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k=1 14 ZCLHRICIkm)! ' k=1 1— gty o Kk:l 1_22@@a
Ak (k+m) (-
B.(a,b) (1= 2 for (z,a,b) € C3Alarg(1
-(a, . (17(71)k)(a+%(—1+k))(a+b+%(—1+k))z+(1+(71)k)(2b7k)kz or (z,a, arg 2z
_ 2(—1fatk)(afk) 8(—1ta+tk)(atk)
a Kk:l 1 +1
291 — 2)® 3
B.(a,b) = — L for (z,a,b) € C°Alarg(l — 2)| < 1AR(2) < 1
Kk:l at+k—(—14a+b—k)z + Z(—Cl —b+ 1) ta
21— 2) 3
B,(a,b) = —s= EETTTTs for (z,a,b) € C°Alarg(l — 2)| <
Kk:l atk—(a+b+2k)z Z(a + b) ta
2(1—-2) 3
B.(a,b) = eI it for (z,a,b) € C°Alarg(1 — z)| <7
Koo (—1+a+2k)2 _ az(a+b) +a
k=1 a+2k-+(Eekle, — lath)latiih) ), at+l
z¢ 3
B.(a,b) = eI for (z,a,b) € C° N |z < 1

0 ACESD)
a <[< kel 1_O=R)(—1faThiz +1

k(a+k)
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(1—z)azb
(—1+a+btk)z

0o ——T T

b ( b1k 1
[< itatbik)=z
k=1 1+b+7k>

Bi_.(a,b) = B(a,b)— for (z,a,b) € C*A—(b € ZA—b > 0)A|z| < 1

(1—2)*(=v(a) =)

Bi_, =
00 = () for (5:0) € €l <1
v —v O (—1tatk)
Kk:l 1_ (C1tatk)z(=v @ 4+8)+9 O (atk) +1
k(w0 (k) =) (~1+atk))
_ a 0 m—
By 2(a,—m) = (1=2)*(=¢(a) =7)(1 = a)m G 'T'(a) log(2) (1-2)
(—14at+k)z(=p O 1 4+8) 43O (atk)) m!T(a — + =
m! K°° (00 (1)) = (O (—1+at k) 1 (e —m) m i —
k=1 1_ (citath)z (=@ +k)+4© (ath)) + k=1 145
k(1 (0) (k) = (0) (—1+a+k))
B 2%(—2z)0~1 2%(—2)"T(a)[(—a—b+1 :
B.(a,b) = = GnGmn + T —(b) ) for (z,a,b) € C*A—(a+
(a +b- 1) Kk 11— (r)r(a+b> i) + 1)
(—1fatb—FK)kz
B B aa 0 al—z —aza—l
B.(a,1—a) = (—z)" "z (—w( )(a)—l—log(—z)—’y)— ( )k(a%) for (z,a) € (CQ/\|Z\ >1
Ko, =i +1
k=1 1+(1fk)2>
_J\—a,a—1 —a,a
Bon—armi) - () (227 = (9O (@) + O (m 1)+
k(atk)
(m +1)! ( 7(1+k)(1a+k+7n)z +1 m!
Kk 11+ (1+k§glil§lnl)z
a b
Iz(aab = - (172) 3
) - _(1—<—1)’“)(a+%(—1+k>)(a+b+%(—1+m) (1= D)k ) (26— kb= for (2,,b) € C'\[are
B(a,b) Kk_l 2(—1tatk)(atk) - SC1tatm(ath) 4 |
a(] — Z)b
I(a,b) = G f 3
— Y or (z,a,b) € C°Alarg(l — 2)| <7
B(a,b) (Kk:l T Cirari—m: TA(Ca—b+ 1)+ a)
B 2¢(1 —2)b
I.(a,b) = for (z,a,b) € C*Alarg(l — 2)| < 7

X k(—14a+b+k)(1—2)z
B(a,b) (Kk:l a+k—(a+b+2l~c)z) —z(a+b)+ a)
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29(1 — z)°

— 3 —
Iz(a’b) a oo (b—k)k(—1+a+k)(—1+atb+k)z2 (aib) for (Z7a’b) eC /\|arg(1 z)| <m
(—14a+2k)2 _ az(at+
a,b Kk:l at2k+( SpeRk  (ath)(atbih)), arT T @
Za
I.(a,b) = — for (z,a,b) € C* A |z] < 1

- o k)k(( 1~|];u+k)z
a+
aB(a,b) [< hel 1_C=RI= 1+a+k)z +1
- k(a+k)

(1-z)22 3
Ii_.(a,b) =1— e FT—— for (z,a,b) € C°A=(b € ZA—b > 0)A|z| < 1
bB(a, b) ( el W + 1)
Za(_z)b_l a —a 3
I.(a,b) = (b—k)(atb—F) +2%(—2)"%sin(wb) csc(mw(a+d)) for (z,a,b) € C°

(a+b-1)B(a,b) (Kk 1 1( et + 1>

(—14+a+b—k)kz

Iz(a, 17@) _ (*Z)*aza sin(ﬂa)(qup(()) (a) + log(fz) — fy) a(fz)fazafl SiIl(ﬂ'a)

T k(atk)
(+k)2z 41
k=1 14 Fletk)

(1+k)2=

for (z,a) € C2A|z| >

a(—z)"%z% tsin(wa) 20 (—z)me
k(atk) + (—1tatk—m)(

oo 11k (1+kfm)z —14+m E(k—m
m(m+1) ( K T = + 1) mB(a,—a+m+1) b1 T CTEEE T —
+arm R =

I.(a,—a+m+1) = —

k(k—m

I.(a+1,b) z(a+0b) 3
= - for (z,a,b) € C°A|arg
_1 — DY (a+E)(a EVor L1 (—1)k)(—=1—k)(—b+1ELE) e
I.(a,b) K. 5+ (=DM) (at5)( +b+21)+2121 COMCIR(b SRz
I.(a+1,0) z(a +b)

for (z,a,b) € C3Alz| < 1

- ©  (—a—k)(a+b+k)z
Iz(a”b) Kk:1m+z(a+b)+a+l

1
C=1- — 4L1“J2
2 (K, sk +9)
1 1
¢= 9 0o 5 ((=14+(=1)%)>(14k)2+2(1+(=1)¥)k(2+k)) 1 * 2
Kk:l 3 +
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C =
Iioo 16(1—2k) k4 (29—48k+20k2) (13+32k+20k2) | -
k=1 7+16k—156k2 —384k342064k*+5632k°+3520k6
1
C = oo (1—2k)2
)2
K, S +1
k=1 (142k)2
) (771/) vzsin (%)
Z) =COS | —
v 2 am2thar(— 4 kg r(E-g)r(— g+ E+g)r(FHEry) sin2en)
[e’s) - 720 (k) (24+k) + cos (LV
| ik:l (71)"7272‘*”6111"(%7%)1"(%«}»%)sin('rru) (71)k2*1+kzul"(%+%f%)F(%+%+%)sin(ﬂu) 2
- 7L (1+k) + 7l (2+k)
1 2
T,(1-22)= eSS T E—) for (v,2) e C* A |z| < 1
= k(—1+2k)
K : +1
_ (Cith—v)(—1TktD)
k=1 4+ ==
2u4/z sin(7v) cos(mv)
_ 2
TV(2Z_1) - (—1—a(— 1tk ktac2) + o _2zCiFk—n)(Cithty) for (sz) eC /\|Z| <1
] - 2k(1+2k) + 1 |< k(—1+2k) i + 1
k=1 17z(7174(71+k)k+41/2) k=1 1+W
2k(1+2k)
271/71271/ 21/712,1/
— 2
TV(Z) - oo 7(—2+2k+;)(71+2k+u) + o 7(72+2k71é)(71+2k71/) for (V7 Z) € C /\|Z‘ >1
4k 22 (k+v) 4kz2(k—v)
Kkﬂ I CEE e C iy T Kk,l ey 1
- 4kz2 (k+v) - 4kz2(k—v)
2u—1zu
T,(z) = ——— D) forveZAv >0
|_§J . 4kz2 (k—v) +1
[< 7 —2F2k—v)(—1+2k—v)
k=1 1+ 4kz2(k—v)
U,(2) <7TV> (v + 1)zsin (7”) +
Z)=COoS|—
Y 2 iR+ g)r(3b-5)r(G+E+5)r(8+ b+ g) i)
o0 — w20 (k)T (2+k) TV
[4 - + cos (5
k=1 (71)k2*1+kr(§7% r 1+g+%)sin(m/) (72)]‘321"(%4»%7% r %+g+%)sin(m/) ( 2 )
- 7T (1+k) + 7T (2+k)
v+1 9
U,(1-2z)= ST Yy for (v,2) e C* N |z| < 1

oo E(1+2k) 1
K L TTmCirEwarEny T
k=1 14= E(1+2k) -
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(v + 1) cos(mv) sin(mv)

U (22 1) = o 2z(—1+lz—u)(§+k+u) 2(3—4(— 1+ k) ktdv(2+0))
K k(1+2k 1 2\/‘ K 2k(—1+2k) +1
ST ey T ZB—a(— 1R k+av(210))
k=1 1+W k=1 1— 2k(—112k)
VLV 2—V—2Z—IJ—2
_ 2
UV(Z) - — (—242k—v)(—142k—v) - — (Cktur)(Af2ktv) for (V’Z) eC /\‘Z| >1

oo k22 (—1+k—v) oo k22 (1+k+v)
[< k=1 1+ C2T2E—(—1F2k—v) +1 [< k=1 1+‘(2k+u>(1+2k+7) +1
4kz2(—1+k—v) 4kz2 (1+k+v)

21/ 1%
_ (=242k—v)(=142k—v)
4kz2(—14+k—v)
[< b= 1 1+( 2F2k—v)(—1+2k—v) +1
4kz2(—14+k—v)

forveZAAv>0

U,(z) =

e(b+ B) T e
— +b2fﬁ2+6_Kb+(fl)kﬂ
@r-prreo) (2 m) =t

(b2-B242¢)?

for (b, B,e) € C?

526 P 2
— S5 K for (B,e) €C
p*+ R 52 (52—ac) the o
=20\ o)

1 1
T erfe (

2 \/5>_K::’f+1
1
W
Kk:lT+1
2

log(2) = = E3
Ko tereoarcoos +2

2
log(2) = SR
Kk: 1 3(1+2k) +
1
3 J—
V2= > (—1)k+3| 52| 3 +1
K. tecomsacom *
s 2
V2= X 1ok g
K atiem

2
1/}(2)(2) S — —
K, trovcrem +5

log(2) =

+1
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k=1
1
V5 =2 K T+l
k=1
tan(1) = f{ ! +1
K Tarconv oo
tanh(1) = fo( !
-1+ 2k
k=1
2
1
m 1

6 T, L0 (—DFidkt2k?)
Kk:l : 1 +1

2 2

o o R
6 Kk 11'*‘%_'—1

6
@3) = S 6
K.\ szt +5
1
C(?’) = o0 6 +1
K, tromeree +5
1
¢3) = — +1
K“ L +
k=1 TA—(—DF) 204 (— DR (11F)

(b, e) eC?

VPO BT 42 aape5? 20 aas (~ o5
r4ﬂ<2“2“w>+W—ww—W+@

dab—4a
o2
155[;6244;/2; <_m> Ii.o< . : (
_ or (
(b—p5)2 ey Ok + (1) ek + )
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2 e
. o+ 8 s (-5 S R
e- B b-
e(b+5)1’% (2 —62(b+6)2> —e2(b+ B8)21 2 B2 e 2a(b40) ( 5 —e;(b+5)2> k=1
= K : for (a, B,¢) € C*
= or (a,f,e
\/WTZ))I% B(2a+8) ( ;f;ZBQ) el ak + (—1)k(—ak + ﬂ)
— ﬂe
Navers]
Tos2 4242 (Tﬁ)

\/WI@ 2e 1(

\/W>

2a82 5

I Nenr — 8%+ Be

872e \ 2057 - ) f }
” - 5 ak + (—1)*(ak + B) or (a,f,e) €
b2e I .
B for (a,b,e) € C*

V=bZe?I 2 5,10, ( 2_:;72292> 5 b+ ak — (71) ak

Nerr be
IW( 2ab2 )
4adb

2.2 V —b2e2
m]b2+2671<
“dab _

2ab2

)
=y —b(B +e)

2ab2

b2

o e
:5b+ak

3
(a D244 [ b) QH‘S peIgeCmetIISI I Q ({} {

2eq

_ a(\/ b2 +4e+b) }

bv/b2+4de+b2+2e
a vV 2 e
QHypergeometricPFQ <{}7 {— a( Vb7 +ae+b)

) .
—a—b= [A
2eq
b\V/b2 +4e+b24-2e 4 bv/b24+-4e+b24-2e

Pl b+ aq

» 17 by/b2+de+b2+2e

eQHypergeometricPFQ ({} {0}, % a;') -
aqQHypergeometricPFQ ({} {0}, % e ) K

for (a,e,q) € C3A0 < |q| < 1
) a3 =1

a(q%4") = (¢°4") o a f’( —2
Vi) o (%540 v ¢

o
X at Gt

s

for (a,q) € C*A0 < |q| < 1
aq”
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cos(z) =1— for z € C
2) o° m 4 1)
(Kk L=
1
cos(z) = = for z € C
k=1 1- g2
cos (E) = - < 1+f - - T +1 for 2
O L T Gt e [ e S e SR e O
k=1 s (I+H(=D*)k+z
(%) =1 - for z € C
cos(— | =1- or z
0 —(=1+42k)2((—1+2k)2 —22)
? K = omeme—— +1
2
Tz z
cos (7> =1- B ok k(AR 5 for z € C
k1 AR (142k)(2+2k)—22
[4(-14+m)] . 5 /m
cos™(z) = 1-27m22 Z (=2i +m)*(7) for m € ZNz € CAm > 0
i 2 L%(71+m)J 2
= T
1 2(1+k)(1+2k)2|— S )J (72i+7n)2k(T’)
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2y (— 21+m)2+2k(T)
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cosh(z) = = +1lforzeC
9 0 T 3AFR)(F2K) 4 1)
(K’f R Al
1
cosh(z) = ~ for z € C
o m
—ECLED. g
Kk L
cosh (LZ) =1+ 1 Ttk ; = 1tk 1 1tk : 1tk fo
2 1+ Koo —5 (DR (~142| HE ) (“1-iz42| 2 )+ 50— (=DF) (12| 1 |) (~1+izt2[ 2 ])
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& _(—142R)2((—142k)2+22)
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2
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cosh™(z) = 2722 Z (=2i+m)*(7)

i—0 .2 Zil_jo(ﬂer)J (—2i4m)2+2Fk (T)

%(—Hm)J (_2i+m)2k(T)

0o 2(1+k)(1+2k)zi|-:
1+ K 0
k=1
1

L2 > L%(*l#»m)J (—2i+mr)2+2k(7?)

+ i=0
L-14m
2(1+k)(1+2k)2i|~:20< t )J (72i+'m.)2k(7;7’)

2
Chi(z) = : — +log(z) + v for z € CAJarg(z)| <
T 2(+k)2(1+2k)
4 <Kk_1 1+ kz2 + 1)

2(1+k)2(142k)

2
Ci(z) = — : — +log(z) +v for z € CAlarg(z)| < m
4 o0 W(l;ﬂ) + 1>
(K’“ - sammiaren
Cot(z):@+,fori¢z
z z T
1 4
cot(z) = - — - for = ¢ 7
z 7r

z
for — ¢ Z
p, or — ¢
o (—142k)%- 1057
¢ W(Kkl - +1)f "¢z
cot(z) = P or —
T _ 4z Py
cot(z) = ~ Cira) g for . ¢ 7
Kk:l 6 +3
1 4
cot(z) = -

forigéz
™
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2 (Kzo—l % * 1>
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oo — 2=

2 [4 —- -3
k=1 —5—Fk
z z

3 for — ¢ 7Z
22" Ba14k) ) T

o0 (1+k)(1+2k)Bgy, 1
3 (Kk—l 1— 22232(1+k) +
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cot(z)

1 z
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cot(z) = 1

z
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3 2;'\' ¢(2k) + 1
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forzGC/\Egéz
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o0 ZQ
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4 1 )
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w (Ko, — e +
22
X Tiiak2 i
Ko =1 i
th(z) = Txk=Ll 1 for = ¢ 7
coth(z) . or — ¢
0o (—1+2k) 41657
R ) I
t = —
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4z s .
== _|_ a
coth(z) = ( sz);mzz for £ ¢7
o0 — o2 3 s
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4z 1 12
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o
n? (Kk_l e 1)
1 z 1z
coth(z) = — — - 5 for — ¢ 7
z = ™
2 Kk:l 5= 3
z 1 1z
coth(z) = T + . for - ¢ 7

S T (Afk)(112k)Bay
3 (Kk 222 By (14 1) +1

-
LR eERoIeE=10y: s

1 >, 1 1z
Coth<): ———— 4 zfor — ¢7Z
i (142k)2 v
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2 K gy 1

w4 _ 1+2k + w4
coth( ) = b=l for — ¢ Z
2 Tz 2
z 1 1z
coth(z) = +-—forzeCA—=¢7Z
24&2(1%)) z T
<(2k)
Kk 11— 2<<2<1+k>) +1
72¢(2k)
z 1 z
cse(z) = = +—for —¢7Z
© 2(1+k) (3+2Kk) 22 z @
6 = ——§tl
k=1 172(1+k)(3+2k)
1 1 z
csc(z) = - — +—for — ¢Z
1—(—Dk4r | (m143(-DF42(-1)kk)= z s
- KOO kT (€3] €23 — 241
k=1 1+(—1)k +(1—3(—1)k—2(—1)kk)z T
27k AFR)2FR)™
1 1 z
cse(z) = - - +—for —¢7Z
o L(142k42k2—(—1)k(142k))4 CIHEDIE2EDE)E =7
T Kk*l 1 k2= B
- e
z 1 z
cse(z) = ETRw +-—forzeCA=¢17Z
(142 )22¢(2(1+K)) z s
o0 2(—2+4k)n2¢(2k)
6 Kk:]. 1(4 (—2+41+k)z2<(2(1+k)) + 1
4 (—2+4k)w2¢(2k)
1 z 1z
csch(z) = — — for e CA—¢Z
z 0 2(1+k)(d+2k) 22 g
6 T, 22 + 6 +
k=1 1+2(1+k)(3+2k)
1 ) 1z
csch(z) = —+ - - for ze CA— ¢ Z
z o =& 1)k+k+ i(=14+3(=DF+2(-1)F k)= ) ™
T (1+k)(2+k)m _ 1z +1
k=1 14(— 1)k+ (1-3(-1k—2(-1)Fk)2 ™
2Fk (AFk)(2Fk)T
1 ) ¥
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(—1—(—1)k+2(—1)’“(1+k))z

e* l (00 2k (11 k)
k=1 1

+1> .
forzE(C/\Egél
T

csch(z) =
z
1 z 12
csch(z) = o R aaT) for z € CA - ¢ 7
e 2(—2+4k)x2¢(2k)
6 (Kk_l 1 (2441HF)22¢2(14k)) + 1)
4(—2+4k)x2¢(2k)
z
F(z) = T for z € C
_ —ifdaR?
Kk:l 1 +1
F(z) = 4,5 for 2 € C
oo —1+4k2 2
K., 22
F(z) = 222 for z € C
0 1+2k
Kk 11-22 +1
0 1
755(23 + 36k) (k mod 5) + 3=(3 + 16k)((1 + k) mod 5) + 12= (49 + 108k)((2 + k) mod 5) — 9= (11

k=1 250

" 1
e =
,l/Sl { 2(17'%) (k mod 3) =
1 (otherwise)
1
€= oo (—1)i+k +1
Kk:l IH(=1)MF =3 (1+(=1)1+F) (1+k)
[es} 1 —1+k
- K k< 3 myp T
polh +a (= (=D")k
2
e= = i +1
Kk:l 2128 T 1
1
SR R
= ! +2
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k=1 1
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k=1
] 1 1
S
€ Kk 1E+1
e _9 1
_ - © _1-k
e—1 Kk13+k +3
e 1

- o 1 —1)EY+L(1—(—
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1+e
K 1+2k

> 1
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>
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—
—

+
N
—
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1
+1

1 oo
Je—1 K L ((9—8k)(k mod 3) + (9 + 4k)((1 + k) mod 3) + (9 + 16k)((2 + k) mod 3))

1

(21 + F)(k mod 3) 1 (—1+ 8K)((1 + F) mod 3) & (5 — 4K)((2 + K) mod 3)) |

T
E(z) = (—3_4(—24k)k)= )

(o)
2 <|< S—: S
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zlog(z) z (14 2y + 2O (3
B = - 5e) ( (1)

o B (1-212z(—1-2048) 1 +20) (O (S 4k ) +20+8) 1428w (O (148) )
e (ETHP /& (D R)

= M Kkzl . (1—2k)2z(—1—2(1+k)(1+2k)w(0>(%+k>+2(1+k)(1+2k)w(0)(1+k)) -
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2(1—cq—1FF)(1—cqk 2(1—cq=1+F)(1—cqF)
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201(a, qicq; q,2) =

(1-1c)q
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&q(a +d)< aqvq) 00 qu
(g +d) (—%:¢%) _a:,ﬁaﬂqk for (a,d,q) € C* N0 < q| <1

0 (40*) o0 (6*%0*) o0 (471 0%) o0 > a%qrtk
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by —V& Jq; 0

Va(-vava), + (Va ﬁw%ﬁfbf}( — 0 for (bq) € C2A0 < Jg| < 1

(_w;\/a)oo_(w;\/a)oo 1b b +

124



b(¢*?%¢") = (¢°*1¢*) = - b
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a2 ; 4 o b2 : 4 oo 00 (b—aq—112k)(a—bg—112k) _ ' Yy
(624; %) oo (0%¢; ") K, e ab+ 1

(0%6%) 00 (6% 6%) 00 (473 4%) 0 {5 q 1 F2F

= +1lforge CAlql <1
(6%) o0 (0%50%) 00 (0% ¢%) 0 N 1+ % K l

125



2k

+g+1lforgeCAlgl<1

(7% 0°) o0 (6% 0%) o _ I°°< q
k=1 1

(454%) o0 (475 ¢%) oo +qirn
(=5 @)oo (b3 @)oo — (@ 9) o0 (=D ) o a—b
= — . y for (a,b,q) € C3A|q| < 1
(@ Qo (b Do + (—a: @)oo (bia)oe [ Lt GbRag) ot g4y (@5,9) d

(@5 @)oo (b3 Qoo _ f‘{ —qF (=1 + ag®) (=14 bg") (—c + abg®)
(04; oo (bg3 @)oo £X% 1= bg* — cg* + agk (=1 + bg"(1 + q))

+a(bg+b—1)—b—c+1 for (a,b,q) € C3/

(=4 =0 — (G =)o) (6% ¢") 0 1-gq

2 _ 3. 42 - &S] Ak (1 _gdk)(1—g—1+4k)(1—gl+4k
(1 Q)q ((] ' q )oo Kk:l ql_él+fk(1)iqfq2)+qz)+(8k(3+q4)) + qﬁ - q3 —qg+1

for g € CA|q| <

1

KOO — 1A= (=1)F) gk + L (1+(—1)*)g/2(1—g*/2)
k=1 1

(=4 @) (0% ¢°) 0 = for ¢ € CAlq| < 1

+1

(q2;q2)oo_ 1
:62) oo - 0o —L(1—(=1)k)gk+1(14+(—1)k)gk/2(1—qk/2
(¢:4?) K=, 10094+ 304D (-=a2) 4

for g € CAJq| < 1

(=4 9") 1 g Crl <1
ot = o  L(1_(—1)F)g—i+2hi 1 — : — or q ql <
o) R HCIC T DGy

Va((aia') ) ? Vi
() <)? R s

het (—q)rey 47T 1

forge CAlgl <1

(=69)s0)” = (¢ @)0) ® 2q

e 2 . 2 00 14k k)2
(g 0)ee)* +((G0))? ™ 0 g4

forge CAlgl <1

.2 2
(~4:¢%) o0 = (4:¢%) 4
_ forge CA|ql <1
(—4:4%) 0o + (¢ 4%) Kzlﬁ%_q2+l ' !
\3/(j(q;q6)oo(q5;q6)°°_ V4 forqe CAlgl <1
(0% 4°) ) 2 Ko, &5 +1

126



o) > —q
= +qg+1lforgeCAlgl <1
(0% ¢%) o (476 ¢20) oo kI:<1 1+ q+ gtk q q lq|

+1lforgeCAlql <1

(-¢%¢%) o (-0% %) o _ I°°< —q+q¢*

(0% 00 (—07¢%) X% 144

.8 7.8
\/Qg%(;)oo(gy;])oo: — \/a forge CAlgl <1
(@%4%) 0 (6% ¢°) o Kk 11+q1+2k+Q+1
VI (36%) = (0730%) o _ V4 for g € CAlg| < 1
3. 48 5.8 00 L(14(=1)k)g2k+1(1—(=1)*)(gF+¢2%)
(4% ¢%) 0 (4% %) o0 K2 it 1 |
d(b+\/W)(1/174—L'§+1>q (b—Vb7F4e) /eq 4
5 d 2¢ . oy ev/cq
(V b* +de+b+ 2\/@) 201 ( 2(2e+b(b+vb2+4e))yeqg d(\/l,%,l) ’ 2e i d(b+\/b2+4e)(,/17%‘
296 d(b+v7Fae) (/1 4CE+1) 9eq (b—\/b2+4e)q\/@.q B de /cq
ZPLN T 2(2etb(b+ Vo2 tae) ) Veg (\/1 dce 1> 2e T d(b+M)(\/lf%+l>

(b+/cq) 101 (d‘{?;—“?;q, qu)
1¢ ( be q\é@;Q7 q\i@)

00 d k 2k
-K % for (b,¢,d,q) € CIA0 < |g < 1
k=1

_2e ¢ _ 2 _ 2eq I ok
Ve T0) 191 (— 80 e . b—Ke+cq

7 for (b,c,e,q) € C*A0 < |q| < 1

_ca®. 0 g2 —— 2eq®
1¢1( e ;0597 b2+\/m1)+26) k=1

cq2QHypergeometricPFQ ({}7 {0}, a2, %‘5)

bQHypergeometricPFQ ({}a {0}, ¢, %4)

o0
K for (byc,q) €CAO < |g| < 1

b((a3 ) )3 > b2gk + b2¢2k
M,b:KMfor(aq)eCMOdql<1

(¢:¢?) oo o b
b((qB;qlﬁ) 00)2 00 b2qk+bzq2k
b= —————for (b,q) e C2 N0 < |¢| <1
(4:6°) o (¢°: ¢°) ,51 b b:9) 4

127



5 1oq 5 d(b+\/b?+4e)(1 /17%+1)q
<a (b (er b) + 26) (\/ = 1= 1) + 2cq (V b? 4 de + b)) 201 <a(25+b(b+M))(\/‘f§+1—1) ’ X

T8 (B 1) (T B

2e+b(b+vETae) ) (/i +1-1) " d((/1-25 1) a2

[4c 2d . 2¢ . “(\/ %“—1)
(ab < TQq +1-— 1) + 2cq> 1¢1 (ab<\/tczqq+11) 5 a(bfb\/%+1) 4, 2b ) , 0o qu 4 cq2k
Ca—b— L
[4c 2d . 2¢q? . “q(\/ %“*1) k=1
a( a2q+1—1> 1¢1 (ab(%‘g’ill)’a(bb\/q‘fg’Jrl)’q, 2b )

b( o(/EFin) q> , ( g _o(/FO0) <ﬁ>)
— o ; oo 191 (\/m_ >a7 2b » 4 2b
ab —z 1

= —_ ]
(aq(,/tﬁ}+l+1) q) 1¢1 ( 2dg ) aq(,/%+l+l) ) (Lq(,/icgq—kl—l)) k=1 b+(lqk
) oo ab<

25 = » T 25 145 20
/%_Q

c+d 00 qu
—a—b= Ki
(UL (D) (W) ), ) AN
bl =54 | oo | =z 34 | o 102 | — s S = I 0
— + %1
(W)q> . (_a(ﬁ“fgm) ;q> o (_E;W“agﬂ—l) RCE D) q> ’
2b 2b 00 ok

; <a(,/f§+11).q> (_a(,/trerlJrl)'q)
¢ <a<1/4{1€2q+11) ) aq(«/%+1fl) ) aq(,/tczq+1+1)> (aq(\/%l) q) - L b+ aqkf O
1¥P1 - ) [e%e]

20 ) 2 45 25 25

2 2 4cq _ 5 2/=ce(b+Vb2+4e)q s
(a (bVD? + e + b? + 2¢) (\/ a1 1) +2¢q (VD +4e+b)) 201 <a(ze+b(b+¢m))(ﬁ;+l_1)’ﬁ

2 4eq _ 2v/—ce(b+vb?+4e)q cq . 2¢(b-
a (m-l-b) <m 1> 201 (a(2e+b(b+\/m»(\/4ﬁz+l_l) ’ /—ce’ (2ot b (b7

o 211~
<“b (\/% 1> + 20q> 11 (0; o0 i;(icqﬂ) 14 (@ 1)> N
a —\/ 3z 0o
> _ —a—b= K qu - for (a,b,¢,q) €
- /5)

128




2. 00 k —1+2k 2 2(,2
V) o (VIS o KCO+C1q + g for 0= —2 pe1=-2 (u

B (uv — 1) (q3/2u2, q2) . ( 3/292; ¢ Pl a+ agk (uv —1)2 Va(uw -
a((4:4%) ) 2 > c0 — 2c0g~ 3 +F 4 c0g~ 12k a®
((a:9 )2002 Z—a:KC ! kc a for 00:7\/62/\(a,00,q)€@3/\0<|q|<
(1—va) ((¢% %) ) P a+aq (Vi1
a(g:¢%) ror —aq R >
——— —a = ———— for (a,q) e C° N0 < |q| < 1
53 K ; :
(6% ¢%) iy ataq
. v(au(q+1) +b(q+1)+cv)
c (#,Q)O@ Oo 201 ( q+ Luv, — a(q+1) ) qil7q7 cv . f.o{ clg® + c2¢?* + ¢3
—a—b—c =
249 k
(qfl;q)oo Oo 21 ((q + 1)u v(au(Q+1l3(qJ:_1(;1+1)+cv)7 q(fﬁq’ %) Pl c+ bgk + ¢
(q(1 —u) + 1)(a — cq(g + 1)v)(a(qu + g + 1) + q(g + Du(b + cqv))
0q? (v3q)oo ((LUZEEIN=20) oy (G ,— (aHLo(ataulbbonn)) gqulzbogan)a g g
qq+1u2 a—02q+1 _ cqu cq?u cqu
( ) ( ( )) (qﬂ;q)oo(qu(_b;zqv)_a'»Q) 2¢2 qu (q+1)v(a+(q];t(b+rqv)) qu(— bcq:w) a’qv;q’ Cuq2a CW)
q+1 " q+1
. at(g+1)u(btcv), (at+(g+Du(btev)) . +(g+Du(btcv),
(03 0)o (- SRR ) a0n (- eteieined) o, el g, ) b
—a—b—c =
1u(b+e . b-ct
(i) (R ) aty (-2, g g, R )
v. _atbtbg _w
c(q,Q>oo< qctc q»Q) B I?O<C]‘qk+
—a—b—c =
b+b b b+b
(v;q) (—Q(‘qujl)q) _ U;q) 22 (_v(aqﬂqZ;g( atev)) oy, —q(iéﬂ)” — g, qﬁic) I
. a+b+bg+cu+tcqu
C(U q) ( c(g+1) 7q>oo b — :fo( Clqk + C2q2/€ + C3q3k =+ C4q
b B k 2k
(]'LL q o0 q+1 u’q> 2¢1( Mvuﬁqu;qvﬁ) k=1 C+bq +aq

)oo Ep(q-s-l ) b Ii“’( clg® + c2¢%* + c3¢%F + cag?®

Du(b
T k 2k for <:1=—C(a+(q+ Jul JrCu))/\c2
(9w @)oo 2zt ) b=l ¢+bg" +ag (g + Du
°°(bc+1 ) > clgh + c2¢%* + e3¢k + cdgt* blg+1)(bc+b
@ —a—b—c:KCq —l—cqbz—cq%—&—cq forclz—c(a+ I§q+ J(be+ ))/\02:
bqqoo(bcqﬂ),q) k=1 ¢+0q" +aq q(q+1)

129



(b\/E‘FC"'d) QFl( % s 5

dfx/m_i_l d+\/d2 4ce+1 fb+36+d 1

d—+/d?—4ce d+v/dZ—4ce. \/cb+ctd, l)
; c > dk k2
¢ 2 K€+ TN for (be,d,e) € C
Ve Fy ( ' 2) b=l

Ve . +c 3
: c+d Jarrserd 1\ b= [A — for (b,c,d) € C
( ’ 2c 5) k=1

(b++/c) 2F1< — ZCE;%(%—&—l);%
2Py (o + 1L, (L1 3) 1)

oo 2
K€+Ck for (b,c,e) € C?

24/c > ﬁ
¢(0) (i (%—Fl))—w(o) (i (%4—3)) —5—5 2 for (b,c) € C?

a“+4c)(c+d \/ 2bc—a(c+d))
(\/:( )( )—a(c+d)+2bc> oF) (d ;lzc 4ce’d+ gzc 4ce. é(g—’_ 2+4( 41 7%

2o F) <d—¢m+1 LT |, %(ﬁ m@ff alerd) >%( m)>

all 2(\/ea2+d2—d) 4 /ea2+d2 +1 2ab+4d _1 2y
- > e+ dk — vk )
—b:Kifor(a b,d,e) €C
o (2(%“2;;‘12 d) +1, WETEE | 2ebidd 1> py btak
a“+4c)(c+d
\/ 2+4c( . )( ) _ CL(C+ d) + 2bc p= Ii°0< dk + ck? or
VI JE —22_ (2bc—a(c+d)) 3 el b+ ak
2co Fy dfzcd +1, d+2cd + 1;% %_1_ a?tac — +3 ;% (1 _ \/E) -
1_ 2(abt2d) " k2
ae a2 dk — &5
-b= — fi b,d) € C?
2F, s (248444 ) ;51 prar o (@bd)e

a

2
—ce “ce i C(2bc7ac) o -
2¢:2F1<1 ﬁ\ﬁH;(deH);;(l@)) i

130

o/ gz (a®+4e . —22_(2bc—ac
(““’()acwbc) 2F) ( - g (ﬁ( )+1> (- +4)>
b= |<




_ ai" \/ﬁ —b: K
Vit (K (-9 - Ky (-d) =

a

22 (2bc—ac
2c2ky <1,1;§ (W +3> ;%(1 - «/ach@))

ﬁ for (a,b,e) € C3
00 2
—b= o for (a,b,c) € C?
Pl b+ ak

a@li%b b :F.O{ _ianQ £ ( b) c (CQ
B b= or (a,
2 (Chi (%2 — 1) +Shi (1 - %)) kot bak
(Ve K K or (be) € C
tan! (/) N b+ 20k ’
(@(a?u)(wd) _ a(c+d)> P (d\/324ce7 d+\/g’274ce;% <zl — az*ic(c+d) + 1) i3 (1 - a2aj4c>
(AT, ST L 41
\/27@2 a a :Re—i_dkk_v“l for(a,d,e)e(cli
w (A s ) B
a? a?+4c)(c+d
VAR e f{dk+ck2 for (a,0,d)
= r (a,cC
az k ) )
d—V& V@ | 1.1 [ d Prae (et 1 a? =10
282F1< 2o+ 1, L +1’;<C_+C+3 ’5(1 “2+4°>
1_4d 00 a’k?
ae’ o dk — 5
— for (a,d) € C?
2E1_4d (47 — 1) ;c[/:<1 ak
2 2
-\ ot (a%+H4e) —ce /—ce.1 a? 1 a?
(A ) (-, (- D) (- V)
=K for (a,c,e)




aZe Va2e 2 9
_ v = for (a,e) € C
2¢ | K -\ _ kg 1 11/51 ak (o)
Vate (K 2y (~3) ~K 213 (~3)

cy/ 2j4c (a +4c) ~ac Ck2
2coFy (1,1;%(3—1/#@);%(1_ /ar"aiJilc)) 11/5 ak

for (a,c) € C?

ea 00 _la2k2
SO TSmm) — K e fracC
(Chi(—1) +Shi(1)) N a
137
. 2 (=f — v —log(2m
RamanujanTauTheta(z) = (% f ) for z € CAlz| < 1
(=1)Fk229(2k) (6)
ko (2(—1t+k
o (1+2k>!(517,€10g(2w)+W) )
[ (kzl 1_ (=1)k 2242 (6) +
— k
(1+2k)!(61_klog(2w)+w>
a+z+1 a+z

for (a,z) € C?

- > a(l+k)+z
b K S ]

224241 z . cC
= or z
2 _ oo k+
z z4+1 |:<k:173+kz+z+z—3
342241
Zert = id for € C

—1)3 — o0 k+z
(z—183+2(z-1)+1 Kk:1 _4:k+z_|_z_

-L o ____etdk
bi K ulzlrkiv)(ktv) 1+k+v)(k+v) for (b,d, e, u,v) € C®

; b2u k=1

=] ¢
” u(—1+k+v)(k+v) 4
w1kt (k) g b,d,u,v) € C
p e Rl (G (bee)

b= wfor(b)&u,v)e(c‘l

\/a’UIrU (z{;) k=1 b
be | g;i+1;i o _etdk
€17 (ed b2 . 22) _p= K kOAR) for (b,d,e) e C3
diFy (§— 1455 52) i b



C

I (2f> k=1
d
d =32 da d d 5 % 2
o(5) err (o) -o- K or e
d—p2 /42 =4ce d2—dce 124 g /ﬁ(c(m
b <_d matte 200\ et — O\ g Tt d> 21 ( e \/T;C : <(5 S
db74ceub2+2c+d7% <d 4V ub2+4c(i( v—1)—d) +3> ;%

1b2k2

bU <2 ( e + u) \/ 4u2 + ’b2 +2v— 1) o0 e+dk
K 1+k+v)(k+v) for (b,d, e, u
LAy 5y + 55 + 1, + 20— 1> k=1

7d\/ b2b LL +26”\/bzfr4c 76\/ b2lff4c +etd
b 7\/71&@2”#(1 42 ub242c4d \/1727”0:(27) 1)—d) v
20/ stz Vataz | greiide s )i (- 5E) -
K ulz
v k=1
4d dk— b2 k%u
be—m—21;+l [ee) 74—
— —_b= K % for (b, d,u,v) € C*
2B, (55 +20—1) o
b2 \/ 7 U b\/— ALCEQU‘ 1 b2 L1 b2
b <2U\/b2u+4c \/b2ur4c + 1) 2F1 <_ = ) (\/E(QU - 1) + 1) I (1 - ub2r4c)
V2= fzu /g ub? b2 b2
2v v/ b2u+4c 2 (1 - o —, > - + 1;% ( ub2+u4c(2 1)+ 3) ’% ( N ub2j:4c)
/ _1 _1 e—1b2k%u
’ ( VA (v )+K1 - (v 2)>bfo<lwrv)(k+v) for(beuv)G(C4
1 1 b T
v(K2 —, e £ <v—§>)
b2u 2
b (2”\/b2u+4c \/b2u+4c + 1) . P"’{ MCTER R g0 (o gy )
- b b b b

/ 1 b2u 1 [ b2u
2v b2u+4c 2F1 (1’ 1’ 2 (\/?—&4(‘(2 ) + 3) ' 2 ( - ub2+4c)) k=1

133



be! 72 f"(_mﬁzmmn(b v) € C?
20(Chi(2v — 1) + Shi(1 — 2v))

k=1
d2—dce d2 —4ce b2y
bce o F d*\/ wz_ d+\/ Wz %, \/ub2+4 ctetd—dy hov 1 1 2w
2F1 2¢c ) 2¢ ) 2¢ 12 T 2\ ub?+4c

2_ CC 2 ce c—
(c—d) (b2u(\/ Putdc )+4C\/ +4c) 2Fl<zc+d2cd"; = e . u§2+4c >7%

eub24d2 _ P 2
2(71\/ w2 d) b2+4 eub 2+d

u
26U 2w ) b2 ) bz + 1 - e+dk—ib2k2u
b= — for (b,d,e,u) € C*
b242d—2 \/Eub2+d2 b2+4\/cub2+d2 b R
bulU [ —= ; Ad 4 q k=1
U b2u 9 Y b2y

ce
e %1 b2 L1 b2
2b62F1 ( 7%1,47 c ) ( ub2ﬁ4c + 1) ' 2 (1 - ub2ﬁ4c)>

2 [ bPu ohy/masu /s g v2u  1).1 (1 _ b2y
(b u( b2u+4c 1) +4c b2u+4c> 21 < c ’ c ]" 2 ub?+4c 1 ’ 2 1 ub?+4c

(B )iy O (B B) e
B oy — = ta — K % for (b,e,u) S CB
u\/%ie <K2\/¥ (%) _K2 bic_‘r (%))

D=

1
b2 2 b2

Ve L\ L S )
b(tanl(\/bé) 1=K for (b,c) € C

N

e

ct+d—+/(c— c c—d)2 2¢—y/ 2b2 d+d
QbCQFl ( +d \2/0( d)2 +d+\/( d)z. bs+4c .

)
’ 2c ’ 2c ’ 2 b2+4c 0o
c+
/ [ b2 —b= K b
b2 ( b2+4c 1) +4c 2 +dc k=1

2det® B_yy (#)
b

for (b, d,c) € C?

[e%s) b2
-+
—b=IK ——% for (b,d) € C?
k}:(l . (b,d)

Ealis®



Z9? (3)

zzw<2(1+k))(

D
1
8(3+5k+2k2)p(2K) (

“2y 00 (1

2

ot
(

8(3+5k+2k2)w(2M) (1)

2
sec(z) = -

22
9 o AR (At2R)
I(k:l - 2

AT (TT2R)

2
22+1>

22(Li_ g (—i)—Li_op(4))

1+ KIOO 2k(—1+2k)(Lig_o (—%)—Lig_o% (1)
k=1 q_ 22(Li_gp (—i)—Li_gy (i)

2k(—1+2k)(Lig_gp(—) —Lig_9% (3))

+2 4 1)
1
sech(z) =

2% (Li_gp (=) —Li_gg (4)

sec(z) = !

2
sech(z) =1— :

=22
) 0 3(1+k) (1F2Kk)
I(k:l I s

2(T+k)(1+2k)

T 2R(—142k)(Lig_gk (—i)—Lig_og ()
1t 22(Li_op (—i)—Li_op (4)
2k(—1+2k)(Lig gy (=) —Lig_ 2k (7))

D

3
sin(z) =z — &

5o 22
6 2(1+k)(3F2Kk)
I(k:l 1— 2

S(OFF) (BF2R)

sin(z) z

- .2
o] YNGR
| ( 2k(1+222k) 1
k=1 1- Sk(1+2k)

sin(z) = z

1— z

—-z

o

> c+
_b:K .

k=1

(log(ﬂ) — ) (i)) for z € CAlz| < %

for (b,c) € C?

z 1
1 f CAN=—-=¢7Z
41 for z € - 2¢

1
forzE(C/\i—fgéZ
T 2

1 iz
f CAN—=4+—¢7Z
or z € 2+ﬂ_¢
1 4

z
£ _ 4247
or z€ CA 2+ ¢

for € C

for z € C

1-(—Dk4r | (m143(=DF+2(-1)Fkk)=
T | < oo 2tk + [EEDICEIDES
k=1

11—k | (1=3(-DF—2(—1)Fkk)z
PES T AFR TR~

135

for z € C
+1



z

sin(z)=z1- ( - o for z € C
00 L(142k+2k2—(—1)k(142k))4 T HEDTA2EDTR)
m <Kk_1 : %(1+(_1)k_%) : +1
. z
sin(z) = e N for z€ C

o 2k (142k) 22 2
Kkzl 30k ok 22 2 10

Sln(ﬂ-Z) = 1 1+k 1+:: 1 1+k 1+k J’»l for z 6 C
R Gl (I 1 G ) YO e [
k=1 (I (=DF)+=
sin(mz) 22
=1— = for € C
_k2(k2_22)
e Kk:l 1+2k(1+k)—2> +1
sin (%) 1 — 22
L Yo ®  _2k(112k)((1+2K)2—27) +lforzeC
k—1 (112k)2+(2+2Kk)(3+2k)—22
1
sinc(z) = - for z € C
e 2k(1f2k)
R |
Kk:l - sy
1— |_l(—1+m)J ) .
sin™(z) = 27" )iz (=1)'(=2i 4+ m)" () for m € ZAz € CAm > 0
L—i4m
22(2(—1+k)+7n)12i|-:20( t )J (—1)'i(—2i+1n)2k'+7"(7?)
[f¢-14m| ,
o (2k+m)t S - (—1)i(=2itm)2(=THk)+m (m
m! Kk—l : Ll(—1+m)J ( ) +1
- 22(2(—1+k)+m) T2 (—D)i(—2i4+m)2htm (™)

(2k+m)1'S I—%O(_HM)J (—l)i(72i+m)2(*1+k)+mr(7’?)

i=

sinh — si 222
e nlrs) g
sin(7z) + sinh(7z Kk:l s
53
sinh(z) = = +zforzeC
6 o© T 3Tk (BF2k) + 1)
(Kk—l I o e
sinh(z) = & for z € C

oo — 2
| < 2k(142k
- 2 - 1

k=1 1+ 2k(f+2k)

136



. ¥
sinh(z) =z | 1— for z € C
17(—1)k+k+ i(=143(=DF+2(-Dkk)=

o0
[EROICEIL:
m 1+Kk=1 1+ (—nk | i(1-3(=DF-2(-DFk)=
2+k + (I+k)(2+k)7T

1z
sinh(z) =z |1— : - - for z € C
1+ K 1 (12K 42k — (~ 1)k (14 2k)) DT CDRR):
k=1 %(1+( 1)k 2i(7771)kz)

—Zz

e “z

sinh(z) = e eI for z € C
| (00 Sk(1+F) +1
k=1 1
. z
sinh(z) = N = for z € C
- |< o —2k(1+42k)22 2
re1 2(04k)(3+2k)+22 +22+6
4 2
sinh(7z) z
— = T +1forzeC
K k1 1F2R(1TF) 22
; Tz 2
51nh(2): >+ 1 +1for z € C
2 KOO —2k(1+2k) ((1+2k)2+22)
k1 (IF2k)ZF(2+2F)(3+2k) 1 22
1-m Lm L (=1+m) J m
inh™ (2) = 2 2iZo (1) (=20 +m)" (> for m € Zhnz € CAm > 0
sinh™(z) = ] or m 2
22— 1R +m) DY (—1)i(—2itm)2h+m ()
ml Koo (2k+m)vz|—_20( m)J (71)i(72i+'m)2(’1+k)+m(T’) 1
: k=1 [$-1+m)| m
22 (2(—14k)+m)! T 5 (,1)1(,21+m)2k+m(i)
(%er)!zlfo(’l*’")J (,1)11(,2i+m)2(—1+k)+m(T)
. z
Shi(z) = e TP for z € C
2k(142k)2
Kk 17_ (=202 +1
2k(142k)2
. z
Si(z) = e TS for z € C
2k(142k)2
Kk:1 14 0=2k)=2 +1
2k(142k)2
) \/77.(.271/71211
Ju(2) =

1 1
for (v,z) € C*A- <V+2€Z/\1/+2§0)

= 2
v d) (K 2o )

2k(1F2k+2v)

137



ol i/m(=2)" 2
Jv(2) I‘(é—l/)<Kzo_1W+l)

2k(—1+2k—2v)

1 1
fOrZE(C/\V+§ cZNhv < —3

Ju(2) z

1 1
- = fOI‘(l/,Z)G(C2/\—|(V—|-EZ/\V—|-<O>
dv=1(2) K e T2+ 2 2

];+(1z(§) = i - for (v,z) € C?
v o 4 Ttktv) (S +ktv
ev+3) | K, ()G |y
jVJrl(Z) _ <

= _ for (v, z) € C?
- X z(242k+2v) . ’
.]l/(z) k k:1m+2y—12+3

Jus1(2) o] ) ( 1 1 )
= —— for (v,z2) eC* A= v+ =-€ZAv+ =<0
7(2) A pEIEST (v,2) 5 5

I (21 ) 1 1

.j ((ZQ\/\?)Z = iz 1fOY(V,Z)ECQ/\—\(V+2€Z/\V+2§0>
Jv-12tV2 Kk 1 +k+ Trts

2V 5 —v—1 271/71 : v

() = sec(mv) VT B T sm(m/)

for
v (K 2 ) e d) (K, 2 )

2k(—1+2k e k=1 1- m
2v (v — L)lp=v-t 27z log (£ 2
yu(Z) == 1(+u )7 + - L -
ﬁ ( k:21 2k(1— zk+2u) + 1) ﬁ (V + %>| (K 2k(1+2k+2u)

+1
BT geor =) k=1 1—serromrey \/7?(1/+ %)I |< ;

—v—1 o v . V. v
hD () = VT2 (1 —idtan(nv))z i/T2 sec(m/)

for (v, z) € C*A-
ro+d) (K 2 1) ri-0) (K, 2 )

2k(1F2k+20) k=1 1— h(— 1+2k 20

138



2V (v —3)lz7vt 2777 2v (7 + 2ilog (%)) i

h(1)<z) = 1, 2 + 2 -
T —aTV 2k(1—2k+2v) + 1) T (v + 1 ' < oo 2k (1+2k+2v) + 1) |
\F( F=1 g VEs) Kk:l 1 s VT (v +3)! K
: v —v—1 —v—1 ] v
B (2) = i4/m2" sec(mv)z . N /2 1+ ztangrz/))z for (v, 2) € C2A-
r(L_y, © _mEommm 41\ p(y4d o _mmEEEEy 4 g
(z-7) (Kk:l = (v+3) Kk:l L sarTe
i2Y (v — 4)lzvt 271z (7 — 2ilog (2 i2”
h? () = (v—3) I ( () I

1 22 22
—5+V —sEa—sETan d H2v
(K oo ) e i) (K, 2 4 O
k=1 1+ opa=srsan k=1 1-sratortom ﬁ(y 4+ %)' |/<

k

e
\/EzK +1for z € CAlarg(z)| <=

o5 2 — 22 T ™
\/E:K 5 +zforz€(C/\f§<arg(z)§§

0oz
\/z+1:2K%—|—1forze(C/\|arg(z—|—l)|<7r

+1lforze CAlarg(z+1)| <m

V7 g = Y +a for (z,y) € C?A|arg (2% +y)| <7

o0 y((=DF+2| - ])
Kkzl D e C0R Az T 2%

m:++xf0r (x,y)ecz/\|arg(as2+y)| <7

Ky 220

1 2K
vz+1+4+1 z

=l

for ze CAlarg(z+1)| <

139



22(z+1) _ Ii“( z2(1+ 2)
1

_— forze CAlarg(z+1)| <7
(2z+1)2+1 ;2% lore )

2z " 2z
= Z for (b,z) € C?
(Ere) B
2e P
— for (e,z) € C?
z<\/%+1) k=1
(a5 o/ — 5 ) ( a (kmod2)=1
afB+a+ — GhterE —abta— o =
(aﬂ+a+b)2 b (kj mod 2) =0 4
= f b,a,B) € CA 1-
%0 kI:{l{ o (hmod) =1 r(@baf) e
B (kmod2)=0
(aB+a+0b)\/1— 1% —af+a—b 2 1 2
ik g ko ) £ ML R mod D) gy e il
a Y a(k mod 2) + B((1 + k) mod 2)
(aﬂ+2a)\/%_aﬁ 00 a 4a?
- f K 1-
20 5a(k’mod2)+ﬁ((l+k) mod 2) o (a,a,,B)E(C/\arg( (2a + a
—a2+(a2+a+b)\/1—2j2+a—b 00
(a2 +a+b) :Ka(km0d2)+b((1+/€) mod 2) for (a,b,a) € C3A arg(
2« pallcy @
a (kmod3)=1
— { b (kmod3)=2
(a,é’v—i—aﬁ-i—bv—l—ac)\/ww+1—a5’)’+a5—b7+0¢(_0)_f"( c (k;mod3)=0 f
2(af +b) Ea a (kmod3)=1
{ B (kmod3)=2
v (kmod3)=0

4abc
(afy +aB + by + o)\ / GrrTaptinrasz + 1 — aby+aB — by + a(—c) :Ij’°< &(a+4b—2¢)(k mod 3) +
2(af +b) X S(a+48 —27)(k mod 3) +

3

—(a(a—i—ﬁ—i—v)—i—ab”y)\/m+1+aa+aﬂv—aﬁ+a~y

> a
a 2(af +a) :]5 a (kmod3)=1 f
{ B (kmod3)=2
v (kmod3) =0

140



a (kmod3)=1
_ { b (kmod3)=2
a (-0 + (@ +atbto)[omlrm tltab-c) < * ¢ (kmod3)=0

= fi b
20+ D) ;Sl o or (a,b,¢,a

(a’(ﬁfy + C) + b(yé + d) + a(ﬂ’y(s + o + Bd))\/l - (aﬂvziJraﬁeracillzz%ideracSJraﬁd)2 + a(ﬁV + C) - b(75 + d)
2(afBy + by + ac)

(a(By +c) +b(yd + d) 4+ a(By0 + b + 5d))\/1 - (ozB'y6+a,@'y-‘,—aci%i?i—bd-{-ac&-{-aﬁd)2 +a(By +c) = b(yd + d)
2(afy + by + ac)

(2a% + a(a+7) (B +8) + aByd) \/1 ~ Geraer T — @la(B +8) + B8) +ala+ By) —ala+1
2(a(a +7) + apy)

(a (a2 + c) +b (aQ + d) + a? (aQ +c+ d)) \/1 — (a(a2+c)+b(a24-fs)cia2(a2+c+d))2 +a (a2 + c) - (oé2 + d) .

2a0(a2 +b+c¢)

(c(d(ae +a) + ae) + (10 +d) + (a + b)(10¢ + de + 1))\ TrTarrarraeTTar T L LTI eI

2(afByd + byd 4 bd + acd + afd)

141



4abcde

(C((S(O[G + a) + 0[6) + aﬁ('y(S + d) + (QB + b) (766 + de + ’ye))\/(c(é(a5+a)+ae)+aﬁ('y§+d)+(a,B+b)(e(’y5+d)+78))2 ’
2(aBy0 + by + bd + acd + afd)

4ab

(az(a B+t FalaBly+e)+e+19(B+ )+ aﬂwe) \/(a2(a+ﬁ+w+5+e)+a(a(ﬂ(v+e)+6e)+w6(ﬁ+‘
2 (a? + aaB + aad + afyd + ay

a((c(a® +a+e)+ala? +d) + (0> +b) (a* +d+¢)) \ [ ommrmo i e mear + Lol

2 (a* + a?b + bd + o?c + a2d)

27VZV+1
H,(z)= - for (v,z) € C2A=(v € ZAv < 0)
7l (v+ 32 o <1+2k>(1+2k+2v)+1>
vl (v +3) (Kk—l L (e roerey
-1 m7127mf§ m+2
H_m_%(z)— (=1) L forme ZNze CAm >0

] -
P ) (K P2 )

2k (3 12k t2m)
2—VZV+1

L,(z)= .
v ) (K, n oz )

k=1 1+(1+2Ic)(i+2k+2u)

for (v,z) € C*A—(v € ZAv < 0)

3 3
2—m—§zm+§

L_m_%(z)z : —~ —W formeZANzeCAm >0
T (m+3) <Kk11+2k(3+;';;+2m)+1>
T !
e’} . 1
; Q(k_i)i — Kk:l ;i)+z forz€e CAR(z) > 1

142



1
K‘” T —(—1F)(1+m2+ L (1+(-DF)k(2+k) 42 1
_ k=1 i

i (=D = for z € CAR(2) > 1
P (k4 2)? 222

—

L 1

T12k+22 % 101 URIL0(CDMORE L 5 )
( ) 2(Kk:1 T conrarconcsy T2 1

NE

for z € CAR(z) > 1

>
Il
=)

(_1)—1+k 1
= = for (a,b) € C2AR(a) > 0AR(D) > 0

(a+k)b+k) P R L (o4 1)(b+ 1)

M8

B
I
—

b

i ( (—1)* 3 (—1)* ) _
1 b12%ktes 1tbt2ktz) T7° A0 DORII0-CDOPI0TR® | 5
k= K “recostareymens — 21

o

M8

1 1 1 1
(1ab+2k+z_ Tta—bt2ktz 1-atbr2kis 1+a+b+2k+z> N

=
Il
o

NE

>
Il
=)

1 1 b
( 1—b+2k+2?2 (+bt2k+2 2) = 1% LR L0 D) (R (P10 | 12 & 2
( o ) K. Sracotroeramc) T+

NE

>
Il
=)

( ! - ! ) = = b for (b, 2) € C
2 2 4kA (b2 —k2?) T 9,2
(1 b—|—2k+z) (1+b+2k+z) |< oy (PR (10T T2k 2R 22 — b2 +22+ 1

oo (—1)k (—1+\§1+7) 1+2k

z
Z a = for (a, z) € C?
= s (K )
2k
o (_1)k [ ZltVIt2?
Z(1)( E ) B 22 7@_1@@2)6@2
o R 20 ([, M0 1o y2) 20
o (1) (M)Qk B 20 (L +1) (@)‘b
Z - = - ’ for (a,b,z) € C*
a 0 k(—1+b+k)z2 s Uy

= (b 2k ) M Ko, "= ratd

143




oo 00 1
Z 9—lok] _ K Yo
k=1 k=1

z

2
[ SR T —
T CrEnaen g
Ko =5

tan(z) =

z

(—1+41+F)22¢(2+42k)
__CixaRrZcen
Kk 1 1+ 1+41+k)z2<<2+2k) + 1

(—1+4ak)w2¢(2k)

tan(z) =

z 1
for —— > ¢7Z
orﬂ_ 2¢

z 1
f CAZ—-¢7Z
or z € - 2¢

K™ =2 ,
mm@:_gia;i%ﬁmi_f¢z
z T 2
1
tan(z) = Z4Z2 for 2 _ 1 ¢
- o k4—% ™ 2
WQ( k=1 Hi?wk""l)

z

Vv B f
tan<4)_K°° Clrzh—z | °

k=1 2

(oo}

z 1
¢
Ty ¢

tan(z K —iar fOF *_*¢Z

z

23

tan(z) = 2(C1442FR) 2By
(- 1+41+k)(2+k)(d+2k)B2(1+k)
k=1 ,_ (—1+42FF)22B5 54 gy
(- 1+41+k)(2+k)(3+2k)32(1+k)

o (T—4k) (14+4k)=*
k=1 (—3+4k)(—1+4k)(1+4k)—(—2+8k)2>

3z

tan(z) =

1

tan(z) =

KOO " +1
k=1 $(1=(-DF)+3(1+(-Dk)(—2+EE) T =

mtan(z)
tan(mz) = —
k: e
atan () ~ btan (37) _ w
atan (5) —btan (%) (o CEHEICEIR L

k=1 1+2k

144

1
+zfori—7¢Z
T 2

z 1
f e/
+ 2 orzGC/\ﬂ_ 2¢

z 1
forreCA=—-¢2Z
10rz ™ 2¢
formeZNzeCAm>0

fOI' (av ba Z) S (C?)/\% (a2

—v*) >0



L
tanh(z) — : for —-+2 ¢z
K ey 2o
k=1 1
2 1 iz
tanh(z) = EETIETy e for z€ CA 3 + o ¢ 7

KOO (—1+4F)w2¢(2k) +1

k=11 (—1+41+k)22¢(2+2k)
T (F14R)RZc2h)

K, ==
12k 1 4
tanh(z) = LXh=1 ZUF2E gy = ¢ 7
7T

2 S R
() — z f 1 ez 7
tanh(z) = pr— T or—g—&-?%
oo KAy 4akZz
tanh (WZ) z i 1 n 1z ¢z
an — | = or — — —
4 0 (Z142k)% 422 2 "y
Kk:l 2 t1
1 1 iz
tanh(z) = K — o5 for — 3 + - ¢ 7
k=1 z
23 1 iz
tanh(z) R 2(1-42Tk)22 By o4y for — 2 + ' ¢ z

o] (—1441+k)(2+k)(3+2k) By (14
3 |< (1+k) 1
k=1 _ 2(1-42+F)22By 5 4y +

(—1+41FR) 24k) (3+2k) By (1 4 1)

Koo (7T—4k)(14+4k)z* 1 )
_ — — 22

tanh(z) = z — k=1 (Z3HAR)(ZIHAR) (AR F(-2+80) forze CA—=+ = ¢7Z

3z 2 0w

i 1 iz
tanh(z) = = N : for z € (C/\f§+— ¢ 7
i 0
K- T Comrdarom ey Tr ol

tanh
tanh(mz) = —m fkinmz(i)anhz(z) formeZANzeCAm>0
k=1 142k + 1
atanh (%b) — btanh (”7“) ab
= — — for (a,b,z) € C3AR (b*> — a®) >0
a tanh (%) — btanh (%b) Kkﬂ%—l—l ( ) ( )

145



Sp=v+d)

_ o —z/2 pu+i 3
M, . (z) = e */=z1T2 N uve— +1| for (v,u,z) € C
o TR aTRfIY
(2p+1) <Kk_1 2(S+k+u—v) + 1)
(A+k)(A+kF2u)
e/ 21t
M’AH(Z) = _ z2(=142k+2p—2v) fOI‘ (Vv 122 Z) € (CS
K i 1
k=1 1+W
e~/ (2u) 22 M e /20 (—2p) 21t 2
W) = N = N e
_ 1 T oR(—2p) . — 1 T ERGAE
I (“ v+ 2) <Kk 1120 2] + 1> F( H—V+ 2) <Kk 114y + 1)
e %2 /7 (YO (L — 1) +1og(z) + 2
Woo(z) = — Ve (5 —) 8(2) +29) for (v,z) € C?
’ _z(—1+2k—2v)(log(z)—’zw(o)(1+k)+1/)(0)(%+k—u))
1 00 2k2<1og(z)—2w(0>(k)+w(0)(—%-M-,—V))
r (E - V) Kk:1 . z(fl+2k72u)(log(z)flgb(o)(1+k)+'¢(0)(%+k71/)) +1
* 2k2(log(z)—2¢(0)(k)+1/)(0)(—%+k—u))
(—1)me=*/22"5 log(2) (=1)me==/275 (9O (=t -
WV’%(Z) == 1 0o ,W - z(fl+2k+7n72u)(w(0)1
—m m _
m!l' (T — 1/) (Kk_l W + 1) . (km B 1/) Koo 2k (k+m) (90 (k)
: 2 k=1 z(—1+2k+m—2u)(w(0)
I
2k(k+m)(w(0>(kj
z 1
C(z+1)=- ’Y;Hk +—-+qforze CAR(2) >0
Ko, 25+ 7
k=1 1— = HE
1 1
€(2,2) = ESE forzeCA?R(z)>§
Kk ) (1+(— 1)’“<1+2k>) +1
1 1 1
€(2,2) = +-—+-forzeCAR(2) >0
z

Lk(14k)2(24k) 2,2
222 (Kk L GRE T 32) ‘
2
o) k4
K mrmtes +22 -

€(2,2) = for 2 € CAR(2) >

DN | =

146



1 1
€(2,2) = = for z€e CAR(2) > =
o T L, 1 2
Kk:l —14z T3
1 1
€(3,z) = NS EE Ny for z € CA— (z ERA 5 <#< 1) AR(z) >
2(=- 1)z | K SEDE +1
k=1 I+k
1 1 1
((3,2) = e e +ﬁ+@ for z € CAR(z) > 0
423 Kk:1 32(1+k) - 32(2+k) 4z
1 1 1
3,2) = —+— f e CAR(z) >0
{3:2) 9,3 0o LAH(=DR)(1+5) k+ & (1—(=1D)*) (1+k)3 (14 1) 9 +223+2z2 oz (2)
z Kk:l (2+k)z 42
1 1
€(3,2) = forze(C/\ﬂ<z€R/\2<z<1>/\8?(

(35 (1+(=DF)RA+ 5 (1= (—DF)A+8)4 ) (—142)
+z-1

2z (Kkl (1+k’)(z—1+2)

2

for z€ CA=(z e RAO < 2z < 1)AR(2) > 0

147



