

)
− σ42

)
+q9σ3σ4σ5z6+q8σ2σ4σ5z6+q7σ2σ52z6−q7σ1σ5z6

(
q2(−σ1)σ5 + qσ1(σ4− σ5) + σ5

)
∧d7 = q12σ3σ52

(
−z7

)
−q11σ1σ3σ52z7−q10σ1σ5z7

(
σ5
(
−σ12 + σ2 + σ3

)
− σ42

)
−q10σ1σ2σ52z7−q9σ42σ5z7+q8σ52z7(qσ4−σ3+σ4)−q8σ4σ52z7+q10σ4σ5z7

(
q2σ5 + σ4(q(σ1− 1)− 1)

)
∧d8 = −q14σ1σ53z8+q14σ53z8+q12σ4σ5z8(qσ1σ5−qσ2+σ1σ5)+q11σ1σ4σ52z8−q11σ2σ4σ52z8−q11σ1σ52z8

(
q2σ5 + σ4(q(σ1− 1)− 1)

)
+q9σ52z8

(
q2(−σ1)σ5 + qσ1(σ4− σ5) + σ5

)
∧d9 = q15σ3σ53z9+q14σ2σ53z9+q13σ1σ2σ53z9−q13σ1σ52z9(qσ1σ5−qσ2+σ1σ5)+q12σ52z9

(
σ5
(
−σ12 + σ2 + σ3

)
− σ42

)
+q12σ42σ52z9∧d10 = q16σ4σ53

(
−z10

)
−q15σ4σ53z10−q14σ1σ4σ53z10+q13σ53z10

(
q2σ5 + σ4(q(σ1− 1)− 1)

)
∧d11 = q17σ1σ54z11−q17σ2σ54z11+q15σ53z11(qσ1σ5−qσ2+σ1σ5)∧d12 = q18σ4σ54z12∧d13 = −q19σ55z13∧σ1 =

1

a1
+

1

a2
+

1

a3
+

1

a4
+

1

a5
∧σ2 =

1

a1a2
+

1

a1a3
+

1

a1a4
+

1

a1a5
+

1

a2a3
+

1

a2a4
+

1

a2a5
+

1

a3a4
+

1

a3a5
+

1

a4a5
∧σ3 =

1

a1a2a3
+

1

a1a2a4
+

1

a1a2a5
+

1

a1a3a4
+

1

a1a3a5
+

1

a1a4a5
+

1

a2a3a4
+

1

a2a3a5
+

1

a2a4a5
+

1

a3a4a5
∧σ4 =

1

a1a2a3a4
+

1

a1a2a3a5
+

1

a1a2a4a5
+

1

a1a3a4a5
+

1

a2a3a4a5
∧σ5 =

1

a1a2a3a4a5
∧(a1, a2, a3, a4, a5, σ1, σ2, σ3, σ4, σ5, c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12, c13, c14, c15, c16, c17, c18, c19, c20, c21, c22, c23, c24, c25,d0,d1,d2,d3,d4,d5,d6,d7,d8,d9,d10,d11,d12,d13, z, q) ∈ C51∧0 < |q| < 1

−cq6+cq3+
2c(q − 1)2q

(
q3; q2

)
∞

((−q;−q)∞ − (q;−q)∞) (q2; q4)∞
+cq−c =

∞

K
k=1

c2q4k
(
1− q4k

) (
1− q−1+4k

) (
1− q1+4k

)
c− cq1+4k (1 + q + q2) + cq2+8k (1 + q4)

for (c, q) ∈ C2∧0 < |q| < 1

ab2c2(d; q)∞(e; q)∞
(
bc− deq2

) (
de
abc ; q

)
∞ 3φ2

(
a, b, c; d, e; q, deabc

)
(dq; q)∞(eq; q)∞

(
deq
abc ; q

)
∞

3φ2

(
aq, b, c; dq, eq; q, deqabc

) +(bc−deq)
(
a
(
b2c(c(d+ e− 1)− de(q + 1)) + bcde

(
−c(q + 1) + dq + eq + q2 + 1

)
− d2e2q2

)
+ de

(
b2c+ b

(
c2 − c(q + 1)(d+ e) + deq

)
+ cdeq

))
=
∞

K
k=1

c1qk + c2q2k + c3q3k + c4q4k + c5q5k + c6q6k + c7q7k + c8q8k + c9q9k + c10q10k + c11q11k

d0 + d1qk + d2q2k + d3q3k + d4q4k + d5q5k + d6q6k
for c1 =

ab6c6de

q
∧c2 = −

b5c5de
(
a2bc+ a(b+ c)(d+ e) + de

)
q

∧c3 =
b4c4de

(
a2bcq2(b+ c)(d+ e) + a

(
b2deq2 + bc

(
d2q2 − de

(
q4 − 3q2 + 1

)
+ e2q2

)
+ c2deq2

)
+ deq2(b+ c)(d+ e)

)
q3

∧c4 = −
b3c3de

(
a2bc

(
b2deq2 + bc

(
d2q2 − de

(
q2 − 1

)2
+ e2q2

)
+ c2deq2

)
− abcde

(
q2 − 1

)2
(b+ c)(d+ e) + de

(
b2deq2 + bc

(
d2q2 − de

(
q2 − 1

)2
+ e2q2

)
+ c2deq2

))
q3

∧c5 = −
b3c3d2e2

(
a2bc

(
q4 − q2 + 1

)
(b+ c)(d+ e) + a

(
b2de

(
q4 − q2 + 1

)
+ bc

(
d2
(
q4 − q2 + 1

)
+ de

(
3q4 − 4q2 + 3

)
+ e2

(
q4 − q2 + 1

))
+ c2de

(
q4 − q2 + 1

))
+ de

(
q4 − q2 + 1

)
(b+ c)(d+ e)

)
q3

∧c6 =
b2c2d2e2

(
a2bc

(
b2de

(
q4 + 1

)
+ bc

(
d2
(
q4 + 1

)
+ 2de

(
q4 − q2 + 1

)
+ e2

(
q4 + 1

))
+ c2de

(
q4 + 1

))
+ 2abcde

(
q4 − q2 + 1

)
(b+ c)(d+ e) + de

(
b2de

(
q4 + 1

)
+ bc

(
d2
(
q4 + 1

)
+ 2de

(
q4 − q2 + 1

)
+ e2

(
q4 + 1

))
+ c2de

(
q4 + 1

)))
q3

∧c7 = −
b2c2d3e3

(
a2bc

(
q4 − q2 + 1

)
(b+ c)(d+ e) + a

(
b2de

(
q4 − q2 + 1

)
+ bc

(
d2
(
q4 − q2 + 1

)
+ de

(
3q4 − 4q2 + 3

)
+ e2

(
q4 − q2 + 1

))
+ c2de

(
q4 − q2 + 1

))
+ de

(
q4 − q2 + 1

)
(b+ c)(d+ e)

)
q3

∧c8 = −
bcd3e3

(
a2bc

(
b2deq2 + bc

(
d2q2 − de

(
q2 − 1

)2
+ e2q2

)
+ c2deq2

)
− abcde

(
q2 − 1

)2
(b+ c)(d+ e) + de

(
b2deq2 + bc

(
d2q2 − de

(
q2 − 1

)2
+ e2q2

)
+ c2deq2

))
q3

∧c9 =
bcd4e4

(
a2bcq2(b+ c)(d+ e) + a

(
b2deq2 + bc

(
d2q2 − de

(
q4 − 3q2 + 1

)
+ e2q2

)
+ c2deq2

)
+ deq2(b+ c)(d+ e)

)
q3

∧c10 = −
bcd5e5

(
a2bc+ a(b+ c)(d+ e) + de

)
q

∧c11 =
abcd6e6

q
∧d0 = ab3c3∧d1 = −b2c2(abc(d+e)+de(b+c))∧d2 = b2c2de

(
a
(
bq + b+ cq + c− q2 − q − 1

)
+ (q + 1)(d+ e)

)
∧d3 = 0∧d4 = bcd2e2q

(
(q + 1)(−d− e)− a

(
bq + b+ cq + c− q2 − q − 1

))
∧d5 = d2e2q2(abc(d+e)+de(b+c))∧d6 = −ad3e3q3∧(a, b, c, d, e, c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11,d0,d1,d2,d3,d4,d5,d6, q) ∈ C24∧0 < |q| < 1

c(q + 1)2

q 2φ2 (q, q2;−q,−q3; q2, q)
−2cq− c

q
−c =

∞

K
k=1

c2q−2+2k
(
1− q4k

) (
1 + q−2+2k

)
c+ cq1+2k + cq−1+4k (1 + q2)

for (c, q) ∈ C2∧0 < |q| < 1

2φ1(a, b; bq; q, z) =
ab(b; q)∞

(
az
q ; q

)
∞

(bq; q)∞(z; q)∞

(
abK

∞

k=1

abq−2+kz−b2q−3+4kz2−bq−3+2kz(bq+a(q+z))+bq−3+3kz(az+b(q+z))
1+bq−1+2k(1+q)z−q−1+k(az+b(q+z))

+ ab(q(b(z−1)+1)−az)
q

) for (a, b, q, z) ∈ C4∧0 < |q| < 1
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2φ1(a, q; cq; q, z) =
1

K
∞

k=1

 (1−(−1)k)q
1
2

(−1+k)
(

1−aq
1
2

(−1+k)
)(
−1+cq

1
2

(−1+k)
)

2(1−cq−1+k)(1−cqk)
+

(1+(−1)k)q
−1+ k

2 (1−qk/2)(−a+cqk/2)
2(1−cq−1+k)(1−cqk)

z
1 + 1

for (a, c, q, z) ∈ C4∧0 < |q| < 1

2φ1(a, q; cq; q, z) =
1− c

K
∞

k=1

1
2 (1−(−1)k)q

1
2

(−1+k)
(

1−aq
1
2

(−1+k)
)(
−1+cq

1
2

(−1+k)
)
z+ 1

2 (1+(−1)k)q
1
2

(−2+k)(1−qk/2)(−a+cqk/2)z
1−cqk − c+ 1

for (a, c, q, z) ∈ C4∧0 < |q| < 1∧|z| <
∣∣∣ q
a

∣∣∣

2φ1(a, q; cq; q, z) =
(1− c)q

K
∞

k=1

q(1−qk)(−a+cqk)z
q(1−cqk)+(a−q1+k)z

+ z(a− q) + (1− c)q
for (a, c, q, z) ∈ C4∧0 < |q| < 1∧|z| <

∣∣∣ q
a

∣∣∣

2φ1(a, q; cq; q, z) =
1− c

K
∞

k=1

q−1+k(1−aq−1+k)(1−qk)z(c−aq−1+kz)

1−cqk+qk
(
−1+

a(−1+qk+q1+k)
q

)
z

+ az − c− z + 1
for (a, c, q, z) ∈ C4∧0 < |q| < 1

2φ1

(
q, q; q2; q, z

)
=

1

K
∞

k=1

− (1−(−1)k)q
1
2

(−1+k)
(

1−q
1+k

2

)

2(1−qk)

(
1+q

1+k
2

) −
(1+(−1)k)qk/2(1−qk/2)

2(1+qk/2)(1−q1+k)

z
1 + 1

for (q, z) ∈ C2∧0 < |q| < 1

2φ1

(
0, aq; aq2; q, z

)
=

1− aq

(z; q)∞

(
K

100

k=1

− 1
2 (1+(−1)k)aqk/2(1−qk/2)z− 1

2 (1−(−1)k)aq
1+k

2

(
1−q

1
2

(−1+k)z
)

1 + 1

) for (a, q, z) ∈ C3∧0 < |q| < 1

1φ1(a; aq; q, z) =
q(a; q)∞

(
z
q ; q
)
∞

(aq; q)∞

(
q
(
K
∞

k=1

−aq−2+k(−1+qk)z
1−aqk−q−1+kz

)
− aq + q − z

) for (a, q, z) ∈ C3∧0 < |q| < 1

2φ2

(
a, q; c,

aqz

c
; q, z

)
= −

cq
(
c
q ; q
)
∞

(
az
c ; q

)
∞

(c; q)∞
(
aqz
c ; q

)
∞

(
−cq

(
K

100

k=1

− q
−3+k(−1+qk)(aq−cqk)z(c−qkz)

c

1+q−1+2k(1+q)z− q
−1+k(c2+cz+aqz)

c

)
+ aqz + c2 − cq(z + 1)

) for (a, c, q, z) ∈ C4∧0 < |q| < 1

2φ2

(
q, q2;−q,−q3; q2, q

)
=

(q + 1)2

q
(
K
∞

k=1

−q−4+2k(−1+q2k)(1+q2k)(q2+q2k)
1+q1+2k+q−1+4k+q1+4k

)
+ 2q2 + q + 1

for q ∈ C∧0 < |q| < 1
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QHypergeometricPFQ({}, {b}, q, z)
QHypergeometricPFQ({}, {b}, q, qz)

=
∞

K
k=1

q−1+kz

1− bq−1+k
+1 for (b, q, z) ∈ C3∧0 < |q| < 1

QHypergeometricPFQ({}, {b}, q, z)
QHypergeometricPFQ({}, {b}, q, qz)

=
∞

K
k=1

1
2

(
1− (−1)k

)
q−1+kz + 1

2

(
1 + (−1)k

) (
−bq−1+ k

2 + q−1+kz
)

1
+1 for (b, q, z) ∈ C3∧0 < |q| < 1

1φ1(a; b; q, z)

1φ1(a; b; q, qz)
=
∞

K
k=1

1
2

(
1 + (−1)k

) (
−bq−1+ k

2 + aq−1+kz
)

+ 1
2

(
1− (−1)k

) (
aq−1+kz − q−1+ 1+k

2 z
)

1
+1 for (a, b, q, z) ∈ C4∧0 < |q| < 1∧|z| <

∣∣∣∣q2

z

∣∣∣∣

1φ1(a; b; q, z)

1φ1(a; bq; q, qz)
=

(bq; q)∞

K∞

k=1

−q−1+k(−a+bqk)r2z
r−qkr(b+z)
r − b− z + 1


(b; q)∞

for (a, b, z, q) ∈ C4∧0 < |q| < 1

1φ1(0;−q; q, z)
1φ1(0;−q; q, qz)

=
∞

K
k=1

1
2

(
1 + (−1)k

)
q−1+ 3k

2 z − 1
2

(
1− (−1)k

)
q−1+ 1+k

2 z

1 + qk
+1 for (q, z) ∈ C2∧0 < |q| < 1

2φ1(a, b; c; q, z)

2φ1(a, b; c; q, qz)
=
∞

K
k=1

1
2

(
1− (−1)k

) (
1− aq 1

2 (−1+k)
)(

1− bq 1
2 (−1+k)

)
z + 1

2

(
1 + (−1)k

) (
−cq−1+ k

2 + abq−1+kz
)

1
2 (1 + (−1)k) + 1

2 (1− (−1)k) (1− z)
+1 for (a, b, c, q, z) ∈ C5∧0 < |q| < 1

2φ1(a, b; c; q, z)

2φ1(a, b; cq; q, qz)
=

(cq; q)∞(qz; q)∞

(
abK

∞

k=1

−
q−1+k(−a+cqk)(−b+cqk)z(−ab+abqkz)

ab
abqk(−b+cqk(1+q))z+a(b−bcqk−abqkz)

ab

+ abz(−b+ cq + c) + a(−abz + b(−c) + b)

)
ab(c; q)∞(z; q)∞

for (a, b, c, z, q) ∈ C5∧0 < |q| < 1

2φ1(a, b; c; q, z)

2φ1(a, bq; cq; q, z)
=
∞

K
k=1

(
(1−(−1)k)q

1
2

(−1+k)
(

1−aq
1
2

(−1+k)
)(
−b+cq

1
2

(−1+k)
)

2(1−cq−1+k)(1−cqk)
+

(1+(−1)k)q−1+ k
2 (1−bqk/2)(−a+cqk/2)

2(1−cq−1+k)(1−cqk)

)
z

1
+1 for (a, b, c, q, z) ∈ C5∧0 < |q| < 1

2φ1(a, b; c; q, z)

2φ1(a, bq; cq; q, z)
=
∞

K
k=1

(
− (−1+(−1)k)q

1
2

(−1+k)(
√
q−aqk/2)(b

√
q−cqk/2)

2(q−cqk)(−1+cqk)
− (1+(−1)k)qk/2(−1+bqk/2)(−a+cqk/2)

2(−1+cqk)(−q+cqk)

)
z

1
+1 for (a, b, c, q, z) ∈ C5∧0 < |q| < 1
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2φ1(a, b; c; q, z)

2φ1(a, bq; cq; q, z)
= K

∞

k=1

1
2 (1−(−1)k)q

1
2

(−1+k)
(

1−aq
1
2

(−1+k)
)(
−b+cq

1
2

(−1+k)
)
z+ 1

2 (1+(−1)k)q
1
2

(−2+k)(1−bqk/2)(−a+cqk/2)z
1−cqk

1− c
+1 for (a, b, c, q, z) ∈ C5∧|z| < 1∧0 < |q| < 1∧

∣∣∣ q
a

∣∣∣ < 1

2φ1(a, b; c; q, z)

2φ1(a, bq; cq; q, z)
=
∞

K
k=1

(
− (−1+(−1)k)q

1
2

(−1+k)(
√
q−aqk/2)(b

√
q−cqk/2)

2(q−cqk)(−1+cqk)
− (1+(−1)k)qk/2(−1+bqk/2)(−a+cqk/2)

2(−1+cqk)(−q+cqk)

)
z

1
+1 for (a, b, c, q, z) ∈ C5∧0 < |q| < 1

2φ1(a, b; c; q, z)

2φ1(a, bq; cq; q, z)
=

az

(
K
∞

k=1

q3(−1+bqk)(a−cqk)
a2z

q(q+az−q1+k(c+bz))
az

)
(1− c)q2

+
z(a− bq)
(1− c)q

+1 for (a, b, c, q, z) ∈ C5∧0 < |q| < 1∧0 <
∣∣∣ q
a

∣∣∣ < 1∧0 < |z| <
∣∣∣ q
a

∣∣∣

2φ1(a, b; c; q, z)

2φ1(aq, bq; cq; q, z)
= K

∞

k=1

q−1+k(1−aqk)(1−bqk)(cz−abqkz2)
1−cqk−qk(a+b−abqk−abq1+k)z

1− c
−z(−abq + a(−b) + a+ b)

1− c
+1 for (a, b, c, q, z) ∈ C5∧0 < |q| < 1∧0 <

∣∣∣ q
a

∣∣∣ < 1∧0 < |z| <
∣∣∣ q
a

∣∣∣

2φ1(aq, b; c; q, z)

2φ1(a, b; c; q, qz)
=
∞

K
k=1

1
2

(
1 + (−1)k

) (
a− cq−1+ k

2

)
+ 1

2

(
1− (−1)k

) (
1− bq 1

2 (−1+k)
)
z

1
2 (1 + (−1)k) + 1

2 (1− (−1)k) (1− a)(1− z)
+1 for (a, b, c, q, z) ∈ C5∧0 < |q| < 1∧

∣∣∣∣ z

(1− a)(1− z)

∣∣∣∣ < 1

4
∧
∣∣∣∣ a

(1− a)(1− z)

∣∣∣∣ < 1

4

2φ1

(
a, aq; q3; q2, z

)
2φ1

(
a, aq ; q; q2, z

) =
1− q

K
∞

k=1

q−1+k(
√
z−aq−1+k

√
z)
(
− a
√
z
q +qk

√
z
)

1−q1+2k − q + 1

for (a, q, z) ∈ C3∧0 < |q| < 1∧
∣∣∣∣ z

(1− a)(1− z)

∣∣∣∣ < 1

4
∧
∣∣∣∣ a

(1− a)(1− z)

∣∣∣∣ < 1

4

Undefined for (a, b, c, e,Undefined, q) ∈ C6 ∧ 0 < |q| < 1

3φ2

(
a, b, c; d, e; q, deabc

)
3φ2

(
aq, b, c; dq, eq; q, deqabc

) =

(dq; q)∞(eq; q)∞

(
deq
abc ; q

)
∞

ab2c2 (bc− deq2
)K∞

k=1

deq−3+k(−1+aqk)(−b+dqk)(−c+dqk)(−b+eqk)(−c+eqk)(−abc+deqk)(−bcq2+deq2k)
a2b3c3(−bc+deq2k)

− (bc−deq1+2k)(deqk(b2c+cdeq1+2k+b(c2+deq1+2k−c(d+e)qk(1+q)))+a(−d2e2q2+4k+bcdeq2k(1+q2+(d+e)q1+k−c(1+q))+b2c(−deq2k(1+q)+c(−1+dqk+eqk))))
ab2c2(bc−deq2+2k)

+ (deq − bc)
(
a
(
b2c(c(d+ e− 1)− de(q + 1)) + bcde

(
−c(q + 1) + dq + eq + q2 + 1

)
− d2e2q2

)
+ de

(
b2c+ b

(
c2 − c(q + 1)(d+ e) + deq

)
+ cdeq

))
ab2c2(d; q)∞(e; q)∞ (bc− deq2)

(
de
abc ; q

)
∞

for (a, b, c, d, e, q) ∈ C6∧0 < |q| < 1

Undefined for (a, b, c, e,Undefined, q) ∈ C6 ∧ 0 < |q| < 1

5φ7

(
a, b, c,−

√
cq,
√
cq; 0, 0, 0,−

√
c,
√
c, cqa ,

cq
b ; q, c

2q2

ab

)
5φ7

(
a, b, cq,−

√
cq3/2,

√
cq3/2; 0, 0, 0,−

√
c
√
q,
√
c
√
q, cq

2

a ,
cq2

b ; q, c
2q4

ab

) =

(cq; q)∞

(
cq2

a ; q
)
∞

(
cq2

b ; q
)
∞

(
K
∞

k=1

cqk
(

1− cq
1+k

ab

)
1+(− 1

a−
1
b )cq1+k

+ cq
(
− 1
a −

1
b

)
+ 1

)
(cq2; q)∞

(
cq
a ; q

)
∞

(
cq
b ; q

)
∞

for (a, b, c, q) ∈ C4∧0 < |q| < 1

122



1φ2

(
a; d, e; q, dea

)
1φ2

(
aq; dq, eq; q, deqa

) =

(dq; q)∞(eq; q)∞

 ade(aq−1)

−a

K∞

k=1

−
deqk(−1+aq1+k)

a
1−dq1+k−eq1+k

+adq+aeq−a

+ a(−d)− ae+ a


a(d; q)∞(e; q)∞

for (a, d, e, q) ∈ C4∧0 < |q| < 1

2φ2

(
a, b; d, e; q, deab

)
2φ2

(
aq, b; dq, eq; q, deqab

) =

(dq; q)∞(eq; q)∞

 abcde(aq−1)(b−dq)(b−eq)

(bc−deq2)

−aK∞

k=1

−
deqk(−1+aq1+k)(−b+dq1+k)(−b+eq1+k)

a

b− (de+ab(d+e))q1+k

a
+deq2+2k(1+q)

+a(b(dq+eq−1)−deq2(q+1))+deq

 − a(b(d+ e− 1)− de(q + 1))− de


ab(d; q)∞(e; q)∞

for (a, b, d, e, q) ∈ C5∧0 < |q| < 1

2φ2

(
a, b; c, abzc ; q, z

)
2φ2

(
a, bq; cq, abqzc ; q, qz

) = −
(cq; q)∞

(
abqz
c ; q

)
∞

(
−c

(
K
∞

k=1

q−1+k(−1+bqk)(−a+cqk)z(c−bqkz)
c

1+bq2k(1+q)z− q
k(c2+abz+cz)

c

)
+ abz − c(z(bq + b− 1) + 1) + c2

)
c(c; q)∞

(
abz
c ; q

)
∞

for (a, b, c, z, q) ∈ C5∧0 < |q| < 1

8φ7

(
z, q
√
z,−q

√
z,Symbol (a1) ,Symbol (a2) ,Symbol (a3) ,Symbol (a4) ,Symbol (a5) ;

√
z,−
√
z, qz

Symbol(a1) ,
qz

Symbol(a2) ,
qz

Symbol(a3) ,
qz

Symbol(a4) ,
qz

Symbol(a5) ; q, q2z2

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)
8φ7

(
qz, q
√
qz,−q√qz,Symbol (a1) ,Symbol (a2) ,Symbol (a3) ,Symbol (a4) ,Symbol (a5) ;

√
qz,−√qz, q2z

Symbol(a1) ,
q2z

Symbol(a2) ,
q2z

Symbol(a3) ,
q2z

Symbol(a4) ,
q2z

Symbol(a5) ; q, q4z2

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

) =

(qz; q)∞

(
q2z

Symbol(a1) ; q
)
∞

(
q2z

Symbol(a2) ; q
)
∞

(
q2z

Symbol(a3) ; q
)
∞

(
q2z

Symbol(a4) ; q
)
∞

(
q2z

Symbol(a5) ; q
)
∞


K
∞

k=1

qkz

(
1− q1+kz

Symbol(a1)Symbol(a2)

)(
1− q1+kz

Symbol(a1)Symbol(a3)

)(
1− q1+kz

Symbol(a2)Symbol(a3)

)(
1− q1+kz

Symbol(a1)Symbol(a4)

)(
1− q1+kz

Symbol(a2)Symbol(a4)

)(
1− q1+kz

Symbol(a3)Symbol(a4)

)(
1− q1+kz

Symbol(a1)Symbol(a5)

)(
1− q1+kz

Symbol(a2)Symbol(a5)

)(
1− q1+kz

Symbol(a3)Symbol(a5)

)(
1− q1+kz

Symbol(a4)Symbol(a5)

)1−q2kz2
(

1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)

+ 1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)

+ 1
Symbol(a1)Symbol(a2)Symbol(a4)Symbol(a5)

+ 1
Symbol(a1)Symbol(a3)Symbol(a4)Symbol(a5)

+ 1
Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)
− q5kz5

Symbol(a1)2Symbol(a2)2Symbol(a3)2Symbol(a4)2Symbol(a5)2
+

q3kz3
(

1
Symbol(a1)

+ 1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)


(

1− q2kz2

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)(
1− q1+2kz2

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)1−q2+2kz2
(

1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)

+ 1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)

+ 1
Symbol(a1)Symbol(a2)Symbol(a4)Symbol(a5)

+ 1
Symbol(a1)Symbol(a3)Symbol(a4)Symbol(a5)

+ 1
Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)
− q5+5kz5

Symbol(a1)2Symbol(a2)2Symbol(a3)2Symbol(a4)2Symbol(a5)2
+

q3+3kz3
(

1
Symbol(a1)

+ 1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)



−q1+kz

(
1− q3+2kz2

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)1−q4+2kz2
(

1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)

+ 1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)

+ 1
Symbol(a1)Symbol(a2)Symbol(a4)Symbol(a5)

+ 1
Symbol(a1)Symbol(a3)Symbol(a4)Symbol(a5)

+ 1
Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)
− q10+5kz5

Symbol(a1)2Symbol(a2)2Symbol(a3)2Symbol(a4)2Symbol(a5)2
+

q6+3kz3
(

1
Symbol(a1)

+ 1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)


 1

Symbol(a1)
+ 1

Symbol(a2)
+ 1

Symbol(a3)
+ 1

Symbol(a4)
−q1+kz

(
1

Symbol(a1)Symbol(a2)Symbol(a3)
+ 1

Symbol(a1)Symbol(a2)Symbol(a4)
+ 1

Symbol(a1)Symbol(a3)Symbol(a4)
+ 1

Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a5)
+ 1

Symbol(a1)Symbol(a3)Symbol(a5)
+ 1

Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a4)Symbol(a5)
+ 1

Symbol(a2)Symbol(a4)Symbol(a5)
+ 1

Symbol(a3)Symbol(a4)Symbol(a5)

)
+ 1

Symbol(a5)
+

q3+3kz3
(

1
Symbol(a1)Symbol(a2)

+ 1
Symbol(a1)Symbol(a3)

+ 1
Symbol(a2)Symbol(a3)

+ 1
Symbol(a1)Symbol(a4)

+ 1
Symbol(a2)Symbol(a4)

+ 1
Symbol(a3)Symbol(a4)

+ 1
Symbol(a1)Symbol(a5)

+ 1
Symbol(a2)Symbol(a5)

+ 1
Symbol(a3)Symbol(a5)

+ 1
Symbol(a4)Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

−
q4+4kz4

(
1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a4)Symbol(a5)
+ 1

Symbol(a1)Symbol(a3)Symbol(a4)Symbol(a5)
+ 1

Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

−
1−q2+2kz2

(
1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a4)Symbol(a5)
+ 1

Symbol(a1)Symbol(a3)Symbol(a4)Symbol(a5)
+ 1

Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)
− q5+5kz5

Symbol(a1)2Symbol(a2)2Symbol(a3)2Symbol(a4)2Symbol(a5)2
+

q3+3kz3
(

1
Symbol(a1)

+ 1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)


q1+kz

(
1

Symbol(a1)
+ 1

Symbol(a2)
+ 1

Symbol(a3)
+ 1

Symbol(a4)
+ 1

Symbol(a5)

)
−q3+2kz2

(
1

Symbol(a1)Symbol(a2)Symbol(a3)
+ 1

Symbol(a1)Symbol(a2)Symbol(a4)
+ 1

Symbol(a1)Symbol(a3)Symbol(a4)
+ 1

Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a5)
+ 1

Symbol(a1)Symbol(a3)Symbol(a5)
+ 1

Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a4)Symbol(a5)
+ 1

Symbol(a2)Symbol(a4)Symbol(a5)
+ 1

Symbol(a3)Symbol(a4)Symbol(a5)

)
+q3+2kz2

(
1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a4)Symbol(a5)
+ 1

Symbol(a1)Symbol(a3)Symbol(a4)Symbol(a5)
+ 1

Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)
−q7+4kz4

(
1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a4)Symbol(a5)
+ 1

Symbol(a1)Symbol(a3)Symbol(a4)Symbol(a5)
+ 1

Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)
2+

(
−1−q1+kz

(
1

Symbol(a1)
+ 1

Symbol(a2)
+ 1

Symbol(a3)
+ 1

Symbol(a4)
+ 1

Symbol(a5)

)
+

q4+3kz3

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)1−q4+2kz2
(

1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)

+ 1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)

+ 1
Symbol(a1)Symbol(a2)Symbol(a4)Symbol(a5)

+ 1
Symbol(a1)Symbol(a3)Symbol(a4)Symbol(a5)

+ 1
Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)
− q10+5kz5

Symbol(a1)2Symbol(a2)2Symbol(a3)2Symbol(a4)2Symbol(a5)2
+

q6+3kz3
(

1
Symbol(a1)

+ 1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

− q
5+3kz3

(
1

Symbol(a1)
+ 1

Symbol(a2)
+ 1

Symbol(a3)
+ 1

Symbol(a4)
+ 1

Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

+

q7+4kz4
(

1
Symbol(a1)Symbol(a2)

+ 1
Symbol(a1)Symbol(a3)

+ 1
Symbol(a2)Symbol(a3)

+ 1
Symbol(a1)Symbol(a4)

+ 1
Symbol(a2)Symbol(a4)

+ 1
Symbol(a3)Symbol(a4)

+ 1
Symbol(a1)Symbol(a5)

+ 1
Symbol(a2)Symbol(a5)

+ 1
Symbol(a3)Symbol(a5)

+ 1
Symbol(a4)Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

−
q11+6kz6

(
1

Symbol(a1)Symbol(a2)
+ 1

Symbol(a1)Symbol(a3)
+ 1

Symbol(a2)Symbol(a3)
+ 1

Symbol(a1)Symbol(a4)
+ 1

Symbol(a2)Symbol(a4)
+ 1

Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a5)
+ 1

Symbol(a2)Symbol(a5)
+ 1

Symbol(a3)Symbol(a5)
+ 1

Symbol(a4)Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

+

q7+4kz4
(

1
Symbol(a1)Symbol(a2)Symbol(a3)

+ 1
Symbol(a1)Symbol(a2)Symbol(a4)

+ 1
Symbol(a1)Symbol(a3)Symbol(a4)

+ 1
Symbol(a2)Symbol(a3)Symbol(a4)

+ 1
Symbol(a1)Symbol(a2)Symbol(a5)

+ 1
Symbol(a1)Symbol(a3)Symbol(a5)

+ 1
Symbol(a2)Symbol(a3)Symbol(a5)

+ 1
Symbol(a1)Symbol(a4)Symbol(a5)

+ 1
Symbol(a2)Symbol(a4)Symbol(a5)

+ 1
Symbol(a3)Symbol(a4)Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

−
q9+5kz5

(
1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a4)Symbol(a5)
+ 1

Symbol(a1)Symbol(a3)Symbol(a4)Symbol(a5)
+ 1

Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

+

q9+5kz5
(

1
Symbol(a1)

+ 1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

)(
1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a4)Symbol(a5)
+ 1

Symbol(a1)Symbol(a3)Symbol(a4)Symbol(a5)
+ 1

Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)


(

1− q2+2kz2

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)(
1− q3+2kz2

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)1−q4+2kz2
(

1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)

+ 1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)

+ 1
Symbol(a1)Symbol(a2)Symbol(a4)Symbol(a5)

+ 1
Symbol(a1)Symbol(a3)Symbol(a4)Symbol(a5)

+ 1
Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)
− q10+5kz5

Symbol(a1)2Symbol(a2)2Symbol(a3)2Symbol(a4)2Symbol(a5)2
+

q6+3kz3
(

1
Symbol(a1)

+ 1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

)
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)



+

−qz
(

1− q3z2

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)− z5q10

Symbol(a1)2Symbol(a2)2Symbol(a3)2Symbol(a4)2Symbol(a5)2
+
z3
(

1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

+ 1
Symbol(a1)

)
q6

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)
−z2

(
1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a5)Symbol(a4)
+ 1

Symbol(a1)Symbol(a3)Symbol(a5)Symbol(a4)
+ 1

Symbol(a2)Symbol(a3)Symbol(a5)Symbol(a4)

)
q4+1

− q4
(

1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)

+ 1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)

+ 1
Symbol(a1)Symbol(a2)Symbol(a5)Symbol(a4)

+ 1
Symbol(a1)Symbol(a3)Symbol(a5)Symbol(a4)

+ 1
Symbol(a2)Symbol(a3)Symbol(a5)Symbol(a4)

)
z4

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)
+
q3
(

1
Symbol(a1)Symbol(a3)

+ 1
Symbol(a1)Symbol(a4)

+ 1
Symbol(a3)Symbol(a4)

+ 1
Symbol(a1)Symbol(a5)

+ 1
Symbol(a3)Symbol(a5)

+ 1
Symbol(a4)Symbol(a5)

+ 1
Symbol(a1)Symbol(a2)

+ 1
Symbol(a3)Symbol(a2)

+ 1
Symbol(a4)Symbol(a2)

+ 1
Symbol(a5)Symbol(a2)

)
z3

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)
−q
(

1
Symbol(a1)Symbol(a2)Symbol(a4)

+ 1
Symbol(a1)Symbol(a2)Symbol(a5)

+ 1
Symbol(a1)Symbol(a4)Symbol(a5)

+ 1
Symbol(a2)Symbol(a4)Symbol(a5)

+ 1
Symbol(a1)Symbol(a2)Symbol(a3)

+ 1
Symbol(a1)Symbol(a4)Symbol(a3)

+ 1
Symbol(a2)Symbol(a4)Symbol(a3)

+ 1
Symbol(a1)Symbol(a5)Symbol(a3)

+ 1
Symbol(a2)Symbol(a5)Symbol(a3)

+ 1
Symbol(a4)Symbol(a5)Symbol(a3)

)
z+ 1

Symbol(a1)
+ 1

Symbol(a2)
+ 1

Symbol(a3)
+ 1

Symbol(a4)
+ 1

Symbol(a5)

−
− q5z5

Symbol(a1)2Symbol(a2)2Symbol(a3)2Symbol(a4)2Symbol(a5)2
+
q3
(

1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

+ 1
Symbol(a1)

)
z3

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)
−q2

(
1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a5)Symbol(a4)
+ 1

Symbol(a1)Symbol(a3)Symbol(a5)Symbol(a4)
+ 1

Symbol(a2)Symbol(a3)Symbol(a5)Symbol(a4)

)
z2+1

− z6
(

1
Symbol(a1)Symbol(a3)

+ 1
Symbol(a1)Symbol(a4)

+ 1
Symbol(a3)Symbol(a4)

+ 1
Symbol(a1)Symbol(a5)

+ 1
Symbol(a3)Symbol(a5)

+ 1
Symbol(a4)Symbol(a5)

+ 1
Symbol(a1)Symbol(a2)

+ 1
Symbol(a3)Symbol(a2)

+ 1
Symbol(a4)Symbol(a2)

+ 1
Symbol(a5)Symbol(a2)

)
q11

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)
+
z5
(

1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

+ 1
Symbol(a1)

)(
1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a5)Symbol(a4)
+ 1

Symbol(a1)Symbol(a3)Symbol(a5)Symbol(a4)
+ 1

Symbol(a2)Symbol(a3)Symbol(a5)Symbol(a4)

)
q9

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)
−
z5
(

1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)

+ 1
Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)

+ 1
Symbol(a1)Symbol(a2)Symbol(a5)Symbol(a4)

+ 1
Symbol(a1)Symbol(a3)Symbol(a5)Symbol(a4)

+ 1
Symbol(a2)Symbol(a3)Symbol(a5)Symbol(a4)

)
q9

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)
−z4

(
1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a5)Symbol(a4)
+ 1

Symbol(a1)Symbol(a3)Symbol(a5)Symbol(a4)
+ 1

Symbol(a2)Symbol(a3)Symbol(a5)Symbol(a4)

)
2q7+

z4
(

1
Symbol(a1)Symbol(a3)

+ 1
Symbol(a1)Symbol(a4)

+ 1
Symbol(a3)Symbol(a4)

+ 1
Symbol(a1)Symbol(a5)

+ 1
Symbol(a3)Symbol(a5)

+ 1
Symbol(a4)Symbol(a5)

+ 1
Symbol(a1)Symbol(a2)

+ 1
Symbol(a3)Symbol(a2)

+ 1
Symbol(a4)Symbol(a2)

+ 1
Symbol(a5)Symbol(a2)

)
q7

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)
+
z4
(

1
Symbol(a1)Symbol(a2)Symbol(a4)

+ 1
Symbol(a1)Symbol(a2)Symbol(a5)

+ 1
Symbol(a1)Symbol(a4)Symbol(a5)

+ 1
Symbol(a2)Symbol(a4)Symbol(a5)

+ 1
Symbol(a1)Symbol(a2)Symbol(a3)

+ 1
Symbol(a1)Symbol(a4)Symbol(a3)

+ 1
Symbol(a2)Symbol(a4)Symbol(a3)

+ 1
Symbol(a1)Symbol(a5)Symbol(a3)

+ 1
Symbol(a2)Symbol(a5)Symbol(a3)

+ 1
Symbol(a4)Symbol(a5)Symbol(a3)

)
q7

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)
−
z3
(

1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

+ 1
Symbol(a1)

)
q5

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)
−z2

(
1

Symbol(a1)Symbol(a2)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a5)
+ 1

Symbol(a1)Symbol(a4)Symbol(a5)
+ 1

Symbol(a2)Symbol(a4)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)
+ 1

Symbol(a1)Symbol(a4)Symbol(a3)
+ 1

Symbol(a2)Symbol(a4)Symbol(a3)
+ 1

Symbol(a1)Symbol(a5)Symbol(a3)
+ 1

Symbol(a2)Symbol(a5)Symbol(a3)
+ 1

Symbol(a4)Symbol(a5)Symbol(a3)

)
q3+z2

(
1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a5)Symbol(a4)
+ 1

Symbol(a1)Symbol(a3)Symbol(a5)Symbol(a4)
+ 1

Symbol(a2)Symbol(a3)Symbol(a5)Symbol(a4)

)
q3+z

(
1

Symbol(a2)
+ 1

Symbol(a3)
+ 1

Symbol(a4)
+ 1

Symbol(a5)
+ 1

Symbol(a1)

)
q+
(

z3q4

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)
−z
(

1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

+ 1
Symbol(a1)

)
q−1

)− z5q10

Symbol(a1)2Symbol(a2)2Symbol(a3)2Symbol(a4)2Symbol(a5)2
+
z3
(

1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

+ 1
Symbol(a1)

)
q6

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)
−z2

(
1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a5)Symbol(a4)
+ 1

Symbol(a1)Symbol(a3)Symbol(a5)Symbol(a4)
+ 1

Symbol(a2)Symbol(a3)Symbol(a5)Symbol(a4)

)
q4+1


(

1− q2z2

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)(
1− q3z2

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)

)− z5q10

Symbol(a1)2Symbol(a2)2Symbol(a3)2Symbol(a4)2Symbol(a5)2
+
z3
(

1
Symbol(a2)

+ 1
Symbol(a3)

+ 1
Symbol(a4)

+ 1
Symbol(a5)

+ 1
Symbol(a1)

)
q6

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)Symbol(a5)
−z2

(
1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a5)
+ 1

Symbol(a1)Symbol(a2)Symbol(a3)Symbol(a4)
+ 1

Symbol(a1)Symbol(a2)Symbol(a5)Symbol(a4)
+ 1

Symbol(a1)Symbol(a3)Symbol(a5)Symbol(a4)
+ 1

Symbol(a2)Symbol(a3)Symbol(a5)Symbol(a4)

)
q4+1




(q2z; q)∞

(
qz

Symbol(a1) ; q
)
∞

(
qz

Symbol(a2) ; q
)
∞

(
qz

Symbol(a3) ; q
)
∞

(
qz

Symbol(a4) ; q
)
∞

(
qz

Symbol(a5) ; q
)
∞

for (Symbol (a1) ,Symbol (a2) ,Symbol (a3) ,Symbol (a4) ,Symbol (a5) , z, q) ∈ C7∧0 < |q| < 1

QHypergeometricPFQ({}, {0}, q, z)
QHypergeometricPFQ({}, {0}, q, qz)

=
∞

K
k=1

q−1+kz

1
+1 for (q, z) ∈ C2∧0 < |q| < 1

QHypergeometricPFQ({}, {0}, q, qz)
QHypergeometricPFQ({}, {0}, q, z)

=
qK

∞

k=1

q−2+kz
1

z
for (q, z) ∈ C2∧0 < |q| < 1

(
2e√

b2+4e+b
+ b
)

1φ1

(
−de ; 0; q,− 2eq

b2+
√
b2+4eb+2e

)
1φ1

(
−dqe ; 0; q,− 2eq

b2+
√
b2+4eb+2e

) −b =
∞

K
k=1

e+ dqk

b
for (b, d, e, q) ∈ C4∧0 < |q| < 1
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dqQHypergeometricPFQ
(
{}, {0}, q, dq

3

b2

)
bQHypergeometricPFQ

(
{}, {0}, q, dq2

b2

) =
∞

K
k=1

dqk

b
for (b, d, q) ∈ C3∧0 < |q| < 1

b
(
q; q5

)
∞
(
q4; q5

)
∞

(q2; q5)∞ (q3; q5)∞
=
∞

K
k=1

b2q−1+k

b
for (b, q) ∈ C2 ∧ 0 < |q| < 1

b
(
−q3/2; q4

)
∞
(
−q5/2; q4

)
∞(√

q + 1
) (
−√q; q4

)
∞
(
−q7/2; q4

)
∞
− b
√
q + 1

=
∞

K
k=1

− b2
√
q

(1+
√
q)

2 + b2qk

(1+
√
q)

2

b
for (b, q) ∈ C2∧0 < |q| < 1

(
a+ 2e√

b2+4e+b
+ b
)

1φ1

(
−de ;− a(b+

√
b2+4e)

b2+
√
b2+4eb+2e

; q,− 2eq

b2+
√
b2+4eb+2e

)
1φ1

(
−dqe ;− a(b+

√
b2+4e)q

b2+
√
b2+4eb+2e

; q,− 2eq

b2+
√
b2+4eb+2e

) −a−b =
∞

K
k=1

e+ dqk

b+ aqk
for (a, b, d, e, q) ∈ C5∧0 < |q| < 1

(a+ b)QHypergeometricPFQ
(
{},
{
−ab
}
, q, 2dq

b2+
√
b2b

)
QHypergeometricPFQ

(
{},
{
−aqb

}
, q, 2dq2

b2+
√
b2b

) −a−b =
∞

K
k=1

dqk

b+ aqk
for (a, b, d, q) ∈ C4∧0 < |q| < 1

dqQHypergeometricPFQ
(
{}, {0}, qp2 ,

dq3

a2p5

)
apQHypergeometricPFQ

(
{}, {0}, qp2 ,

dq2

a2p3

) =
∞

K
k=1

dqk

apk
for (a, d, p, q) ∈ C4∧0 < |q| < 1

aq
(
a2 + d

) (
− d
a2q ; q2

)
∞

(a2q + d)
(
− d
a2 ; q2

)
∞
− a =

∞

K
k=1

dqk

a+ aqk
for (a, d, q) ∈ C3 ∧ 0 < |q| < 1

a
(
q; q4

)
∞
(
q3/2; q4

)
∞
(
q7/2; q4

)
∞(√

q; q4
)
∞
(
q5/2; q4

)
∞ (q3; q4)∞

−a =
∞

K
k=1

a2q−
1
2 +k

a+ aqk
for (a, q) ∈ C2∧0 < |q| < 1

a
(√
q; q2

)
∞(

q3/2; q2
)
∞
− a =

∞

K
k=1

−a2q−
1
2 +k

a+ aqk
for (a, q) ∈ C2 ∧ 0 < |q| < 1

b 4
√
q
((
− 4
√
q;
√
q
)
∞ +

(
4
√
q;
√
q
)
∞

)(
− 4
√
q;
√
q
)
∞ −

(
4
√
q;
√
q
)
∞

+b
√
q−b =

∞

K
k=1

b2qk

b− bq 1
2 +k

for (b, q) ∈ C2∧0 < |q| < 1
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b
(
q3/2; q4

)
∞
(
q5/2; q4

)
∞(√

q; q4
)
∞
(
q7/2; q4

)
∞

+b (−√q)−b =
∞

K
k=1

b2qk

b+ bq
1
2 +k

for (b, q) ∈ C2∧0 < |q| < 1

b
(
q3/2; q4

)
∞
(
q5/2; q4

)
∞(√

q; q4
)
∞
(
q7/2; q4

)
∞

+b (−√q)−b =
∞

K
k=1

b2qk

b+ bq
1
2 +k

for (b, q) ∈ C2∧0 < |q| < 1

(
−q2; q2

)
∞

(−q; q2)∞
=

1

K
∞

k=1

1
2 (1−(−1)k)qk+ 1

2 (1+(−1)k)(qk/2+qk)
1 + 1

for q ∈ C ∧ |q| < 1

(
q2; q3

)
∞

(q; q3)∞
=

1

K
∞

k=1

−q−1+2k

1+qk
+ 1

for q ∈ C ∧ |q| < 1

(
q3; q4

)
∞

(q; q4)∞
=

1

K
∞

k=1

−q−1+2k

1+q2k + 1
for q ∈ C ∧ |q| < 1

(
− b
q ; q2

)
∞

(−b; q2)∞
=

(b+ q)
(
K
∞

k=1

bqk

1+qk
+ 1
)

(b+ 1)q
for q ∈ C ∧ |q| < 1

(
− b
q3 ; q4

)
∞(

− b
q ; q4

)
∞

=

(
b+ q3

) (
K
∞

k=1

bq−1+2k

1+q2k + 1
)

q2(b+ q)
for q ∈ C ∧ |q| < 1

(
q; q2

)
∞

((q3; q6)∞) 3
=

1

K
∞

k=1

qk+q2k

1 + 1
for q ∈ C ∧ |q| < 1

5
√
q
(
q; q5

)
∞
(
q4; q5

)
∞

(q2; q5)∞ (q3; q5)∞
= 5
√
q
∞

K
k=1

q−1+k

1
for q ∈ C ∧ |q| < 1

(
q; q8

)
∞
(
q7; q8

)
∞

(q3; q8)∞ (q5; q8)∞
=

1

K
∞

k=1

1
2 (1+(−1)k)q2k+ 1

2 (1−(−1)k)(qk+q2k)

1 + 1
for q ∈ C∧|q| < 1

(
a2q3; q4

)
∞
(
b2q3; q4

)
∞

(a2q; q4)∞ (b2q; q4)∞
=

1

K
∞

k=1

(b−aq−1+2k)(a−bq−1+2k)
(1−ab)(1+q2k)

− ab+ 1
for (a, b, q) ∈ C3∧0 < |q| < 1

(
q2; q8

)
∞
(
q3; q8

)
∞
(
q7; q8

)
∞

(q; q8)∞ (q5; q8)∞ (q6; q8)∞
=
∞

K
k=1

q−1+2k

1 + q2k
+ 1 for q ∈ C ∧ |q| < 1
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(
q3; q8

)
∞
(
q5; q8

)
∞

(q; q8)∞ (q7; q8)∞
=
∞

K
k=1

q2k

1 + q1+2k
+ q + 1 for q ∈ C ∧ |q| < 1

(−a; q)∞(b; q)∞ − (a; q)∞(−b; q)∞
(a; q)∞(−b; q)∞ + (−a; q)∞(b; q)∞

=
a− b

K
∞

k=1

q−1+k(−b+aqk)(a−bqk)
1−q1+2k − q + 1

for (a, b, q) ∈ C3∧|q| < 1

(a; q)∞(b; q)∞
(aq; q)∞(bq; q)∞

=
∞

K
k=1

−q−1+k
(
−1 + aqk

) (
−1 + bqk

) (
−c+ abqk

)
1− bqk − cqk + aqk (−1 + bqk(1 + q))

+a(bq+b−1)−b−c+1 for (a, b, q) ∈ C3∧|q| < 1

((−q;−q)∞ − (q;−q)∞)
(
q2; q4

)
∞

2(1− q)q (q3; q2)∞
=

1− q

K
∞

k=1

q4k(1−q4k)(1−q−1+4k)(1−q1+4k)
1−q1+4k(1+q+q2)+q2+8k(1+q4)

+ q6 − q3 − q + 1
for q ∈ C∧|q| < 1

(−q; q)∞
(
q2; q2

)
∞ =

1

K
∞

k=1

− 1
2 (1−(−1)k)qk+ 1

2 (1+(−1)k)qk/2(1−qk/2)
1 + 1

for q ∈ C∧|q| < 1

(
q2; q2

)
∞

(q; q2)∞
=

1

K
∞

k=1

− 1
2 (1−(−1)k)qk+ 1

2 (1+(−1)k)qk/2(1−qk/2)
1 + 1

for q ∈ C∧|q| < 1

(
−q3; q4

)
∞

(−q; q4)∞
=

1

K
∞

k=1

1
2 (1−(−1)k)q−1+2k+ 1

2 (1+(−1)k)qk(1+q−1+k)

1 + 1
for q ∈ C∧|q| < 1

√
q
((
q4; q4

)
∞
)

2

((q2; q4)∞) 2
=

√
q

K
∞

k=1

q(1−q−1+2k)2

(1−q)(1+q2k)
− q + 1

for q ∈ C ∧ |q| < 1

((−q; q)∞) 2 − ((q; q)∞) 2

((−q; q)∞) 2 + ((q; q)∞) 2
=

2q

K
∞

k=1

q1+k(1+qk)2

1−q1+2k − q + 1
for q ∈ C ∧ |q| < 1

(
−q; q2

)
∞ −

(
q; q2

)
∞

(−q; q2)∞ + (q; q2)∞
=

q

K
∞

k=1

q4k

1−q2+4k − q2 + 1
for q ∈ C ∧ |q| < 1

3
√
q
(
q; q6

)
∞
(
q5; q6

)
∞

((q3; q6)∞) 2
=

3
√
q

K
∞

k=1

qk+q2k

1 + 1
for q ∈ C ∧ |q| < 1
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(
q8; q20

)
∞
(
q12; q20

)
∞

(q4; q20)∞ (q16; q20)∞
=
∞

K
k=1

−q
1 + q + q1+2k

+ q + 1 for q ∈ C ∧ |q| < 1

(
−q3; q8

)
∞
(
−q5; q8

)
∞

(−q; q8)∞ (−q7; q8)∞
=
∞

K
k=1

−q + q2k

1 + q
+ 1 for q ∈ C ∧ |q| < 1

√
q
(
q; q8

)
∞
(
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2(1+k)(3+2k)−z2
−z2+6

+ 1
for z ∈ C

sin(πz)

πz
=

z

K
∞

k=1

− 1
2 (1+(−1)k)b 1+k

2 c(−z+b 1+k
2 c)− 1

2 (1−(−1)k)b 1+k
2 c(z+b 1+k

2 c)
1
2 (1+(−1)k)+z

+ 1
+1 for z ∈ C

sin(πz)

πz
= 1− z2

K
∞

k=1

−k2(k2−z2)
1+2k(1+k)−z2 + 1

for z ∈ C

sin
(
πz
2

)
z

=
1− z2

K
∞

k=1

−2k(1+2k)((1+2k)2−z2)
(1+2k)2+(2+2k)(3+2k)−z2 + 6

+ 1 for z ∈ C

sinc(z) =
1

K
∞

k=1

z2

2k(1+2k)

1− z2

2k(1+2k)

+ 1

for z ∈ C

sinm(z) =
21−mzm

∑b 1
2 (−1+m)c

i=0 (−1)i(−2i+m)m
(
m
i

)

m!

K
∞

k=1

z2(2(−1+k)+m)!
∑b 1

2
(−1+m)c

i=0
(−1)i(−2i+m)2k+m(mi )

(2k+m)!
∑b 1

2
(−1+m)c

i=0
(−1)i(−2i+m)2(−1+k)+m(mi )

1−
z2(2(−1+k)+m)!

∑b 1
2

(−1+m)c
i=0

(−1)i(−2i+m)2k+m(mi )

(2k+m)!
∑b 1

2
(−1+m)c

i=0
(−1)i(−2i+m)2(−1+k)+m(mi )

+ 1



for m ∈ Z∧z ∈ C∧m > 0

sinh(πz)− sin(πz)

sin(πz) + sinh(πz)
=

2z2

K
∞

k=1

k4+4z4

1+2k + 1
for z ∈ C

sinh(z) =
z3

6

(
K
∞

k=1

− z2

2(1+k)(3+2k)

1+ z2

2(1+k)(3+2k)

+ 1

) + z for z ∈ C

sinh(z) =
z

K
∞

k=1

− z2

2k(1+2k)

1+ z2

2k(1+2k)

+ 1

for z ∈ C
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sinh(z) = z

1− iz

π

(
1 +K

∞

k=1

1−(−1)k+k
2+k +

i(−1+3(−1)k+2(−1)kk)z
(1+k)(2+k)π

1+(−1)k

2+k +
i(1−3(−1)k−2(−1)kk)z

(1+k)(2+k)π

)
 for z ∈ C

sinh(z) = z

1− iz

π

(
1 +K

∞

k=1

1
8 (1+2k+2k2−(−1)k(1+2k))+

i(−1+(−1)k+2(−1)kk)z
4π

1
2

(
1+(−1)k− 2i(−1)kz

π

)
)
 for z ∈ C

sinh(z) =
e−zz

K
∞

k=1

(−1−(−1)k+2(−1)k(1+k))z
2k(1+k)

1 + 1

for z ∈ C

sinh(z) =
z

1− z2

K
∞

k=1

−2k(1+2k)z2

2(1+k)(3+2k)+z2
+z2+6

for z ∈ C

sinh(πz)

πz
=

z2

K
∞

k=1

−k2(k2+z2)
1+2k(1+k)+z2 + 1

+ 1 for z ∈ C

sinh
(
πz
2

)
z

=
z2 + 1

K
∞

k=1

−2k(1+2k)((1+2k)2+z2)
(1+2k)2+(2+2k)(3+2k)+z2 + 6

+ 1 for z ∈ C

sinhm(z) =
21−mzm

∑b 1
2 (−1+m)c

i=0 (−1)i(−2i+m)m
(
m
i

)

m!

K
∞

k=1

−
z2(2(−1+k)+m)!

∑b 1
2

(−1+m)c
i=0

(−1)i(−2i+m)2k+m(mi )

(2k+m)!
∑b 1

2
(−1+m)c

i=0
(−1)i(−2i+m)2(−1+k)+m(mi )

1+
z2(2(−1+k)+m)!

∑b 1
2

(−1+m)c
i=0

(−1)i(−2i+m)2k+m(mi )

(2k+m)!
∑b 1

2
(−1+m)c

i=0
(−1)i(−2i+m)2(−1+k)+m(mi )

+ 1



for m ∈ Z∧z ∈ C∧m > 0

Shi(z) =
z

K
∞

k=1

(1−2k)z2

2k(1+2k)2

1− (1−2k)z2

2k(1+2k)2

+ 1

for z ∈ C

Si(z) =
z

K
∞

k=1

− (1−2k)z2

2k(1+2k)2

1+
(1−2k)z2

2k(1+2k)2

+ 1

for z ∈ C

jν(z) =

√
π2−ν−1zν

Γ
(
ν + 3

2

)(
K
∞

k=1

z2

2k(1+2k+2ν)

1− z2

2k(1+2k+2ν)

+ 1

) for (ν, z) ∈ C2∧¬
(
ν +

1

2
∈ Z ∧ ν +

1

2
≤ 0

)
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jν(z) =
i
√
π(−2)νz−ν−1

Γ
(

1
2 − ν

)(
K
∞

k=1

z2

2k(−1+2k−2ν)

1− z2

2k(−1+2k−2ν)

+ 1

) for z ∈ C∧ν+
1

2
∈ Z∧ν ≤ −1

2

jν(z)

jν−1(z)
=

z

K
∞

k=1

−z2

1+2k+2ν + 2ν + 1
for (ν, z) ∈ C2∧¬

(
ν +

1

2
∈ Z ∧ ν +

1

2
≤ 0

)

jν+1(z)

jν(z)
=

z

(2ν + 3)

K∞

k=1

− z2

4( 1
2

+k+ν)( 3
2

+k+ν)
1 + 1

 for (ν, z) ∈ C2

jν+1(z)

jν(z)
=

z

K
∞

k=1

iz(2+2k+2ν)
3+k−2iz+2ν + 2ν − iz + 3

for (ν, z) ∈ C2

jν+1(z)

jν(z)
= −

∞

K
k=1

−1
1+2k+2ν

z

for (ν, z) ∈ C2 ∧ ¬
(
ν +

1

2
∈ Z ∧ ν +

1

2
≤ 0

)

jν (2i
√
z)

jν−1 (2i
√
z)

=
i
√
z

K
∞

k=1

z
1
2 +k+ν

+ ν + 1
2

for (ν, z) ∈ C2∧¬
(
ν +

1

2
∈ Z ∧ ν +

1

2
≤ 0

)

yν(z) = sec(πν)

− √
π2νz−ν−1

Γ
(

1
2 − ν

)(
K
∞

k=1

z2

2k(−1+2k−2ν)

1− z2

2k(−1+2k−2ν)

+ 1

) − √
π2−ν−1 sin(πν)zν

Γ
(
ν + 3

2

)(
K
∞

k=1

z2

2k(1+2k+2ν)

1− z2

2k(1+2k+2ν)

+ 1

)
 for (ν, z) ∈ C2∧ν+

1

2
/∈ Z

yν(z) = −
2ν
(
ν − 1

2

)
!z−ν−1

√
π

(
K
− 1

2 +ν

k=1

− z2

2k(1−2k+2ν)

1+ z2

2k(1−2k+2ν)

+ 1

)+
2−νzν log

(
z
2

)
√
π
(
ν + 1

2

)
!

(
K
∞

k=1

z2

2k(1+2k+2ν)

1− z2

2k(1+2k+2ν)

+ 1

)− 2−ν−1
(
ψ(0)

(
ν + 3

2

)
− γ
)
zν

√
π
(
ν + 1

2

)
!

K∞

k=1

z2(ψ(0)(1+k)+ψ(0)( 3
2

+k+ν))
4k( 1

2
+k+ν)(ψ(0)(k)+ψ(0)( 1

2
+k+ν))

1−
z2(ψ(0)(1+k)+ψ(0)( 3

2
+k+ν))

4k( 1
2

+k+ν)(ψ(0)(k)+ψ(0)( 1
2

+k+ν))

+ 1


for z ∈ C∧ν+

1

2
∈ Z

h(1)
ν (z) =

√
π2−ν−1(1− i tan(πν))zν

Γ
(
ν + 3

2

)(
K
∞

k=1

z2

2k(1+2k+2ν)

1− z2

2k(1+2k+2ν)

+ 1

)− i
√
π2ν sec(πν)z−ν−1

Γ
(

1
2 − ν

)(
K
∞

k=1

z2

2k(−1+2k−2ν)

1− z2

2k(−1+2k−2ν)

+ 1

) for (ν, z) ∈ C2∧¬
(
ν +

1

2
∈ Z ∧ ν +

1

2
≥ 0

)
∧−π

2
< arg(z) ≤ π
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h(1)
ν (z) = −

i2ν
(
ν − 1

2

)
!z−ν−1

√
π

(
K
− 1

2 +ν

k=1

− z2

2k(1−2k+2ν)

1+ z2

2k(1−2k+2ν)

+ 1

)+
2−ν−1zν

(
π + 2i log

(
z
2

))
√
π
(
ν + 1

2

)
!

(
K
∞

k=1

z2

2k(1+2k+2ν)

1− z2

2k(1+2k+2ν)

+ 1

)− i2−ν−1
(
ψ(0)

(
ν + 3

2

)
− γ
)
zν

√
π
(
ν + 1

2

)
!

K∞

k=1

z2(ψ(0)(1+k)+ψ(0)( 3
2

+k+ν))
2k(1+2k+2ν)(ψ(0)(k)+ψ(0)( 1

2
+k+ν))

1−
z2(ψ(0)(1+k)+ψ(0)( 3

2
+k+ν))

2k(1+2k+2ν)(ψ(0)(k)+ψ(0)( 1
2

+k+ν))

+ 1


for z ∈ C∧ν+

1

2
∈ Z∧ν ≥ −1

2

h(2)
ν (z) =

i
√
π2ν sec(πν)z−ν−1

Γ
(

1
2 − ν

)(
K
∞

k=1

z2

2k(−1+2k−2ν)

1− z2

2k(−1+2k−2ν)

+ 1

)+

√
π2−ν−1(1 + i tan(πν))zν

Γ
(
ν + 3

2

)(
K
∞

k=1

z2

2k(1+2k+2ν)

1− z2

2k(1+2k+2ν)

+ 1

) for (ν, z) ∈ C2∧¬
(
ν +

1

2
∈ Z ∧ ν +

1

2
≥ 0

)
∧−π

2
< arg(z) ≤ π

h(2)
ν (z) =

i2ν
(
ν − 1

2

)
!z−ν−1

√
π

(
K
− 1

2 +ν

k=1

− z2

2k(1−2k+2ν)

1+ z2

2k(1−2k+2ν)

+ 1

)+
2−ν−1zν

(
π − 2i log

(
z
2

))
√
π
(
ν + 1

2

)
!

(
K
∞

k=1

z2

2k(1+2k+2ν)

1− z2

2k(1+2k+2ν)

+ 1

)+
i2−ν−1

(
ψ(0)

(
ν + 3

2

)
− γ
)
zν

√
π
(
ν + 1

2

)
!

K∞

k=1

z2(ψ(0)(1+k)+ψ(0)( 3
2

+k+ν))
2k(1+2k+2ν)(ψ(0)(k)+ψ(0)( 1

2
+k+ν))

1−
z2(ψ(0)(1+k)+ψ(0)( 3

2
+k+ν))

2k(1+2k+2ν)(ψ(0)(k)+ψ(0)( 1
2

+k+ν))

+ 1


for z ∈ C∧ν+

1

2
∈ Z∧ν ≥ −1

2

√
z =

∞

K
k=1

−1 + z

2
+ 1 for z ∈ C ∧ |arg(z)| < π

√
z =

∞

K
k=1

z − z2

2z
+ z for z ∈ C ∧ −π

2
< arg(z) ≤ π

2

√
z + 1 = 2

∞

K
k=1

z
4

1
+ 1 for z ∈ C ∧ |arg(z + 1)| < π

√
z + 1 = 4

∞

K
k=1

z
16
1
2

+ 1 for z ∈ C ∧ |arg(z + 1)| < π

√
z + 1 =

∞

K
k=1

z
(
− 1

2 (−1)k +
⌊
k
2

⌋)
1 + (−1)k + 1

2 (1− (−1)k) k
+ 1 for z ∈ C ∧ |arg(z + 1)| < π

√
x2 + y =

y

K
∞

k=1

y((−1)k+2b 1+k
2 c)

(1−(−1)k)x+(1+(−1)k)(1+k)x
+ 2x

+x for (x, y) ∈ C2∧
∣∣arg

(
x2 + y

)∣∣ < π

√
x2 + y =

y

K
∞

k=1

y
2x + 2x

+ x for (x, y) ∈ C2 ∧
∣∣arg

(
x2 + y

)∣∣ < π

1√
z + 1 + 1

=
2K

∞

k=1

z
4

1

z
for z ∈ C ∧ |arg(z + 1)| < π
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2z(z + 1)√
(2z + 1)2 + 1

=
∞

K
k=1

z(1 + z)

1
for z ∈ C ∧ |arg(z + 1)| < π

2z

b
(√

4z
b2 + 1 + 1

) =
∞

K
k=1

z

b
for (b, z) ∈ C2

2e

z
(√

4e
z2 + 1 + 1

) =
∞

K
k=1

e

z
for (e, z) ∈ C2

(αβ + a+ b)
√

1− 4ab
(αβ+a+b)2 − αβ + a− b

2α
=
∞

K
k=1

{ a (k mod 2) = 1
b (k mod 2) = 0

{ α (k mod 2) = 1
β (k mod 2) = 0

for (a, b, α, β) ∈ C4∧
∣∣∣∣arg

(
1− 4ab

(a+ b+ αβ)2

)∣∣∣∣ < π

(αβ + a+ b)
√

1− 4ab
(αβ+a+b)2 − αβ + a− b

2α
=
∞

K
k=1

a(k mod 2) + b((1 + k) mod 2)

α(k mod 2) + β((1 + k) mod 2)
for (a, b, α, β) ∈ C4∧

∣∣∣∣arg

(
1− 4ab

(a+ b+ αβ)2

)∣∣∣∣ < π

(αβ + 2a)
√

1− 4a2

(αβ+2a)2 − αβ

2α
=
∞

K
k=1

a

α(k mod 2) + β((1 + k) mod 2)
for (a, α, β) ∈ C3∧

∣∣∣∣arg

(
1− 4a2

(2a+ αβ)2

)∣∣∣∣ < π

−α2 +
(
α2 + a+ b

)√
1− 4ab

(α2+a+b)2 + a− b

2α
=
∞

K
k=1

a(k mod 2) + b((1 + k) mod 2)

α
for (a, b, α) ∈ C3∧

∣∣∣∣∣arg

(
1− 4ab

(α2 + a+ b)
2

)∣∣∣∣∣ < π

(αβγ + aβ + bγ + αc)
√

4abc
(αβγ+aβ+bγ+αc)2 + 1− αβγ + aβ − bγ + α(−c)

2(αβ + b)
=
∞

K
k=1

{
a (k mod 3) = 1
b (k mod 3) = 2
c (k mod 3) = 0

{
α (k mod 3) = 1
β (k mod 3) = 2
γ (k mod 3) = 0

for (a, b, c, α, β, γ) ∈ C6∧
∣∣∣∣arg

(
4abc

(cα+ βγα+ aβ + bγ)2
+ 1

)∣∣∣∣ < π

(αβγ + aβ + bγ + αc)
√

4abc
(αβγ+aβ+bγ+αc)2 + 1− αβγ + aβ − bγ + α(−c)

2(αβ + b)
=
∞

K
k=1

1
9 (a+ 4b− 2c)(k mod 3) + 1

9 (4a− 2b+ c)((1 + k) mod 3) + 1
9 (−2a+ b+ 4c)((2 + k) mod 3)

1
9 (α+ 4β − 2γ)(k mod 3) + 1

9 (4α− 2β + γ)((1 + k) mod 3) + 1
9 (−2α+ β + 4γ)((2 + k) mod 3)

for (a, b, c, α, β, γ) ∈ C6∧
∣∣∣∣arg

(
4abc

(cα+ βγα+ aβ + bγ)2
+ 1

)∣∣∣∣ < π

−
−(a(α+ β + γ) + αβγ)

√
4a3

(a(α+β+γ)+αβγ)2 + 1 + aα+ αβγ − aβ + aγ

2(αβ + a)
=
∞

K
k=1

a

{
α (k mod 3) = 1
β (k mod 3) = 2
γ (k mod 3) = 0

for (a, α, β, γ) ∈ C4∧
∣∣∣∣arg

(
4a3

(αβγ + a(α+ β + γ))2
+ 1

)∣∣∣∣ < π
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α
(
−α2 +

(
α2 + a+ b+ c

)√
4abc

α2(α2+a+b+c)2 + 1 + a− b− c
)

2 (α2 + b)
=
∞

K
k=1

{
a (k mod 3) = 1
b (k mod 3) = 2
c (k mod 3) = 0

α
for (a, b, c, α) ∈ C4∧

∣∣∣∣∣arg

(
4abc

α2 (α2 + a+ b+ c)
2 + 1

)∣∣∣∣∣ < π

(a(βγ + c) + b(γδ + d) + α(βγδ + cδ + βd))
√

1− 4abcd
(αβγδ+aβγ+ac+bγδ+bd+αcδ+αβd)2 + a(βγ + c)− b(γδ + d)− α(βγδ + cδ + βd)

2(αβγ + bγ + αc)
=
∞

K
k=1

{

a (k mod 4) = 1
b (k mod 4) = 2
c (k mod 4) = 3
d (k mod 4) = 0

{

α (k mod 4) = 1
β (k mod 4) = 2
γ (k mod 4) = 3
δ (k mod 4) = 0

for (a, b, c, d, α, β, γ, δ) ∈ C8∧
∣∣∣∣arg

(
1− 4abcd

(ac+ αδc+ bd+ dαβ + aβγ + bγδ + αβγδ)2

)∣∣∣∣ < π

(a(βγ + c) + b(γδ + d) + α(βγδ + cδ + βd))
√

1− 4abcd
(αβγδ+aβγ+ac+bγδ+bd+αcδ+αβd)2 + a(βγ + c)− b(γδ + d)− α(βγδ + cδ + βd)

2(αβγ + bγ + αc)
=
∞

K
k=1

1
24 (a+ b+ 7c− 5d)(k mod 4) + 1

24 (a+ 7b− 5c+ d)((1 + k) mod 4) + 1
24 (7a− 5b+ c+ d)((2 + k) mod 4) + 1

24 (−5a+ b+ c+ 7d)((3 + k) mod 4)
1
24 (α+ β + 7γ − 5δ)(k mod 4) + 1

24 (α+ 7β − 5γ + δ)((1 + k) mod 4) + 1
24 (7α− 5β + γ + δ)((2 + k) mod 4) + 1

24 (−5α+ β + γ + 7δ)((3 + k) mod 4)
for (a, b, c, d, α, β, γ, δ) ∈ C8∧

∣∣∣∣arg

(
1− 4abcd

(ac+ αδc+ bd+ dαβ + aβγ + bγδ + αβγδ)2

)∣∣∣∣ < π

(
2a2 + a(α+ γ)(β + δ) + αβγδ

)√
1− 4a4

(2a2+a(α+γ)(β+δ)+αβγδ)2 − α(a(β + δ) + βγδ) + a(a+ βγ)− a(a+ γδ)

2(a(α+ γ) + αβγ)
=
∞

K
k=1

a

{

α (k mod 4) = 1
β (k mod 4) = 2
γ (k mod 4) = 3
δ (k mod 4) = 0

for (a, α, β, γ, δ) ∈ C5∧

∣∣∣∣∣arg

(
1− 4a4

(2a2 + (α+ γ)(β + δ)a+ αβγδ)
2

)∣∣∣∣∣ < π

(
a
(
α2 + c

)
+ b

(
α2 + d

)
+ α2

(
α2 + c+ d

))√
1− 4abcd

(a(α2+c)+b(α2+d)+α2(α2+c+d))2 + a
(
α2 + c

)
− b

(
α2 + d

)
+ α2

(
−
(
α2 + c+ d

))
2α (α2 + b+ c)

=
∞

K
k=1

{

a (k mod 4) = 1
b (k mod 4) = 2
c (k mod 4) = 3
d (k mod 4) = 0

α
for (a, b, c, d, α) ∈ C5∧

∣∣∣∣∣arg

(
1− 4abcd

((α2 + c+ d)α2 + a (α2 + c) + b (α2 + d))
2

)∣∣∣∣∣ < π

(c(δ(αε+ a) + αe) + aβ(γδ + d) + (αβ + b)(γδε+ dε+ γe))
√

4abcde
(c(δ(αε+a)+αe)+aβ(γδ+d)+(αβ+b)(ε(γδ+d)+γe))2 + 1− c(αδε− aδ + αe) + aβ(γδ + d)− (αβ + b)(γδε+ dε+ γe)

2(αβγδ + bγδ + bd+ αcδ + αβd)
=
∞

K
k=1

{

a (k mod 5) = 1
b (k mod 5) = 2
c (k mod 5) = 3
d (k mod 5) = 4
e (k mod 5) = 0

{

α (k mod 5) = 1
β (k mod 5) = 2
γ (k mod 5) = 3
δ (k mod 5) = 4
ε (k mod 5) = 0

for (a, b, c, d, e, α, β, γ, δ, ε) ∈ C10∧
∣∣∣∣arg

(
4abcde

(aβ(d+ γδ) + (b+ αβ)(eγ + (d+ γδ)ε) + c(eα+ δ(a+ αε)))2
+ 1

)∣∣∣∣ < π
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(c(δ(αε+ a) + αe) + aβ(γδ + d) + (αβ + b)(γδε+ dε+ γe))
√

4abcde
(c(δ(αε+a)+αe)+aβ(γδ+d)+(αβ+b)(ε(γδ+d)+γe))2 + 1− c(αδε− aδ + αe) + aβ(γδ + d)− (αβ + b)(γδε+ dε+ γe)

2(αβγδ + bγδ + bd+ αcδ + αβd)
=
∞

K
k=1

1
50 (a+ b+ c+ 11d− 9e)(k mod 5) + 1

50 (a+ b+ 11c− 9d+ e)((1 + k) mod 5) + 1
50 (a+ 11b− 9c+ d+ e)((2 + k) mod 5) + 1

50 (11a− 9b+ c+ d+ e)((3 + k) mod 5) + 1
50 (−9a+ b+ c+ d+ 11e)((4 + k) mod 5)

1
50 (α+ β + γ + 11δ − 9ε)(k mod 5) + 1

50 (α+ β + 11γ − 9δ + ε)((1 + k) mod 5) + 1
50 (α+ 11β − 9γ + δ + ε)((2 + k) mod 5) + 1

50 (11α− 9β + γ + δ + ε)((3 + k) mod 5) + 1
50 (−9α+ β + γ + δ + 11ε)((4 + k) mod 5)

for (a, b, c, d, e, α, β, γ, δ, ε) ∈ C10∧
∣∣∣∣arg

(
4abcde

(aβ(d+ γδ) + (b+ αβ)(eγ + (d+ γδ)ε) + c(eα+ δ(a+ αε)))2
+ 1

)∣∣∣∣ < π

(
a2(α+ β + γ + δ + ε) + a(α(β(γ + ε) + δε) + γδ(β + ε)) + αβγδε

)√
4a5

(a2(α+β+γ+δ+ε)+a(α(β(γ+ε)+δε)+γδ(β+ε))+αβγδε)2 + 1− (αβ + a)(a(γ + ε) + γδε)− a(a(α− δ) + αδε) + aβ(a+ γδ)

2 (a2 + αaβ + αaδ + αβγδ + aγδ)
=
∞

K
k=1

a

{

α (k mod 5) = 1
β (k mod 5) = 2
γ (k mod 5) = 3
δ (k mod 5) = 4
ε (k mod 5) = 0

for (a, α, β, γ, δ, ε) ∈ C6∧

∣∣∣∣∣arg

(
4a5

((α+ β + γ + δ + ε)a2 + (γδ(β + ε) + α(δε+ β(γ + ε)))a+ αβγδε)
2 + 1

)∣∣∣∣∣ < π

α
((
c
(
α2 + a+ e

)
+ a

(
α2 + d

)
+
(
α2 + b

) (
α2 + d+ e

))√
4abcde

α2(c(α2+a+e)+a(α2+d)+(α2+b)(α2+d+e))2 + 1− c
(
α2 − a+ e

)
+ a

(
α2 + d

)
−
(
α2 + b

) (
α2 + d+ e

))
2 (α4 + α2b+ bd+ α2c+ α2d)

=
∞

K
k=1

{

a (k mod 5) = 1
b (k mod 5) = 2
c (k mod 5) = 3
d (k mod 5) = 4
e (k mod 5) = 0

α
for (a, b, c, d, e, α) ∈ C6∧

∣∣∣∣∣arg

(
4abcde

α2 (a (α2 + d) + c (α2 + a+ e) + (α2 + b) (α2 + d+ e))
2 + 1

)∣∣∣∣∣ < π

HHHν(z) =
2−νzν+1

√
πΓ
(
ν + 3

2

)(
K
∞

k=1

z2

(1+2k)(1+2k+2ν)

1− z2

(1+2k)(1+2k+2ν)

+ 1

) for (ν, z) ∈ C2∧¬(ν ∈ Z∧ν ≤ 0)

HHH−m− 3
2
(z) =

(−1)m−12−m−
3
2 zm+ 3

2

Γ
(
m+ 5

2

)(
K
∞

k=1

z2

2k(3+2k+2m)

1− z2

2k(3+2k+2m)

+ 1

) for m ∈ Z∧z ∈ C∧m ≥ 0

LLLν(z) =
2−νzν+1

√
πΓ
(
ν + 3

2

)(
K
∞

k=1

− z2

(1+2k)(1+2k+2ν)

1+ z2

(1+2k)(1+2k+2ν)

+ 1

) for (ν, z) ∈ C2∧¬(ν ∈ Z∧ν ≤ 0)

LLL−m− 3
2
(z) =

2−m−
3
2 zm+ 3

2

Γ
(
m+ 5

2

)(
K
∞

k=1

− z2

2k(3+2k+2m)

1+ z2

2k(3+2k+2m)

+ 1

) for m ∈ Z∧z ∈ C∧m ≥ 0

∞∑
k=1

(−1)k

2k + z
=

1

K
∞

k=1

k(1+k)
z +z

− 1

2z
for z ∈ C ∧ <(z) > 1
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∞∑
k=1

(−1)k

(k + z)2
=

1

K
∞

k=1

1
8 (1−(−1)k)(1+k)2+ 1

8 (1+(−1)k)k(2+k)

z +z
− 1

2z2
for z ∈ C∧<(z) > 1

∞∑
k=0

(−1)k

(1 + 2k + z)2
=

1

2
(
K
∞

k=1

1
2 (1+(−1)k)k2+ 1

2 (1−(−1)k)(1+k)2

1
2 (1−(−1)k)+ 1

2 (1+(−1)k)(−1+z2)
+ z2 − 1

) for z ∈ C∧<(z) > 1

∞∑
k=1

(−1)−1+k

(a+ k)(b+ k)
=

1

K
∞

k=1

(a+k)2(b+k)2

1+a+b+2k + (a+ 1)(b+ 1)
for (a, b) ∈ C2∧<(a) > 0∧<(b) > 0

∞∑
k=0

(
(−1)k

1− b+ 2k + z
− (−1)k

1 + b+ 2k + z

)
=

b

K
∞

k=1

1
2 (1+(−1)k)k2+ 1

2 (1−(−1)k)(−b2+(1+k)2)
1
2 (1−(−1)k)+ 1

2 (1+(−1)k)(−1+z2)
+ z2 − 1

for (b, z) ∈ C2∧<(z) > |<(b)|+1

∞∑
k=0

(
1

1− a− b+ 2k + z
− 1

1 + a− b+ 2k + z
− 1

1− a+ b+ 2k + z
+

1

1 + a+ b+ 2k + z

)
=

2ab

K
∞

k=1

1
2 (1+(−1)k)k

(
−a2+ k2

4

)
+ 1

2 (1−(−1)k)(1+k)(−b2+ 1
4 (1+k)2)

1
2 (1−(−1)k)+ 1

2 (1+(−1)k)(−a2+b2+(1+k)(−1+z2))
− a2 + b2 + z2 − 1

for (a, b, z) ∈ C3∧<(z) > |<(a)|+|<(b)|+1

∞∑
k=0

(
1

(1− b+ 2k + z)2
− 1

(1 + b+ 2k + z)2

)
=

b

K
∞

k=1

1
8 (1+(−1)k)k3+ 1

8 (1−(−1)k)(1+k)(−4b2+(1+k)2)
1
2 (1−(−1)k)+ 1

2 (1+(−1)k)(b2+(1+k)(−1+z2))
+ b2 + z2 − 1

for (b, z) ∈ C2∧<(z) > |<(b)|+1

∞∑
k=0

(
1

(1− b+ 2k + z)2
− 1

(1 + b+ 2k + z)2

)
=

b

K
∞

k=1

4k4(b2−k2)
(1+2k)(1−b2+2k+2k2+z2) − b2 + z2 + 1

for (b, z) ∈ C2∧<(z) > |<(b)|+1

∞∑
k=0

(−1)k
(
−1+

√
1+z2

z

)1+2k

1 + 2k + a√
1+z2

=
z

2
(
K
∞

k=1

k2z2

1+a+2k + a+ 1
) for (a, z) ∈ C2

∞∑
k=1

(−1)k
(
−1+

√
1+z2

z

)2k

2k + a√
1+z2

=
z2

2a
(
K
∞

k=1

k(1+k)z2

2+a+2k + a+ 2
)−√z2 + 1− 1

2a
for (a, z) ∈ C2

∞∑
k=0

(−1)k
(
−1+

√
1+z2

z

)2k

(b)k(
b+ 2k + a√

1+z2

)
k!

=
2−bz

(
1
z2 + 1

) 1−b
2

(√
z2+1−1
z

)−b
K
∞

k=1

k(−1+b+k)z2

a+b+2k + a+ b
for (a, b, z) ∈ C3
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∞∑
k=1

2−bφkc =
∞

K
k=1

1

2F−1+k

tan(z) =
z

K
∞

k=1

− z2

(−1+2k)(1+2k)

1 + 1

for
z

π
− 1

2
/∈ Z

tan(z) =
z

K
∞

k=1

− (−1+41+k)z2ζ(2+2k)

(−1+4k)π2ζ(2k)

1+
(−1+41+k)z2ζ(2+2k)

(−1+4k)π2ζ(2k)

+ 1

for z ∈ C ∧ z
π
− 1

2
/∈ Z

tan(z) = −K
∞

k=1

−z2

−1+2k

z
for

z

π
− 1

2
/∈ Z

tan(z) =
z

1− 4z2

π2

(
K

∞

k=1

k4− 4k2z2

π2
1+2k +1

) for
z

π
− 1

2
/∈ Z

tan
(πz

4

)
=

z

K
∞

k=1

(−1+2k)2−z2

2 + 1
for

z

4
− 1

2
/∈ Z

tan(z) = −
∞

K
k=1

−1
−1+2k
z

for
z

π
− 1

2
/∈ Z

tan(z) =
z3

3

K∞

k=1

2(−1+42+k)z2B2(2+k)

(−1+41+k)(2+k)(3+2k)B2(1+k)

1−
2(−1+42+k)z2B2(2+k)

(−1+41+k)(2+k)(3+2k)B2(1+k)

+ 1

 + z for
z

π
− 1

2
/∈ Z

tan(z) = K
∞

k=1

(7−4k)(1+4k)z4

(−3+4k)(−1+4k)(1+4k)−(−2+8k)z2

3z
+ z for z ∈ C ∧ z

π
− 1

2
/∈ Z

tan(z) =
1

K
∞

k=1

1
1
2 (1−(−1)k)+ 1

2 (1+(−1)k)(−2+ 1+k
z )

+ 1
z − 1

for z ∈ C ∧ z
π
− 1

2
/∈ Z

tan(mz) =
m tan(z)

K
−1+m

k=1

(k2−m2) tan2(z)
1+2k + 1

for m ∈ Z ∧ z ∈ C ∧m > 0

a tan
(
πb
2

)
− b tan

(
πa
2

)
a tan

(
πa
2

)
− b tan

(
πb
2

) = − ab

K
∞

k=1

(−a2+k2)(−b2+k2)
1+2k + 1

for (a, b, z) ∈ C3∧<
(
a2 − b2

)
> 0
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tanh(z) =
z

K
∞

k=1

z2

(−1+2k)(1+2k)

1 + 1

for − 1

2
+
iz

π
/∈ Z

tanh(z) =
z

K
∞

k=1

(−1+41+k)z2ζ(2+2k)

(−1+4k)π2ζ(2k)

1− (−1+41+k)z2ζ(2+2k)

(−1+4k)π2ζ(2k)

+ 1

for z ∈ C ∧ −1

2
+
iz

π
/∈ Z

tanh(z) = K
∞

k=1

z2

−1+2k

z
for − 1

2
+
iz

π
/∈ Z

tanh(z) =
z

4z2

π2

(
K

∞

k=1

k4+ 4k2z2

π2
1+2k +1

) + 1
for − 1

2
+
iz

π
/∈ Z

tanh
(πz

4

)
=

z

K
∞

k=1

(−1+2k)2+z2

2 + 1
for − 1

2
+
iz

4
/∈ Z

tanh(z) =
∞

K
k=1

1
−1+2k
z

for − 1

2
+
iz

π
/∈ Z

tanh(z) = z − z3

3

K∞

k=1

2(1−42+k)z2B2(2+k)

(−1+41+k)(2+k)(3+2k)B2(1+k)

1−
2(1−42+k)z2B2(2+k)

(−1+41+k)(2+k)(3+2k)B2(1+k)

+ 1

 for − 1

2
+
iz

π
/∈ Z

tanh(z) = z −K
∞

k=1

(7−4k)(1+4k)z4

(−3+4k)(−1+4k)(1+4k)+(−2+8k)z2

3z
for z ∈ C ∧ −1

2
+
iz

π
/∈ Z

tanh(z) =
i

K
∞

k=1

1
1
2 (1−(−1)k)+ 1

2 (1+(−1)k)(−2+
i(1+k)
z )

+ i
z − 1

for z ∈ C∧−1

2
+
iz

π
/∈ Z

tanh(mz) =
m tanh(z)

K
−1+m

k=1

(−k2+m2) tanh2(z)
1+2k + 1

for m ∈ Z ∧ z ∈ C ∧m > 0

a tanh
(
πb
2

)
− b tanh

(
πa
2

)
a tanh

(
πa
2

)
− b tanh

(
πb
2

) =
ab

K
∞

k=1

(a2+k2)(b2+k2)
1+2k + 1

for (a, b, z) ∈ C3∧<
(
b2 − a2

)
> 0
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Mν,µ(z) = e−z/2zµ+ 1
2


z
(
µ− ν + 1

2

)
(2µ+ 1)

(
K
∞

k=1

−
z( 1

2
+k+µ−ν)

(1+k)(1+k+2µ)

1+
z( 1

2
+k+µ−ν)

(1+k)(1+k+2µ)

+ 1

) + 1

 for (ν, µ, z) ∈ C3

Mν,µ(z) =
e−z/2zµ+ 1

2

K
∞

k=1

− z(−1+2k+2µ−2ν)
2k(k+2µ)

1+
z(−1+2k+2µ−2ν)

2k(k+2µ)

+ 1

for (ν, µ, z) ∈ C3

Wν,µ(z) =
e−z/2Γ(2µ)z

1
2−µ

Γ
(
µ− ν + 1

2

)(
K
∞

k=1

z(1−2k+2µ+2ν)
2k(k−2µ)

1− z(1−2k+2µ+2ν)
2k(k−2µ)

+ 1

)+
e−z/2Γ(−2µ)zµ+ 1

2

Γ
(
−µ− ν + 1

2

)(
K
∞

k=1

− z(−1+2k+2µ−2ν)
2k(k+2µ)

1+
z(−1+2k+2µ−2ν)

2k(k+2µ)

+ 1

) for (ν, µ, z) ∈ C3∧2µ /∈ Z

Wν,0(z) = −
e−z/2

√
z
(
ψ(0)

(
1
2 − ν

)
+ log(z) + 2γ

)
Γ
(

1
2 − ν

)K∞

k=1

−
z(−1+2k−2ν)(log(z)−2ψ(0)(1+k)+ψ(0)( 1

2
+k−ν))

2k2(log(z)−2ψ(0)(k)+ψ(0)(− 1
2

+k−ν))

1+
z(−1+2k−2ν)(log(z)−2ψ(0)(1+k)+ψ(0)( 1

2
+k−ν))

2k2(log(z)−2ψ(0)(k)+ψ(0)(− 1
2

+k−ν))

+ 1


for (ν, z) ∈ C2

Wν,m2
(z) = − (−1)me−z/2z

m+1
2 log(z)

m!Γ
(

1−m
2 − ν

)(
K
∞

k=1

− z(−1+2k+m−2ν)
2k(k+m)

1+
z(−1+2k+m−2ν)

2k(k+m)

+ 1

)− (−1)me−z/2z
m+1

2

(
ψ(0)

(
m+1

2 − ν
)
− ψ(0)(m+ 1) + γ

)
m!Γ

(
1−m

2 − ν
)K∞

k=1

−
z(−1+2k+m−2ν)(ψ(0)(1+k)+ψ(0)(1+k+m)−ψ(0)(k+ 1+m

2
−ν))

2k(k+m)(ψ(0)(k)+ψ(0)(k+m)−ψ(0)(− 1
2

+k+m
2
−ν))

1+
z(−1+2k+m−2ν)(ψ(0)(1+k)+ψ(0)(1+k+m)−ψ(0)(k+ 1+m

2
−ν))

2k(k+m)(ψ(0)(k)+ψ(0)(k+m)−ψ(0)(− 1
2

+k+m
2
−ν))

+ 1


+

e−z/2(m− 1)!z
1−m

2

Γ
(

1
2 (m− 2ν + 1)

)(
K
−1+m

k=1

z(1−2k+m+2ν)
2k(k−m)

1− z(1−2k+m+2ν)
2k(k−m)

+ 1

) for m ∈ Z∧(ν, z) ∈ C2∧m > 0

ζ(z + 1) = − γ1z

K
∞

k=1

zγ1+k
γk+kγk

1−
zγ1+k
γk+kγk

+ 1

+
1

z
+ γ for z ∈ C ∧ <(z) > 0

ζ(2, z) =
1

z

K∞

k=1

b 1+k
2 c2

(1+(−1)k(1+2k))z

1 + 1


for z ∈ C ∧ <(z) >

1

2

ζ(2, z) =
1

2z2
(
K
∞

k=1

1
4k(1+k)2(2+k)

(3+2k)z + 3z
) +

1

2z2
+

1

z
for z ∈ C ∧ <(z) > 0

ζ(2, z) =
2

K
∞

k=1

k4

(1+2k)(−1+2z) + 2z − 1
for z ∈ C ∧ <(z) >

1

2
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ζ(2, z) =
1

K
∞

k=1

k4

4(−1+4k2)

− 1
2 +z

+ z − 1
2

for z ∈ C ∧ <(z) >
1

2

ζ(3, z) =
1

2(z − 1)z

(
K
∞

k=1

1
32 (1+(−1)k)k4+ 1

32 (1−(−1)k)(1+k)4

(−1+z)z

1+k + 1

) for z ∈ C∧¬
(
z ∈ R ∧ 1

2
< z < 1

)
∧<(z) >

1

2

ζ(3, z) =
1

4z3

(
K
∞

k=1

(1+(−1)k)k(2+k)2

32(1+k)
+

(1−(−1)k)(1+k)2(3+k)

32(2+k)

z + z

)+
1

2z3
+

1

2z2
for z ∈ C∧<(z) > 0

ζ(3, z) =
1

2z3

(
K
∞

k=1

1
4 (1+(−1)k)(1+ k

2 )
3
k+ 1

16 (1−(−1)k)(1+k)3(1+ 1+k
2 )

(2+k)z + 2z

)+
1

2z3
+

1

2z2
for z ∈ C∧<(z) > 0

ζ(3, z) =
1

2z

(
K
∞

k=1

( 1
32 (1+(−1)k)k4+ 1

32 (1−(−1)k)(1+k)4)(−1+z)

z

(1+k)(−1+z) + z − 1

) for z ∈ C∧¬
(
z ∈ R ∧ 1

2
< z < 1

)
∧<(z) >

1

2

ζ

(
3,
z + 1

2

)
=

2

K
∞

k=1

2b 1+k
2 c3

((1+k)(−1+z2))
1
2 (1+(−1)k)

+ z2 − 1

for z ∈ C∧¬(z ∈ R∧0 < z < 1)∧<(z) > 0
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